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preserved apart till the third vol. be completed* 
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I. MATHEMATICAL QUESTIONS, 
To be Anfwerei in Number VI. 



I. QUESTION I'ai, ly ScoTicui. 

If a and |3 denote given arches, and 
fee. a fee. jS-f-tan. a tan. (p =: fisc. ^» 
Required the values of fee. 9 and tan. ip ? 



II. QUESTION 122, ^ Amicus. 

If two tangents PE, PF, be drawn to a conic fe£lion, and the 
line £F joining the points of conta£): be produced to meet the 
direfirix in G ; then if PI be drawn through the focus to jiieet 
£F in I, £1 will be to IF as £G to FG, required the demoa- 
fira1;ion ? 



III. QUESTION 123, ly il^. James Whalley, Bolton. 

To conftruft a trapezium there is given one of the fides, 
both the diagonals and the angle formed by their inter- 
{edion, and the angle made by either diagonal and fide oppoiit^ 
to the given one ? 

V0L.1L A IV; 
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IV. QUESTION 124, *y Senex. 

Let there be two given points in the circumference of a 
circle given in magnitude, and pofition: a circle may be found, 
given alfo in magnitude and pofition, fuch, that if from any 
point in its circumference ftraight lines be drawn to the given 
points, and a tangent to the given circle ; the fquare of the 
tangent (hall have tothe re6langle of, the lines drawn to the given 
points a given ratio? 



V. QUESTION 125, by Mr. Joseph Brewer, Prejlon. 

Two right lines being given by pofition, a circle may be 
found, fuch, that if another circle be defcribed upon any radius 
thereof as a diameter, the chord of the arc ofthis latter circle in. 
tercepted by the lines given by pofition Ihall be of a given 
length? 

VI. QUESTION 126, by Mr. J, Johnson. 

Giyen the pofition of the centres of gravity of the three tri- 
angles, formed by lines drawn from the angular points of a triangle 
to the centre of the infcribed circle ; to determine the pofition of 
the triangle? 



VII. QUESTION 127, by Hypatia. 

Suppofe u ■=. — '■ — , what is the value of u whea 

'X a? * 



VIII. QUESTION 128, by Ursa Minor. 

hu AB, AC, be two ilraight lines giVen by pofition, and 
let a ftraight line DE meet them in D and E fo that AD + AE 
is equal to a given line, and let DE be divided at V, fo that D V 
inay have to VE a given ratio. Required the locus of the 
point V? 

IX. 
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IX. QUESTION 129, ty Mr. CvULiTTt^ R. M.. College, 

To find two rational Aumbers, fucb, that if a given numbernbe 
fubtrafled from either of them or from their fum or difference, the 
four remainders fliall all be rational fquares ? 



X. QUESTION 130, 6y Trigonometricus. 

It is required to demonftrate that_^he tangent of an arch of 9^ 
is equal to 1 + \/^ — ^{5 +^ V 5)* ^^^ radius being 1 ? 



The next Six Queftions are feleffed from the Cambridge Univerfiiy 

Calendars for 1^0/^ and i8oj. 



XI. QUESTION t^t.from the Cams. Un. Cal. 

A given parabolic conoid is put into a fluid, and when it is in 
a pofition of permanent equrlibrium the bafe is wholly extant^ 
and inclined to the horizon ; having given its fpecific gravity 
relatively to that of the fluid, it is required to determine the 
dimenfions of the part immerfed ? 



XII. QUESTION i3», from the Camb. Un. Caj-. 

• ■ * I 

Knd the centre of gravity of a cylindrical portion of the at« 
mofphere meafured from the eanb's furface, the force of gra- 
vity being conftant ? 



XIII. QUESTION 1^2^, from the C\UB. Vm Cal. 

Required the nature of t^e curve along which a heavy body, 
defcending by the force of gravity, will prefs upon the curve at 
any point, with a force proportional to the ordinate at that 
point? ■ 

A 2 ^ / XIV. 
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XIV. (J^fiSTION tsi.from the Camb. Un. Cal. 

Let ttie curve AP^ be generated *by taking the ordinate MP 
alwkys equal to the aifference of the chord AC, and the verfeA 
fine AM, of the circular arc AC. It is required to determitie 
the greateft ordinate of the curve, and alfo its area ? 



XV. .QUESTION 1^5, from the Camb. Un. Cal. 

Determine the apparent magnitude of aUraight refKEnear ob* 
jefi, placed at a given depth, parallel to a furface of water ; the 
eye being fituated at any point in the plane pafling through the 
objeA perpendicular to the furface ? 



XVI. QUESTION 1^6, from the Camb. Un. Cal. 

. Let the roots of the equation x^ — px -f-j* — &c. 

.= O, be d^ b^ Ct &c. and thofe of the equation nx — (n — t) 

jfrlc* " *-J- (n — 12) qx^ "" ^ — &c. r=: o, be a, ^, y, &c. ; then, 
if when oe, /S, y, &c. are fucceffively fubftituted ih the equation 

x^ —px^ " * + j'/ " *— &c. = o, the refults are P, Q, R, &c* 

and when a^ i, c, &c. are fubftituted in the equation nx — 

(« — />x""'+ C» — 2) ?*""3— &c. =0, the refults 
are p, a, r, &c. it will be as P X Q X R, &c. •■. p x q X f* &c» 
:: 1 : n , Required the demonftraition ? 



XVIL QUESTION 137. by Mr. Henry Lightbown. 

jSCimofe'a.he9Vy flexible chain of a given length having its 
ends wflened together to be thrown over the vertex of a given 
f quarct pyramid whofe /"urface is p^rfeftly polifhed ; what por- 
tion of the furface will be included between the vertex and the 
chain when it has defcended as low as it can get ? 

XVIII. 
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XVIII. TQUEStlON 138, 6y Mr. Thos. Bazley, BoUon. 

Suppofe a perfefily flexible chain of a given length to have 
one end faftened to iin immoveable tack, and a ring at the other 
end to be put upon a perfe&lyfmooth inflexible line or rod given 
by pofition ; it is required to determine that point upon the rod 
at which the ring will reft ? 



XIX. QUESTION 139, ty Mr. Lowry. 

In a given trapezium to infcribe another, fuch that three of 
its fides may pais through given points, and the remaining fide 
be of a given length ? 



XX. QUESTION 140, ly Mr. W. Simpson, Bolton. 
+ &c. ad infinitum. Required the demonftration p 



XXI. QUESTION 141, Dy Mr. Cunliffe. 

It is required to find three whole numbers fuch, that the Turn 
of every two rtay be a cube; and alfo the fum of all the three a 
cube ? 



XXII. QUESTl6ki42, i^yAfr. Cunliffe. 

P js a given point in the diameter AB producedof a given cir- 
cle, let any lirie PCD be drawn cutting the circle in C and D, 
iind let AC, BD, be drawn interfetting in I: now, if in BD 
produced there is continually taken DR = DI, required the 
equation and quadrature of the curve which is the locus of R ? 

XXIII, 
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XXIII. QUESTION i43» ^^'iVfr. Bazley. 

Siippofe a thread of a given length to be fattened at one end 
to a given point on a perfeftly fmooth horizontal plane having 
a ftraight edge ; and a weight attached to the other end of the 
thread and brought to the edge of the. horizontal plane with the 
thread ftretched ; then if the weight be fuffered to defcend by the 
force of gravity from this pofition ; it is required to determine 
the time in which the thread will acquire smy other poffibleaffign- 
ed pofition upon the plane, together with the velocity of the 
defcendiag weight in fuch pofition ; alfo required the nature of 
the curve defcribed by the defcending weight ? 



XXIV. QUESTION i^^, iy Mr.CunLifiz. 

Having given a triangle, it is required to determine a circle 
and concentrical *ellipfe, together with the pofkion of a ricrht 
line pafljng through the faid centre, fuch, that one of the angles 
of the triangle being always placed upon the right line, the other 
two angles ffiall be one in the circumierence of the circle, and the 
other in the periphery of the ellipfe ? 



• ' XXV. QUESTION 145, by Mr. I. I. 

If from a point- without an ellipfe or an hyperbola, two tan- 
gents be drawn to the curve, and likcwife two ftraight lines be 
drawn to the foci, the angle contained by one tangent and the 
line drawn to one focus will be equal to the angle contained by 
the other tangent and the line drawn to the other focus ? 



XXVL QUESTION 146, by Mr. Lovi^ry, 

Let Acre be any number of ftraight lines AP, BP, CP, DP, 
&(C. given by pofition, and let Z be a given point without them ; 
it is required to defcribe a circle through the points P and Z, to 
interfeft the given lines in A, B, C, D, &c. fo that the fum of all 
the intercepted parts AP, BP, CP, DP, &c. may be equal to a 
given line ? ^^^U^ 
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XXVII. QUESTION 147, by Mr. Wm. Wallace, 

R. M. College. 

If jc denote an arch of the meridian, and y denote the meri« 
dional parts correfponding to the latitude x, then . 

6 ^4 5040 725678. 
and by reverting the feries 

^ 6 24 5040 725678 
where it is remarkable that the numeral coefficients of the powers 
of X are the fame as thofe of the like powers of y, and the (igns of 
the terms of Ihe one feries are all +, but thofe in the other 
feries + and — alternately. Shew the reafon of thefe peculi* 
arities ? 

XXVIII. QUESTION 148, by Mr. 1. R. 

Let two circles, one of which is included withyi the other, 
be given in a plane, and let there be given a point, fituated 
within both the circles, in the line joining the two centres ; it is 
required to defcrihe a circle, from the given point as a centre, to 
meet the peripheries of the given circles, fo that the angle con- 
tained by two ftraight lines drawn from the given point to tlie 
two points of concourfe may be the leaft pofTible? 

XXIX. QUESTION 149, ^;^ Mechanicus. 

To place a ftraight rod, or beam, loaded with any given 
weights, fo that it may be in equilibrio, refting on an upright 
prop, and one end touching a fraooth vertical wall given by 
pofition ? 

XXX. PRIZE QUESTION t5o, 3yLiMENus. 

Let A and B be two given points without a circle given in 
magnitude and pofition ; a point C may be found within the 
circle fuch that if any ftraight line be drawn through it cutting 
the circle in F and G, and AF, BG, be joined, the fquare of 
AF will have to the fquare of BG the ratio which is com- 
pounded of the ratio of FC to CG, and a certain given ratio, and 
which ratio is alfo to be found ? 






Solutions to thefe Queftions muft come to hand fpoft-paid] by 
the firft of February, i8o6t 
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II. MATHEMATICAL QUESTIONS 
To be Answered in dumber VIL 

L QUESTION t^i> iy Pappus. 
Given the length of a circular arc, to find the length of the 
thord connecting its exirertiitie^, fo that the area of the included 
fegment ihay bfe the greateft poflible ? 

ll. QUESTION 15S, by Uermodorus. 
To infcribe «even'equal Circles In a given circle? 

III. QUESTION 153, by Centrobaricos. 
The radius of the greatet end of the fruftum of a paraboloid 
being R, that of its lefs end r, and the height of the fruftum A ; 
it is required t6 give ^ neat expreftion fpr the pofition of its cen» 
tre of gravity ? 

IV. QUESTt9N 154, i^IhopHANtus. 

Find a trapezium Which can be infcribed in a circle fuch, 
tliat its fides and area may be expreffed by whole numbers ? 

V. QUESTION 155, iJyAfr. J. Johnson. 

In a given fpherical triangle, it is required to infcribe another, 
fo that its perimeter may be the leaft poflible ? 

VI. QUESTION 156, ^jyLiMENUS. 
If a ftraight line be drawn to meet the four fides of a trapezium 
in a^ b, c, d, and the two diagonals in m and n ; then will ab be 
to cd as am x nb to cm x nd. Required the demonftration ? 

VIL QUESTION 157, by J. W. Leeds. 
Let A be a given point in the periphery of a given circle, let 
any chord AC be drawn> and divided in the point E, so that the 
rectangle AC x CE (hall be equal to a given fpace; it is required 
to determine the equation and quadrature of the locus of the point 
E? 

VIII. QUESTION 158, *y JuvENis. 
Given 2XX — ^yx z=. loy — bxy^ to find the equation of tlic 
fluents? 

IX. QUESTION 159, ^jyA.M. 

If from the extremities A and B of the diameter AB of a given 

femicircle ABC, two chords, AC, BD, be drawn interfering 

each otlier in P, and BD bifefting the arc AC in D ; it is re- 

•quired to determine the equation and quadrature of the cCirve 

which is the locus of the point P ? 

X. QUESTION 160, iyAlr. CuNLiFFE, R.M. College. 
Required the fiim of the infinite feries 

VoL.il. B XI. 
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XI. QUESTION 161, by Mr. W.SiUTSOu, Bol$on, 
I-et ACB be a given ttiangle, D, L, Q given points in the 
fide AB ; through D draw any right linp DEF, cutting AC, BC^ 
in- E and F refpeftively,. and through JE and F draw right lines, 
LEP, QFP interfefting in P. Required the locus of P ? 

XII. QUESTION 162. iy Amicus. 
If a given weight be fuftained by means of a ftring whofe 
ends are connefted (by loops or rings) tp two rods placed in the 
fame vertical plane, and making given angles with the horizon ;[ 
it is required to afcertain the pofition of the faid weight when it 
refts in equilibrio, fuppofing it has liberty to Aide freely along 
the itrio^ ? 

XIII. QUESTION 163, ^^Afr. CuNLiFFE. 
Find fuch politive values of x, y^ and 2, in whol^ numbers^ as 
will make the formu lae 

^* + Jcy + /, X* 4- xz + 2? andy*+yz'+' 2% 
all rational fquares ? 

XIV. QUESTION 164. by Ursa Minqr, 
A Araight line drawn through the focus of any conic feflion^ 
to the point in which a diameter meets the directrix, will be per^ 
pendicutar to a tangent at either extremity of that diameter ? 

XV, QUESTION 165. byAuicvs. 
If one end of a given b^am reft againft a fmooth vertical plane,^ 
^nd the other end be fuftained by a weight faftened to a ftring, 
which pafles over a pulley placed at a given point ; it is required 
to determine the pofition of the beam when it rests in equili^ 
brio ? 

Xyi. QUESTION 166, by X. Y, 
Suppofe two weights connefted by a ftring, which pafles over 
^ pulley, and that one of the weights is placed upon an inclined 

{lane^ while the other hangs in the air by the conne£ling ftring^ 
t is required to determine the locus of the centre of gravity of the 
weights, fuppofing the relative pofition of the pulley and plane, 
the length of the Ufing, and the weights to he all given? 

XVII, QUESTION 167. byUMEKvs.. 

When any number of circles pafs through the fame two ppj^i^ts^ 
tangents drawn from any point in either of the two external cir- 
cumferences to the remaining circles (hall be tp one sinother ii^ 
^ given ratio ? 

XVIII QUESTION 168. ^^'Laputi^nsis, 

Suppofe two bodies whofe weights are known to be conneQe4 

by a flexible line or firing pafling through a fmall hole in a per- 

ft&ly fmooth -horizontal plane, and let the body which is above 

the plane be projefted thereon, with a given velocity at a given 

. diftapce from (he hole, in a direQjon perpendicular to the ftring 

whicl\ 
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^hich is kept tight by the "other body hanging freely ; it is re^ 
quired to determine the velocity, time, and angle formed by 
the firing with the iirft pofition, when the proje£led body ha« 
stained aay other poflible af&gned diftance from the bole through 
urhich the ftring pafles ? 

XIX. QUESTION 169,*;^ Hermodorus. 
Given the vanifliing line, its centre and diitance, to find the 
perrpe6live reprefentation of a circle from the given reprefentai. 
tion of one radius, or of an infcribed triangle ? 

XX. QUESTION 170, hy Hermodorus. 
Given in poution a circle and two points ; if from the two 
points be inflefted two flraight lines to any point of the circle, 
and from the other two points in which these lines meet the circle, 
there be inflefted two other flraight lines to a point in the circle, 
fo that one of them may be parallel to a flraight line given by 
pofition, then the other flraight line will cither tend to a given 
point, or make a given atigle with a flraight line tending to a given 
point ? 

XXL QUESTION 171, ^;^ Analyticus. 
Find a feries for the nth power of 4he logarithm of a number ? 

XXII. QUESTION 172, ^^Senex, 
It is required to find the nature or equation of a curve fuch, 
fhat any right line RPQ being drawn through a given point P, to 
put the curve in two points R and Q, and tangents from thefe 
points produced to interfeft each other in I, the angle^QIR may 
always be of the fattie conflant iqagnitude, that is always equal to 
fi given angle ? 

XXIII. QUESTION 173. i[y Mr. John Fletcher. 
If the magnitude of a circle is given ; it is required to find the 
pofition of a right line RS, and that of a point P in another line 
given in pofition, from whence if PAB be drawn to cut the circle 
in A and B, and perpendiculars AR and BS are drawn to RS, 
^heir reftangle will be always a given niagnitude ? 

XXIV, QUESTION 17^. i;^ Amicus, 
If a given cone, fufpended by its vertex, be made to revolve 
with its axis in a vertical plane; it is required to determine the 
force exerted on ihe centre of fufpenCon at any given pofition of 
the revolving body ? « 

XXV. QUESTION 175. hy Mr. Wallace, R. M.ColUge. 
Suppofe a quadrilateral figure to be infcribed in another qua- 
drilateral figure, agreeable to che conditions required in queflion 
1 20 of the New Series of the Repofitory, then the oppofite fides 
of the infcribed figure when produced, will interfeft each other 
"in the diagonals produced of the circurafcrihed figure, Required 
the demonflration ? 

XXVI, 
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XXVI, QUESTION 176, iyU\Ktoviz^%iS. 
It is well known that the fum of the feries 

V» 4f9 jL«4 \a9 

^ ;"H->i -*■ -?-l--r--* &c. ad infinitum, is ej^« 

2* 3.4 5 

preffed by the fluent of {x ixfl. ), or ateal of a tranf- 

Pendent hyperbola. Under what circumftances, can the fame 
fum be exhibited by the multiples or powers of the ate of a circle, 
and how is this to be inveftigated ? 

XXVII. QUESTION 177, ijKMARLoviENSis. 

it is required to fliew a fimple praftical method (capable of 
demon {{ration), of puttipff a globe or fphere into perfpcSive ; 
having given the magnitude and fituation of the fphere, the height 
of the eye above the ground plane, and its diftance from the 
plane of projeftion, which is. as ufual, fuppofed to be perpen- 
dicular to the horizon, alfo to Ihew what fituation the globe 
muft have, that the contour of its perfpeftiv^e may be any propofed 
Conic feftion ? 

XXVIII. QUESTIOM178, i^MECHANICUS. 

If two given bodies A and B, connected by a firing, be fup- 
ported oA an inclined plane, by means of the ftritig*s pafling 
through a, ring at A, and any given force be impreffed on the 
body A, in a horizontal direftion ; it is required to determine 
the nature of the curve defcribed by the body, and the circiinl* 
fiances of the motion ? 

XXIX. QUESTION 179. By Mr. Wall ace, R.M. ColUge. 

Suppofe two particles of matter p and q, to be conne3ed by a 
ftring^A^, and to reft in equihbrio upon two inclined planes AB^ 
AC, the ftiing being fuppofed to pafs over the common fe£liQn 
of the planes at the point A; then, if a circle be defcribed through 
the points)). A, q, and the panicles without clianging their po- 
fition are disengaged from the firing pA/ft and connected by ano- 
ther pa^, which pafles over a peg laftened at any point a in the 
circumference of the circle, the particles p and q will ftUl reft m 
equilibfio upon the planes. Required the demonftration ? 

XXX. PRIZE QUESTION ifio, ^7 Geometricus. 

Iftheoppofite fides of a hex^gon» infcribed in a circle, he 
produced till they meet, the three points of interfeftion will be 
in the fame firaight line. Required the demonftration ? 



Solutions to these quefiions mufi come to hand (poft-paid) by 
the Firft of November, 1 806. 
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1. QUESTION 181, by Yanto* 

bacchus caught Silenus afleep Jby the fide of a full fcaflt » he 
feized the opportunity of drinking, which he continued for two- 
thirds of the time that Silenus would have taken' to empty the 
whole calk. After that, Silenus awakes, and drinks what Bacchus 
had left. Had they drank both together, it would have beea 
emptied two hours fooner, and Bacchus would have drank only 
half of what he left for Silenus. Required the time in which 
they would empty the cafk feparately ? 

II. QUESTION 182, iy Amicus. 

Two given beams, or rods, loaded with weights, being placed 
on a horizontal plane, fo that their loWer extremities may be op- 
pofed to each other, and the other extremities be fupported by two 
parallel vertical planes} it is required to find their pofition when 
they are in equilibrio, and thepreffure exerted againft each plane ? 
III. QUESTION 183, hy Qui dam. 

Given all the four fides, and the difference of the parts into 
which one of the angles is divided by a diagonal; to conftruft 
the trapezium anH point out the limits. 

IV. QUESTION 184, by Mr. Johnson, Birmingham. 

A given quantity of gold is to be made into a cup in the 
form of a fegment of a fphere, and n tenths of an inch in 
thicknefs: what arfe the diniensions of the cup when it is mad^ 
BO as to cpntain the greatest quantity poffible ? 

V. QUESTION 185, by Quidam. 

Let a ftrino- of a given length be fall^ned at one end to appoint 
A in the circumference of a circle, and wound tightly about the 
circumference, and brought with the other end T to meet the 
diameter AB in T : what rauft be the diameter of the circle that 
the area BTP included by the right lines TP, TB, and the arc 
BP may be a maximum, TP being the tangent from T ? 
VI. QUESTION 186, hy Mr, JokN Whitley. 

If an ellipfe be-circumfcribed by a triangle, and lines be drawn 
from the angles of the triangle to the points of contact, meeting 
the ellipfe again in three points; tangents drawn to the curve at 
thcfe points will interfea each other in the faid lines produced, 
Alfo, if the faid tangents and the fides of the triangle be produced 
till they meet, the three points of interfection will be in the fame 
ftraightline. Required the deraonftratiw ? 

Vox- 11. c ^ m 



VIL QUESTION 187, ly Laputiensis. 
Let tvvQ fpherical balls given in magnitude and weight, an J 
having their furfaces perfectly polifhed, be put into a Ipherical 
veffei of a given diameter, whofe internal furtace is alfo perfeftly 
polifhed ; required the diftances of the points of contaft from 
the loweft point of the veiTel^ when the balls reft in equilibrio ? 

VIII. QUESTION 188, iry Mr. Ivory. 
Two pointy being given in the fame vertical plane, but not 
in one horizontal line; it is required to determine the pofition 
of two inclined planes fuch, that the time of defcent from the 
higher point to the lower, on thefe two planes, (hall be lefs thaii 
on any other two inclined planes whatfoever ? 

•IX. QUESTION 189. by Mu Cunliffe. 
Required the fum of the infinite feries 

The ntxt four Quejlions are feleSedfram the Cambridge Univerjity 

Calendar Jor 1806. 
X. QUESTION iK)Q, from the Camb. Un. Cal, 

A given cylindric veffei is fupplied with water by a cock 
at a given rate. Then fuppofe, when the veffei is full, that an 
aperture of a given area is made in its bottoin ; whaf is the 
loweft point to which the furface of the water in the veffei will 
defcend, and alfo the time of its defcent ; the influx of the water 
by the cock being fuppofed flower than the efflujc when thp 
veffei is full 7 

XL QUESTION igXjfrom the Camb, Un. Cal, 

Bradley oWerved that every ftar paffed the meridian fartheft 
.fonth when it came about fix in the morning, whatever were 
its pofiiion with refpeft to the cardinal points of the ecliptic. 
Suppofc then the place of a ftar to be given ; on what day will 
it pafs the meridian of London fartheft to the fouth ; and at 
what hour will it pafs it on that day ? 

XII* QUESTION'192, from the Camb, Un. Cal. 

A perfeftly flexible chain is wound round a cylinder fupported 
wi^h its axis parallel to the horizon. Then, ii the weight and 
dimen&ons of the cylinder be given, and alfo the length and 
v^ight of the chain ; it is required to determine the time in 
which the chain, impelled by the force of gravity, will unwind 
itfelf .; a given length being unwound at the commencement of 
the motion ? 

XIII. QUESTION 193, /r^w the Camb. Un. Cal. 

A cylindrical veffei, whofe height is equal to its diameter^ 
1$ filled with water ; with what velocity muft it be whirled 
jound its axis, that half the water may be thrown out ? 

XIV. QUESTION 194, by Amicus. 
Of all the ellipfes that can be infcribed in the fame given quad* 
IJlater^I. required th^t which appro^(:bc$ the neareft to a circle ? 
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XV. QUESTION 195, by Mr. I. R, 
A parabola, and a point within it, being given in pofition, it 
Is required to ddcribe another parabola, that (hall pafs through 
the given point, touch the given parabola ia a given pointi 
and have its axis parallel to the axis of the given parabola. 

XVI. QUESTION 196, J> Mr- WiLtiAM Slender. 

Let there be a right line and a pioint given by pofitton iq the 
fame vertical plane: and fuppofe a flexible >ftring of a givei^ 
length, confidered as without weight, to be faftened a| one 
end to the given point, and a fmall heavy body or bead to 
Hide freely thereon ; required the locus of the bead, whilil th» 
other end of the firing is carried flowly aloc^ the right litu^ 
given by pofition ? 

. XVII, QUESTION 197, ly Mr. Ivory. 
Two points being given in a vertical plane, but nOt in the 
fame horizontal line \ it is required to determine the pofition 
6f three inclined pfanes fiich, that (fuppofing the body to 
pafs from one plane to another without aby lofs of velpcity) ih^ 
time of defcetu may be lefs than the time on any other three 
planes, when the line of defcent is of a given leiigth ? 

XVIII. QUESTION 198, hy Mechanicus, 
Required the nature of the curve along which a heavy bodr 

defcending by the force of gravity, with a given initial cclcrit)% 
will prefs nipon the curve at any point with a force reciprocally , 
proportional to the radius of curvature at that point ? 

XIX. QUESTION 199, hy Mr. Cunliffe. 

Find a feries of numbers, every one of which is divifible 
Into three fuch parts, that if to the fquare of each part the pro* 
du£l of the other two be added, the three fums thence armng 
ftall at! be rational fquares? 

XX. QUESTION 200, By Hypatia. 
Required the nature of the curve that is the locus o£ 
the point in which a perpendicular from the centre of an ellipfe 
meets a tangent to the ellipfe. Required alfo the TeBi%iMQi| 
9i the curve £^nd its quadrature ? 

XXL QUESTION 201, iy Curiosus. 
Find the flidrteft diftance between two given points on the 
furface 6f a fpheroid ? 

X?CH. QUESTION 203, h Mr. Wallace, R. M. Cdlege, 
Find the length of a. curve, th^ nature of which is CJ;- 
preiTed by the equation. 

y € + i, 

€ — t 

vhere x and y denote the co-ordinates, and < th^ nupiber of 
i^hich the bypei-bolic.logaifithp ijs unity i 
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XXIII. QUESTION 203, hy Mr. Cunliffe. '. 
^o find three numbers fuch, that the fum of every two 
fiiall be a biquadratic^ and the fum of all the three a fquarQ 
number ? 

XXIV. QUESTION jao4i hy Mr. Ivory, R. M. Colle^^. 
If there be two concentric ellipfes, fimilar to one another, 
ihd fimilarly pofited, the proportion of the axes being that of 
V^fi lb i { then if, from any point in the periphery of the 
inner elHpfe, any right line be drawn to terminate in the 
J)eriphery of the outer ellipfe, the reftangle under the fegments 
of that line, is equal to the fquare of that femi-diameter of the 
inner ellipfe, which is parallel to the right line. Required the 
demonftration ? 

XXV. QUEStlbN 205, h Mr. Lowry. 
OF ill femi-parabolas having the fame area, required that 
Hlong which a body wilL defcend, by the iForc6*of gravity, ia 
-the leaft time pofllble f 

XXVI. QUESTION 2d6, iy Ursa Minor. 
Suppofe a cOne to be cut by a plane, and the curved furfact 
of the part cut off to be extended into a plane furface. Requi* 
red the nature of the plane curve, JFormei by the common 
ie6lion of the cone and the cutting plane i 

XXVIL QUESTION 20;^* iy Mr. P. R, 
Two magnetical poles being given in pofition ; the force of 
each of which is fuppofed to be as the mth. power of the diftance 
frorti it reciprocally j it is required to find a curVe, in any point 
of which a needle (indefinitely (hort) being placed, its direflion, 
when at reft, may be a tangent to the cur^5'e ? 

XXVIII. QUESTION 208, i^Af^, Wall ACE, fi.M.C^/%. 
Shew that the rcftification of the curve called the line of 
Jin€$ defends upon that of an ellipfe, without employing the 
fluxionary calculus, or in any other way comparing tne inde* 
finitely little increments of the curves? 

XXTX. QUESTION 209, ly Mr. Ivory- 
If ftraight lines be inflefted from the extremities of the tranf- 
▼erfc axis of an ellipfe, or hyperbola, to any point in the curve, 
and perpendiculars, drawn to the inflefted lines from the fame 
point, be produced to cut the fame axis, the part of the axis 
intercepted by the perpendiculars, will be conliantly of the 
fame magnitude. Required the demonftration ? 

XXX. PRIZE QUESTION 210, by Mr. Lov^ry. 
In a given ellipfe to in fcribe a polygon of a given number 

of fides, fo that each fide may pafs through a given point ? 

■ < ■■■ 

Solutions to thefe Queftions muft come to hand (poft^paid) . 

by the firft of May 1 807* 
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; IV. MATHEMATICAL QUESTIONS. 

To ie Anfwered in Number IX. 

L QUESTION fill, /r^we Mtf Bi J A GoNETA, ^r Hindoo 

Algebra. 

Find two integer fquare numbers whofe futti and diSerc;^ce 
Himinifhed by i (hall both be fquares ? 

"The BijaGomta was written in Sanscrit by BfiASltER AcMarij, k 
iz,mo\i& Hindoo Mathematician and Astronomer, who lived about the b^ 

finning of the 13th century of the Christian era: and was ttauslatcd into 
Persian in 1634^'* 

II. QUESTION 212, Z-j/ Investigator. , 

What fum fhould A, aged 30, pay on the event ot his furvi- 

ving, B, aged 65, for an annuity of 1000/. during their joint 

Jives, ufing the Northampton table of the probable duration of 

life, and allowing 5 per cent, intereft of money? 

in. QUESTION 213, by Mr. Bazley. . ' . 
Find a circle whereof the diameter, and the chord, finCj aria 
verfed-finc of an arc of it, are all integers ? 

IV. QUESTION 214, ?j^ Amicus. 

The ends A, C of two given beams are moveable about two 
fixed points, and the other ends B, D are connected by a firing 
of a given length which pafles over a fixed puUy. It is require4 
to determine the pofition of the beams when they are in equili- 
brio ; the pully and beams being in the fame vertical plane? 

V. QUESTION 215, by Hypatia. 

From A one end of AB, the diameter ot a circle, draw any 
fchord AC, and draw CD perpendicular to AB. Bifefi the area 
AC in E, and draw BE, meeting CD in G, and CA in F, 
The lines BG, GF (hall, be equal. Required the demonftration ? 

VI. QUESTION 216, by Mr. Wallace, R. M. College. 
' Let a circle be given by pofition and let A and B be two given 
points ; a point C may be found, fuch, that if any ftraight line 
be drawn through it, meeting the circle in D and E and AD, 
BD, alfo AE, BE be joined, there is a certain given fpace which 
is a mean proportional between AD* -J- BD' and AE* + BE*, 
Required the demonftration ? 

yii; QUESTION 217. *jv Mr. Lowr.y. 

An ellipfe, and a ftraight line, being given by pofition ; a 
point may be foimd fuch, that if any flraight line be drawn 
through that point to meet the ellipfe in two points, and pei^pen- 
diculars.be drawn from thofe points to the ftraight line given by 
pofition, the refiangle of thofe perpendiculars (hall always be 
equal to a certain given fpace ? 

VIII. QUESTION 218, by Mr. Lowry. 

If the vertical angle and fum of the fides of a plane triangle 
remain conftant, what is the equation of the curve to which 
the bafe is always a tangent ? 

IX. QUESTION 219, by Mr. Wallace. 

Let AB, AC be two ftraight lines given by pofition, and P a 
given point : it is required to draw a line through P to meet the 
jiven lines in D and E, fo that AD x AE may be to DP :>c PE 
in a given ratio, 
, VoL,IL D > 



X. QUEStlON 230, iy Mr. I/owrYj 
If through a given point P on the furface of a (jphere two 
|{reat circles l)e drawhto interfeft a fmall circle given by pofition 
in the points A, B and C, D ; and the points AC, BD be joined 
by great circles which interfe£l in Q« What is the locus of the 
point Q r 

XL QUESTION 221, by Mr. Low kY. 
Find the perfpeftive reprefentation of a given fpheroid placed 
on a horizontal plane; the relative poPuions of the eye, the 
vertical plane of the pifture, and the fpheroid being given ? 
XIL QUESTION «22, ty Mr. Bazley. 
It is required to determine the locus of the vertex of a plane 
triangle, whereof the radius of the infcribed circle, and dififenince 
dl ithe angles at the bafe are given ; the middle of the bafe being 
a 'firmed point in a ftraight line given by pofition ? 

XIII. QUESTION 223, Oy : — -.. 

Let a circle be given by pofition, and let A and B be two 

f riven points, a point C may be found, fuch, that if any ftraight 
ine be drawn through C to meet the circle in.D and E, and AD, 
BD, AE, BE be joined. AD'+ DB« : AE'^-H EB» :: DC 
: CE. Required the demonftration ? 

XIV. QUESTION 224, /> Mr. Ivory. 
Suppofing X to denote any fraflion lefs than unit, it is 
irequired to affign the value of the infinite produd: (1 + jr) 

(1 '+X^)(i + X*){t'h x^,) &c.? 

Xy. QUESTION 225, ty Mr. Cunliffb. 
To find integer vialues for the fides of a trapezium that may 
%t infcribed in a circle, fuch, that its diagonals, diameter of the 
dirdumfcribing circle, and area, may all beexpreiTed by whol^ 
fiOmbers ? 

XVI. QUESTION 226. by Mr. Cunlifte, 
Suppofe a heavy hollow cylinder, of an uniform thicknefs^ to 
rollfreely along an inclined plane of a given length and incli^ia-* 
fion : having ^iven the external diameter of the cylinder 
together Vith the time of rolling along the inclined plane^ it is 
reouired trom thence to determine the internal diameter of thq 
cyfifid^r? 

XVIL QUESTION 227. hy Mr. Cunuffe. 
Required the fum of the infinite feries 

. ^ , XVIIL QUESTION 228, iy Mr. WallAcIj. 
iFind the nature of a curve, fuch, that any normal (hall have 
a given ratio to the ifegment of the axis intercepted between it and 
a given point ? 

XIX. QUESTiON,229, 6y Mr. Lowry. 
Two equal bodies, conneQed by a flexii)]e firing, are placed 
on a fmooth horizontal table, the firing being flretchedout in a 
dire£lion parallel to the edge of the table. To the middle of this 
firing, there is faftened another ftring, at the extremity of which 
is a given weight that hangs over the edge of the table, in a 
vertical direflion, apd, by its defcent-, coitiifiuntcates motion to 
the other bodies* Now, fuppofing the weights of tfafi; bodies 

and 
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•hhi the length of the conneahig ftm^ to be git«n.. jt is te 
■quiwd to ddfine the motion of the defcefKJmg Vcf*ht. and io 
^rcertaia m iplace at the end of any affigoed tirtie ? 

XX. QUESTION 820. iy Mr. Lowby. 

A cwble JttHafpbere being givbn by ipcrfifjon, itig/eqniwsa to 

determine the oer^peaive rapreftiwatibn of the drcte on thfe 

furface of <he JjJiete, and to find the reaification <rf<he curve • 

nqtpofing <aie eye to teat the «Jeritreof the fphtfre ? ' 

XXI.igUESTION*^,, /jyitfr.Lowftv. 
If from two given |joints on the furface of a Sphere two 
ffreat circles be diwn to any poiiit D in 'the cii>ci««fer«tk4 of t 
fmall tiPd* givtn by pofition, meding it agiin in E and F : then 
the great circlejtaning the point 8 E, F wiil either pafs thYofagh' 
lTffi^--'u'r°'u^'T'^t''Jf **^" through Eand P will 

S nTfS^M^'^ "V"'^^ ^^ oTagiven length? 
» -* ?? V. Q^^TION «32. ^^ Mr. Wallace. 
Let F be the focus of a conic feaion, -amH» a driven tJOint 
in the axih. TJr^ ^FA to any point of (he curare • See pK 
the ax„ equal to ■FA;ind.join M. There is a ftn^^h te g^veS 
by pofition which divides AB into part, haviog to ekch Xi 
given ratio. Rejjuired the demonftration ? ""Jw-a 

XX in. QUESTION 203. 

?«h«*/f f^''^^''"? 'heorem is given .(but without /embn! 
nralion) from the works of John Bernoulli 

rC\yti^fl^'x.^\^h- ^'^ "^^^^^ femi-circumference of a 
«rcle of which AB. the d.ameter. s equal to the two femi-axes 
AC, BC of a g..v.?n eHipfe. 'Divide the fcmi.y:iretimference 
A4B mtp a'^umber. 2; 4. 8. 16. &c. of equal parts, draw 
ftraight lines from the ;point C to all thepointsofdivSion • t3t> 
the arithmetical mean of all the ftraight lines drawn lo he noTn^! 
of drv.fion-d««ted -bjrodd numberf. and alfo th^ ^r SLS 
mean of the fum of all the lines drawn to the points of tb!^ 

^S ""f •r"V'l^''=''^°[^^' '•'^^^ twoaritC erne ^: 
? i.S.*5*V"^'r°[*^° ""^f^*' ^J^« circumference of ofle of 

Tf Ibi ,f ^ ^^^^'^ '"^ °? '^'' '="'P^^« ^^^ 'b« circumference 
of the other^reater." Kequired the dembnftration ? ^^^ 

A noin^^'''; r^™N 234. by MrX^tL 
A point may be found withm the bafe of every oblique cone 
foch. that If any plane be drawn through the vertex^ andTh^ 
p«nt found JO cut the cone, then the%erticara"de of he 

1. U ^^Ya- P^ESTJON a35. iy Mr. Ivory. 
-.1- • . t'^r"'*^'* **'. ""^ '^^^ "^« "^rfade of a right cone on »n 
dlmtical bafe may be found by the reffification of the dlip^e 

h.flj^^f f "' °[! f "«'"P''"1 bafe is meant fuch a cSie as 
has an ellipfe for its bafe, and likewife the richt line dr!,f 1 
the vertex to the centre of the elHnfe ^rl P . ° *^'°™ 
plane of the bafe? ^ ' P^'^Pendicular to the 

■ XXyi. QUESTION 236. ^ Mr. Ivory 
From a, ptJimadtiined without a t:one let two Ta„««» 1, 
drawn- 1<. the fame conic furface, or to Lln?r.'""-«^'' ^' 
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and let a plane be drawn through the vertex of the cone and the 
Iwo points of contact of the tangents : thei^, if a right line! he 
.drawn from the aflumed point to cut the plane, and either of the 
conic furfaces in two points, that right line will be harmonically 
divided ? 

N< B. The demonftration of fome properties of all. the cdnic 
fe£Uons readily follows from this propofition 

XXVII. QUESTION 237, by Mr. Ivory. 

It is required to determine the poGtion of the axes of the re- 
prefentation of a circle given by pofltion in a horizontal plane : 
iuppofing the place of the eye to be given, and the plane of the 
piaure perpendicular to the plane of the horizon ? 

XXVIII. QUESTION 238, by Mr. Ivory. 
Let n be any whole pofitive number, and put 

Qrzi — *-^ — - — '*" ■ *. r-, : then the whole value of the 

8-5.7.9 (2n-fi) 

•^ n . r ^^ /- ^a: fx^^'^^dx . . , .' 

triple fluent f*^ / -y- — / ■— — . which is 

generated while x increafes from o to 1, is equal to - 

Qv5 ^ -h i + ^- + ' 4-&C ^? 

({^n-^iY (2«-^5j» i2«+7)* {2«^9r 's 

N»B. Obferve that the cafe nrzo is included by taking Qi= !• 

XXIX. QUESTION 239, by Mr. Ivory. 
Let n be a whole pofitive number and put 

2 . 4 • O • O . . . .272 

triple fluent I-t- ^ l-y 1—^ -, which is 

generated while x increafes from o to 1, is equal to 

^^ ^(IS:^:^'"*" (2W + 4)*"*' (272+6)^ "•" (2« + 8)*"^^^-5 ^ 2 

where tt is the femi-circumference to the radius 1 ? 

N. B. Obferve that the cafe « = o is included by taking 

XXX. PRIZE QUESTION, 240, by Mr. Ivory. 

Let a plane be drawn through the axis of an oblique cone, 
fo as to be perpendicular to the plane of the bafe; and let a 
right line be drawn to bifeS the vertical angle of the triangle 
which is the common fcftion of the plane and the cone : then, 
if a fecond plane be drawn thi^ongh this line [viz. the line which 
bifefls the vertical angle of the triangle) to cut the cone, the 
difference of two portions of the conic furface between the two 
planes, and comprehended in oppofite angles, may be determined 
by means of a circular area and a rectilineal fpace ? 

Solutions to these queftions muft come'" to hand (poft-paid) by 
the Firft of May 180S. 
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Errata. 
In page 4, vol. 2, part 2, line 11 from the bottom 

y ^ • .^y ^ 



NEW SERIES 



or THE 



MATHEMJTICJL EEPOSITOnT, 



VOL. II. PART I. 



MATHEMATICAL QUESTIONS. 

ARTICLE 1. 

/ 

Solutions to Quefiions proposed in Numicr IV, 

L QUESTION 121, by Scoxicus, 

If X and /3 denote given arches, and 

fee. x fee. (p 4- tan. a tan. (p nz fee. ^S. 
Kequired the values of fee. ^ and tan. (p ^ 

First Solution, hy Scoticus, the Propo/er^ 
Becaufe 

fee. a, + tan. at zss: / • ■ ■ 

iec. X — tan. a 

fee, ^ + tari. (5^= ,r— 

lec. (p — tan. (p» 

By taking the produft of thefe two equations and fubflituting 
fee. ^ for fee. « fee. (p 4- tan. a tan. <p we have 

fee. /3 -H fee. « tan. (p + tan. a fee. ^ 

^ . 1 

"~ tec. id — (fee. <x, tan. 9 -i- tan. a fee. 9)* 

But fee. /S i- tan. ^ = . ^^ \ ^ 

lee. ii — tan. /3 

therefore, by comparing this equation with the preceding one, 
it is manifell that 



fee. a tan. ^ •:^ tan. « fee, p = tan. jS. 
Voi.H. ?artL . A . 
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By taking the fum and difference of this equation^ zrA thfit 
equation 

fee. » fee. (p + tan. « tan, ^ =: fee. /3, 

fnd refolying the refult into fa3ors» we find 

(fee. « 4- tan. «) (fee. ^ + tan. <p) r=: fee. /3 -t* tan. fi. 
(fee. a — tan. «) (fee. (p — tan. <p) = fee. fi — tan. /?• 

Hence, fcc.ip + tai^. (p =p jr- — ■ ■ ■ ; 

lee. a •+- tan. dc 

-. ^ , ^ , fee. j8 — tan./S 

fee. p -r tan. ^ =: ;: ^ ; 

lee. a — tan. a. 

and fee. (p =: fee a fee. fi — tan. « tan. /8 ; 
tan. ^ ==; fee. a tan. /3 — tan. « fee. /S. 

S£COND Solution, ty Mr. John Pawes. 

Put /i=r=tan. a, ^ = fec.^, and x,^=: tan. 9, radius 1: then 
V^(^+^?) = fec.«, i/(i*— 1) =: tan. |3, and v^(i + **) =; 
fee. (p. Tbefe values being written in the propofed exprelfion, 
It becomes 

/f 1 +a^) V(i + X*) + tf^f == *, 
and by tranfpofition 

v^(i.+ «') /(*-+- ^')?=^- ^; (^) 

fquaring both fides' 

(1 + a*) (1 + ;i:») = (i — tfx)»; 
that is, 1 + a*+ ** -h aV = *» — aa3* + fl'f * 
whence x^ 4- s^^^P = ** — (1 + a)*, 

and x= /(i + a*)(i» — ij — fli; 
that is, tan. (p = fee. « tan. i8 — fee. /S tan. «. 
Again from the equatioh j 

and dividing by t/( 1 + a% 

/(i + a;*) = * •(! -f a?) — a /(*» — 1); 

that is. fee. = fee. i3 fee. a — tan. ^ tan. a. 

Cor. The fubfequent equations are cafily obtained from_ 
the preceding, viz- 

fee, » = fee. /S fee, ^ ;i; tan. /S tan. f . 
tan. a z=z fee. /S, tan. <p ;i; fee. (p tan. ^. 
tan* = fee. « tan. (p ;;t fee. $ tan. a^» 

Ingenious Solutions to this Quefti$n were alfo received from 
Ueffrs. Amicus, RcV^ J. Tojplii, Johnfon, and J. W. of Lee^^, 



• 
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II. QUESTION 182, ^jf Amicus. 

If two tangents P£, PF be drawn to a conic fefiiony and the 
line £F joining the points of cohta£t be prodaccd to meet the 
diredrix in G; then if PI be drawn through the focus to 
meet £F in I, £1 will be to IF as £G to FG, required the 
demonftration ? 

Solution, By Mr. John Joitnsok, Birmingham* 

Kg; 1, pi. i. Lcty be the focifs; join 1^ F/J and draw 
£H» FK perpendicular to the dire£lrik. 

It is a property of the conic fe3ions«' now pretty gehe« 
rally known, that the angle £/P is equal to the angle ^P, and 
therefore the angle E/I is equal to the angle FjTI, jl bifefts the 
angle ^F ; wherefore £/ : /F :: £1 : FL Ag4in by the 
property of the dircarix Ef:/F :: £H : FK :: EG : FG, and 
comparing this proportion with tht former we have £1 : IF : : 
EG : FG. . fi. £. D. 

III. QUESTION 123, /jy Mr. James WHALLEYt BolionJ 

To conftnifi a trapezium there is given one of the fidei » 
both the diagonals and the angle formed by their interfection. 
and > the angle made by either diagonal and side oppofite to the 
given one ? 

First Solution, by Mr. W. Wallace, it. M. CoUtge^ 

Suppofe ABCD (fig. 2» pi. 1.) to be the quadrilateral re* 
quired, then by hypothefis AB one of its .fides, and AC, BD» 
its two diagonals are given, alfo the triangle DEC, formed by 
thetiiaffonals^ and DC the oppofite fide, is given in fpeqies. 

Produce AB, CD to meet in G, and draw AH parallel to the 
diagonal BD, then BG : GA :: BD : AH, but the ratio of 
BD to AH is compounded of the ratios of BD to AC and of 
AC to AH, that is of BD to AC and of EC to ED, both of 
which ratios are given fince BD and AC are given lines and 
the triangle EDC is given in fpecies, therefore the ratio of BQ to 
GA is given, and AB being given, AG and BG are both given. 
Now in the triangle ACG the bafe AG, the vertical angle ACG 
and AC one of the fides are known, therefore the triangle mad 
be eafily conftruSted, and hence tl^ point C will be known, any ' 
this point being determined all the reft may be found of courfe. 

A a SxcoK^ 
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SfiCOND Solution, ^;^ Amicus*. 

Fig. «, pi. ii Take AC equal to one of the ^iven di- 
agonals, aiwl draw AH. CH to make the' angles CAH, ACH, 
equal to the angles made by the interfection of the diagonala 
aod the other given angle refpeftively ; produce AH, if necef- 
fary, till AF be equal to the other given diagonal, and from F to 
the line CH apply FD equal to the given fide; complete the 
parallejogfam FDBA and join BC ; then ABCD is the trapezium 
required. 

• ^or fmce ABDF is a parallelogram, AB is e^ual to FD the 
given fide, and BD is equal to AF one of the given diagonals* 
alio AC is equal to the other diagonal ; and the angles ACD, 
B£C (or HAC, becaufe D£ and HA are parallel) are equal 
t9 th^ given ones. 

Thirp SptUTiON, iy Mr. Cunliffe, R. M.Cotlege. 

Fig. a, pi. 1. Let C DBA reprefent the required trapezium, 
AB being the given fide; draw BG' parallel to AC and pro- 
duce DC to meet it in G'; alfo~draw AS parallel to DG'. Then 
in the triangle DBG' the angles BDG' and DBG' are both given 
together with the fide or ^diagonal DB, whence the triangle 
itfelf becomes entirely known. 

The figure CASG' is a parallelogram by the conftru&ion, 
therefore G'S zz AC a given line, confequently S is a given 
point, and S A a right line given by pofition : whence the follow- 
ing conftruftion is pretty obvious. 

Having drawn SA, ffom B apply BA thereto equal to the 
given fidCj draw AC parallel to 'BG' meeting DG' in C, join 
CB, DA, arid DCBA'is the required trapezium, as is evident 
from the analyfis. 

This Qucjlion was Hkewife anfrceredby Me/frs. Bazley, Johnfon, 

and Toplis. 

IV. QUESTION 124, hySiiKzx: 

Let there be two given points in the circumference of a 
circle given in magnitude and pofition : a circle may be found, 
given alfo in magnitude and pofition, fuch, that if from any 
point in its circumference ftraight lines be drawn to the given 
points, and a tangent to the given circle'; the fquare of the 
tangent Ihall have to the reflangle of the lines drawn to the, given 
points a given ratio. 

Solution, 
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Solution, by Mr. Bazley. 

Let A and B (fig. 3, pL 1.) be the given points. ABED 
the given circle, C one of the pointy in the periphery of the 
circle which is to be found; draw the tangent CD 9nd join AC, 
BC, and AB : let £ be the point where AC cuts , the given 
circle, and join BE. 

Then by hypothefis, the ratio of AC x CB : CD* = AC 
^ CE is given; that is, the ratio of CB to CE i« given; but 
fince the circle ABED and the chord A B are given, therefore 
the angle AEB isgiven, and ijts fupplement BEC j cpnfequently 
the triangle BEC is given in fpecies, and therefore the angle 
ACB (landing on the given line AB is given. Wherefore, the 
point G is placed in the circumference of a circle defcribei 
on the given line AB, to contain the given angle ACB. 

JMi^rf. Amicus, Cunliffe, Johnfon and I. W. of ht^As favoured 

us tmih Solutions to this QueJHon* 

V. QUESTION 125, by Jlfr. Joseph Brewer, Prtjlon. 

Two right lines beinggiven by pofition, a circle may be found* 
fuch, that if another circle be defcribed upon any radius thereof 
as a diameter, the chord of the arc of this latter circle inter- 
cepted by the lines given by pofition (hall be of a given length. 

§ 
Solution, by Mr. Bazlev. 

Suppofe AB, AC (fig. 4^ pi. 1.) to be the two straight 
lines given by pofition, apply DE of the given length perpen- 
dicular to AB and meeting. AC in E ; with the centre A an4 
diftance AE defcribe the circle ER, which is that which was 
to be found. For, on AE as a diameter, defcribe a circle, which 
will pafs through D., becslufe the angle D is a right one. Draw 
any other radius AR of the circle RE, whereon, as a diameter^ 
defcribe the circle APQR, meeting AB in Q and AC in P, and 
join PQ. Then in the equal circles ADE, APQR, the chords 
ED, PQ, fubtending the fame angle B AC, are equal; that is, 
PQ =: DE =: the given length. 

Meffrs. Johnfon and J. W. of Leeds alfo fent anfwcrs to tJuB 

Qucftion, 

VI. QUESTION 126, ^7 Mr. J. Johnson. 

Given the pofition of the centres of gravity of the three 
triangles, formed by lines drawn from the angular points of the 
triangle to the centre of the infcribed circle, to determine the 
pofition of the triangle ? 

F^RSX 
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First Solution, byMr. Bazley. 

Let ABC (fig. 5, pi. 1.) be the required triangle ; P, Q, R, 
the given points, and O the centre of the infcribed circle. 
Draw OPS meeting AB in S; then it is well known that S is 
the middle of AB and SP = |SO ; through P draw DPE paral- 
lei to AB meeting OA, OB in D and E: then AD = |AO, 
and if DF be drawn parallel to AC meeting OC in F, CF is 
=: -j-CO, and DF paffes through Q. Agam, join FE, whid 
paffes through R, becaufe CF = ^CO and BE = iBO; 
moreover P, Q, R, are evidently the middle points of DE, DF, 
FE. Hence DPRQ, EPQR ajid FQPR arc parallelograms ; 
and therefore we have this 

Construction. 

Having joined P, Q, R, draw DPE parallel to QR taking 
PD. PE each equal to QR, and draw DQF, ERF ; alfo draw 
DO, EO, bifefting the angles D and E and meeting in O ; pro- 
duce OD to A fo that OA : OD :: 3 : 2, and in the fame ratio 
produce OE to B ; laftly draw AC, BC (meeting in C) parallel 
to DF, EF, and the thing is done : the demonilration is plainr 
from the analyfis. 

Second Solution, ty the Rev. J. Toplis. 

Let ABC (fig. 6, pi. 1.) be the triangle whofe pofition 
IS required, AOB, AOC, and BOC the three triangles formed! by ^ 
lines drawn from the angular points to the centre of the in- 
fcribed circle, and G, H, F their centres of gravity. Join GH, 
HF, FG, and let the lines AGE, BFD, CHP be drawn through 
the points G, F, H, meeting the lines OB, OC, OA, and (by 
the property of the centre of gravity) bife£ling them in E, D, 
and P ; then it is evident that the lines joining the points A, D ; • 
B, P; C, E, will pafs through the points H, G, F refpeSively ; 
and by a well known property of the centre of gravity, BP is 
equal to 3GP, PC to 3PH; therefore GH and BC are parallel, 
and BC equal to 3GH. In a fimilar manner it may be proved 
that AC is parallel to GF and AB to FH and that AC is equal 
to 3GF and AB to 3FH ; wherefore the triangle ACB is fimilar 
to, and equal to thrice the given triangle FGH. Let Q be the 
centre of the circle infcribed in the triangle FHG; biieft the 
lines GQ, HQ in K and I. and draw GI, HK, FK. FI ; 
then it is obvious that the triangle GHQ is fimilar to the triangle. 
BCO ; and fince GQ, CO, arebifeaed in K and D. and BC 

equal 
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equal to 3GH, it is evident that BD (^FD) is eqaal to 3HK, 
that is, FD is equal to HK ; and in afimilar way it is (hewn that 
FE is equal to GI, DH to FK, and EG to FI, wherefore HK, 
GI, FK, FI arc given lines ; hence if FD. DH, FE, GE be 
taken equal to the given lines, the points D, E, will be derermi- 
ned, and if DH, DF, EF be produced' till DA is equal to 3DH, 
BD to 3DF, ^nd EC to 3EF, the pofition of the angular points 
of the triangle become known. 

An ingenious Solution was received from Mr. Johnfon, 

the Propofer. 



VII. QUESTION 127, by Hypatia- 

^(i~n_ x—n ^ 
Suppofc u = ^ , what is the vj^luc pf u whcii 

9'^=z a? 

Solution, ty the Rev* J. Toplis. 
The fluxion of a^ — ''-, a:* — ''is — log. x ^ x'^'^'^i 

^_ , and the fluxion of a — a: is — x : therefore 

the fluxion of the numerator divided by the fluxion of the deno- 

sunator is x x log. x -^r x — n =; (when « 

becomes a) a X (log. a + 1 j. 

The values of fractions of the form % are very amply treated up- 
on in the firft vol. of the Traite <lu Calcul Difierential et Integral 
pr S. F. Lacroix, page 241. 

VIII. QUESTION 128, by Ursa Minor. 

Let AB, AC, be two ftraight lines given by pofition, and 
let a flraight line DE meet them in D and £9 fp that AD 4 AE 
'\% equal to a given line, and let DE be divided at V, fo that D V 
pay have to V£ a given ratio. Required the locus of the 
point V } 



First Solution, i;/ Amicus. 

Analyfis. In fig. 7, pi. 1, take AH =: the given fum and 

_ "V to 

met 



Analyfis. In fig. 7, pi. 1, take AH = the given fum and j 

foak^ nk to lA in the given ratio of DV to V£ ; draw IV to . | 
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meet AC in F, and let PV, QV be drawn parallel to the lines 
AC, AB, refpeftively ; then becaufe AD + AE is r= AH# 
DH is = AE, and by fimilar triangles AP : AD :: (VE : DE) 
AI : AH, and by permutation and divifion IP : Al :: HD =: 
AE : AH ; and again by' fimilar triangles and permutation 
AQ=: PV : IH :: AE : AH ; therefore IP : PV :: (lA : AF) 
I A : IH which is a given ratio, and (hews that AF is =: to IH, 
therefore the locus oi the point V is the ftraight line IF "given by 
pofition. Hence this conftruftion. Divide the given lum AH 
into two parts A I, HI, having the given ratio, make AF r= IH 
and the line joining the points I, F, is the locus required. 

It is evident from hence that if two bodies whofe weights are 
proportional to the fegments VE, VD, be placed on the incli- - 
ned planes AB, AC, and connefted by a firing whofe length is 
AH and which paffes over the common feSion of the planes at 
A, the locus of the centre of gravity of the two bodies will be 
(ke flraightline IF. 

If the difference, inflead of the fum of AD, AE, hadbeen 
given the locus would alfo be a flrai^ht line given by pofiiion ; 
lor if A A be taken equal to the given difference, the analyfis and 
conflruftion will be preCifely the fame as above. 

But the problem may be made more general, for if R and S 
be any ^iven lines and the fum or difference of the reftangles 
' AD X R, AE X She equal to a given fpace, then the locus 
vi the point V will ftill be a flraigbt line. 

For let AK X R be equal to the given fpace, and divide AK 
al I.fo.that AI may be to IK in the given ratio of VE to DfV ; 
then becaufe AD x R + AE X S = AK X R, we have A 
X S := DK X R« And by fimilar triangles 8cc, as in t. • 
preceding Analyfis, . ^ 

IP : AI :: KD : AK :: KD x R : AK x R; 
alsoAQ=:PV: KI ;: AE : AK :: AE X S : AK x S: 

theyefpre IP : PV:: (AI : IF) :: AI x S : KI x I. 

a. given ratio, and it is obvious that AF is z=z to KI therefor^ 
the locus of the poit^t V is a ftraight line IF as before. 

The fame Algebraically. 

Draw VP parallel to AC and VQ toAB. Put j = the given 
fum of AD, AE ; x = AP=: VQ, y =: PV zrz AQ, and nt 
: n the given ratio of DV to VE, then by fimilar triangles 

n : m :: X : — z=, DP, 

n 

m : n :; > : ^ = QE, 
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hence jf ^ = — ■ — • x == AD, 

and ^ + -Z, ::::: ._!_ . v = AE ; 



Uieretore — ;^ 1 * H ■ — • ^ 2= jr, in equation to 

a ilraight line. 

Now when y = o, x is rrr r , 

^ »i 4- « 

and when jc = o, y is =: — ;; — . And thefe values o£ 

^ m + n 

X and y determine the points where the '< cus meets the ftraight 

lines AB, AC : hence if AI be taken zrz and AF = 

m -^ h 

1^ the flraight line IF will be the locus required. 



S£coND Solution, by JbTr. Ballsy. 

(Fig. 8, pi- 1.) Divide the given fum of AP^^dAE in 
the given ratio of DV to VE ; take on AC, AI, equal to the 
firft part, and on AB take AF^ equal to the other part, and join 
IF, which is the requii-cd locus. For, take on AC anydiftiknce 
IE, and on FA take FD equal IE (the one towards the point A, 
the other from it) ; let DE meet IF in V, and draw DG parallel 
to AC, to meet IF in G, Then it is plain that AD -h AE =: 
AF + AI =: the given sum by conftruftion ; and fince the 
triangles AFI, DFG; DVG, L V I, are fimilar ; therefore 

EV : VD :: IE=) DF : DG :: AF : AI, that is; 

EV : VD :: AF : A;I, which is the given ratio, by con- 

firu3ion. 

Solntions were alfo received from Mejprs* CunliSe, JohnfoOi 

Toplis, and ]. W. £/ Leeds. 

IX, QUESTION 129, iJy Afr. CuNLiFFE, R. M. College. 

To find two rational numbers fuch, that if a given number- 
n be fubtrafled from either of them, or from their fum or diffe- 
rence, the four remainders Ihali all be rational fquares. 

Vol. II. Part I. B Solution^ 
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Solution, hy Mr. Cunliife, the Propa/cr. 

Let x^ -H« and y* + n denote the two numbers, by which 
notation the two firft conditions of the queftion will evidently 
be fatisfied : it therefore only remains to determine fach values 
of x^ndy^s (hall make the two remaining conditions squares, 
viz. Of ' H- ^* -f- ^ ^^^ •** — y* — ^» ^^'^^ fquares. 

Affume x+ v ior the root of the firft, that is^ put x* + y* 

+ n = (j: + t/) zijc* + ^xv -f- 1;*, which gives x =. <■ — , 

by means of which x' -r-^" — n zz j — y — n 

;:;^ i .«/ r^ — — . z=z a fquare ; 

therefore y* — ^ 6v^y^ -H 2»y* — 6«t;* + t;* + «' = a fquare; 
Affume s — jy* for the root of the preceding fquare, that is, 
p^t^4 — 6t/V + 2«y* — 6nv* + »*+«*= (^ —>'*)* = 

s*^2sy^+y* ; from whence / = ^ xvi-f/i — 31^') "^ ^ ^""^ ' 
take J = « - »». then y' == ^^^ ^^^^.g^.j - ^TTIi? 
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n'— 2nt; 



=: a fquare ; therefore n* — 2»i;*muft be a fquare. 



Put «* — 2nv* = (riy — »)• = r'ay' — arvn + w*, whence 

^' ?!ZL.; and V = -^^ = -^^ : and from what 

r* + a'* rv — « r*— 2w 

^«^-.;j— t;* __ 3gr^ w* + (r* ^ 4«*)* 
has been deduced x = ^j; - ^^ ^ ^^»_^ ^^^ ^ ^^ ^^^a* 

where r may be taken at pleafure. 

Example 1 • Take r = 1 , and fuppofe the given number » = 1 ; 

2rn , _ r^r^n' ^ (r* — 4«*)V 

^^^^y = per;;; "^""^^ ^" * " 4rXvr» + 2» X(r»~-2«)- 

sr ii ; whence x'+ 1 = ^ and / + 1 = 5- which two 
12 144 

numbers will anfwer. 

Example 
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Example a. Take r = j, and n = 2, theny r= — -, and « 
=^; whence *«4.8 = 'i^iEE ,„d . + a=?4 = 

loO 32400 ''^ 9 

34 X ;^6oo _ 122400 
9 X 3600 "" 32400' 

X. QUESTION 130, ^;^Triconometricu$. 

It is required to demon Orate that the tangent of an arch of 
9® it equal to i + y^^ — V^(5+ * ^5)* *^^ radius being i ? 

First Solution, ^ Mr. J. Johnson. 

Put s for the fine and c for the coGne of 18^ ; then (Emerfon's 
Trigonometry, page 12,) the tangent of half the arc, or of 9^ is 






But it it well known 



:. - t/5 — « 



that the fine of 18^ it = ^^^-^ ^, therefore its cofine is 

4 

= v^(i ~4«) = J^do + 8 /5). andl^ = J 1 -« « 

^ 4 v5"~* . 

V^5 — V/{5+ 2V^A) = tangent of 9^ as required. 

Second Solution, by Mr. Cunliffe. 

Let t denote the tangent of anar ch A, radius 1 ; then the 
writers on trigonometry have fliewn that the tangent of 5A =: 

r— : ~: and this formula will alfo exprefs the tan- 

gents of the following arches viz. 5 A +180 and 5 A +2x1 80. 
Suppofe 5A = 45% then the Ungent of 5A:= 1 = ^I^^rr:^* 

whence t^ — 5^* — lo/'-Hio^' 4- 5^ — 1 ~ o, the five roots of 
which equation are the tangents of* 9*, 45^*, - 27°, 8i®and-68*. 
And, ^nc^ the tangent of 45* is a root of the above equation* 
therefore t — i muft be a divifor thereoft and the quotient 

B a thence 
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thcrtceirifing will be t^ — 4^^— 14/' — 4^ + 1 = o» completing 
the fquare by adding 2oi* to both fides t^ — 4^' + 6i^ — 4^ + i 
r= 20? n 4/* X 5 J taking the roots /* — 2^ -|- 1 =: + ^t \/^^ 
Or ^ — 2/ >^ {1 + )/g) ;= — 1 ; a^in completing the fquare 

e—2tX (1 + ]/s) H-^i + 1/5)' = 5 ± 2 /5 ; ^king the 
roots, &c. / = 1 + \/5 +. \/(5 + 2 v^5), and the two pofitive 
values of / are 1 H- \/g — 1/(5 + 2 v/5J and i + v^5"-f- 
1/(5 + 2 v^5), the former c4" which muft therefore be the 
tangent of 9°, and the latter the tangent of 81^. 

Ingenious Solutions were alfo received from Meffrs. Amicus, 

Dawes, flffa J, W. ^/'Leeds. 

The next Six Quejlions arefeleSedfrom the Cambridge Univerjity 

Calendars for 1804 and 1805. • -* 



XL QUE3STI0N t^t, from the Camb. Un. Cal. 

A gnren piarabolic conoid is put into a fluid, and when it is 
in a pofition of permanent equilibrium the bafe is wholly extant, 
and inclined to the horizon ; having given its fpecific gravity, 
relatively to that of the fluid, it is required to determine the di- 
m^nfion? of the part immerfed ? 

First Solution, by Mr. Lowrt, 

LEMMA. A Problem, Fig. 9. PI. 1. 

To find the centre of gravity of an oblique fegment of a 
parabolic conoid. 

It is demonftratcdrat prop. 1, fefl:. 4, part 3, of Dr. Hutton's 
Menfuration, that the feftion made by a plane cutting a parabo- 
loid oblique to the axis will be always an ellipfe, and that all 
ihe parallel feSions will be like and fimilar figures. Hence, if 
AB be the tranfverfe axis of the elliptic bafe, and LR a diameter 
to AB, the feftions parallel to the bafe will be fimilar to the 
feftion ACB and have their centres in the diameter LR ; and 
therefore the centre of gravity of the folid will alfo be in that 
diameter. Put <i =:= the bale ACB, b = the diameter LR, 
s =1 the fine of the angle LRB„ x zzz any variable abfciffa LD, 
whole ordinate is ab ; o the centre of gravity of the fegment aLb 

and O that of ALB.. Then i : jf :: ^ : -r- 2= the area of the 



asxx 
hSCvycL at D, and ^ry~ will be the fluxioaof the folid aLb ; and 

therefore 
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therefore, by the common fonnula for finding the centre of gravity 
Lo z^ ^ =tl ^=:!«, 

When X i« equal to i, then Lo is equal to -y^. 

Now let ABC (fig. lo. pL t.) be a feftion of the conoid 
made by a plane pafling through the axis HC, and through the 
point A in the bafe which is neareft to the furface of the fluid. 
Let EF be the line where the plane of the fluid meets the fe3ion« 
and EFC the part of the body immerfed in the fluid ; then, i£ 
G be the centre of gravity of the whole conoid, and O that of the 
immerfed part EFC, the body will he in a pofuion of permanent 
equilibrium when the tine joining the points G, O, is perpendi- 
cular to EF the furface of the fluid ; and the content of the 
iipmeiffed part EFC, will be to that of the whole conoid, 
as the fpegific gravity of the body to that of the fluid ; therie- 
fore if s be the content of the conoid, and i to m the 
relative proportion of the fpecific gravities of the folid and 

fluid, then - will be the content of the immerfed part EJ'C ; 

and, to determine its dimenfions, draw Eb parallel to AB meeting 
the axis in K, and let PQ, the diameter to the ordinate EF, 
meet Eb in D, and draw FN and GL perpendicular .to Eb and 
PD; then PQ b«ing parallel to KC, PD will be perpendicular 
to Eb, and becaufe EP = PF, ED will be = DN and Nb 
= 2DK. 

Put p r=:: the parameter of the axis, and n = the area of a 
circle whofe diameter is unity; then the content of the immer- 
fed figment EFQ is equal to a cylinder on the circular bafe EN 

and altitude half the diameter PQ, that is, r= to EN", . -^ .» 

.a 

(pa. 378, cor. 2, of the work referred to in the lemma.) And by 
Emerfon's conic feflion*, prop, 19, EN* = 4ED*r= PQ . 4^, 

„^ EN" 1 r t. f I* r . EN* 
or PQ = — 7—, theretore the content of the leffment is~ . 

. - = —and EN =: V/ _£1, a. given quantity, for which put 
a^, and then ED will be = to a» And becaufe PQ . 4^— EN*, 
PQwmbe=toi^/(igj= /(^). which denote 

by gi. Now, when G is the centre of gravity of the conoid, 

GC 
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GC rt = -fCH =r c; atid when O is the centre of gravity 
of the fcgment, OQ is - -yPQ iby the lemma), and OP = 

Let GO meet EF in I, then by fimerfon's Conies, prop. 4. 
p : EN :: Nb i 2DK : NF ~ fDP, or 
p : 2ED :: DK : DP. But the tight angled triangles EDP, 
OPI, OLG beinir fimilar, we have 

ED:OL :: PD : LG-DK, and ex xquo,p : 60L :: DK: DK; 
therefore OLis given r -^p. Draw QT parallel to LG meet- 
ing the axis in T ; then becaufc OQ is =: 2^, GT - LQ i* 
given IT -J-^ + 2^, and therefore TC is = GC — GT = c — 
■^p — 2i { and by the property of the curve QT' f DK* ) t= 
p X TC z^ p {c — ip -- 2b\ therefore DK zz \/ pc —4^* 
— i,bp\^ a given quantity ; from whence the ordinate EK and 
the abfciffa KC become known, and the dimenfions of the im- 
" inerfed fegment are then eafily determined. 

The pofition of EF may aifo be found by a very limplecon- 
ftruftwai- for having taken GT on the axis CG equal to the 
given lengilv^ 3nd drawn QT perpendicular to GC meeting the 
curve in Q, let QS 9PS^ QR be taken on QT produced, each 
equal to ED, or half ENf; th^lVtbe lines SE, RF being drawn 
parallel to the axis, will meet the curVfr^n the points E and F 
required. '^-^^ 

i 
Second Solution, by Mr. Cunlipfe. '. 

Let ADB (fig. 1I5 pi. 1.) reprefent a fcftion of the giVcn 
parabolic conoid through its axis CD ; alfo let LDH reprefertj 
jufeftion of theimmerfed part, lying in the fame plane with the\ 
feflion ADB. Draw Lm, Hn and pd parallel to the axis CD ; N^ 
the latter, viz, pd bifefiing LH in s : alfo draw Hqr and Lt pa- y 
rallelto^AB. • ^ ^ 

Let G, in CD, be the centre of gravity of the whole parabolic 
conoid ADB ; alfo let g, in pd, be the centre of gravity of the ^ 

immerfed fegment LDH. 

Then it is well known that when the floating body is in a 
poiition of permanent equilibrium, the right line joining gG 
will be perpendicular to LH, the furtace of the fluid. Draw j 

Gv parallel to AB meeting pd in v, and in the' laft mentioned ' 

circumflance the triangles Gvg and sHq will be fimilar. 

Put AC =z= BC = b, CD ~ a,Cn-xH = y. Cm = Lt 

zz w; then mn — y -¥ u, qH iz ^ (^ -4- a) and Cp zz. Gv zz ^ 

[y — u)\ and by the known property of the parabola, 
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i' : a :: >• ; ^ = rD ; and in like manner -^ = tD J 

whence rD — tD - it = j^ x (y' — «'), and qs " irt = -r, x 

(y* — »•) ; and by the fimilar triangles Gvg, sHq, we have 

IT I- u qH X Gv b^ 
qs : qli :: Gw : vg, whence vg — ^ ~ — . 

Again, by the known property of the parabola, CB* : CD :: 

qH* : sd, whence sd —/■ ^^ — = =^7^ -t ^^^ ^^ 

is well known that sg zr -Jsd zl ~Ti — ^ • 

Hence, Cr = CD — iD zz.a -^ = rj *. 

ps = Cr+qs= — j5 + ^.. -^^X J«^3'-(>*+«^ J. 

andpg = p«+«g = -^x {2i»-(ya4-a»j|+-^, x^+m)* 

= ^^^, X { 123* -.6(jr» + tt») 4- 7 + «)*} . 
But pg = ps + sg zr pv -+- vg — CG + vg, that is, 

2A* 

Whence i23*-.6:/+ «*)+(> + «)* zr — X (2fl* + 3A') (i)* 
By Hutton's Menfuration part 3rd. feS. 6th. 4 >c BC* X DC 
X - exprefles the content of. the parabolic conoid ADB ; and 

— ^pa - ^y zz the content of the oblique fegmeat LHD, 

where ^ z: '7854. 
Then by the principles of hydroftatics, 

4xBC*XDC X ^ : i5,>a * :: m:n; m and »be^ 

* 2 4 X iJVv ^ 

ipg the fpecific gravities of the fluid and floating body ; whence 

mn* 



I 
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ft ^ / 

mn* = 16 xBC* X -, ormn 2= 2BC \/ ^; that is, v + i^ 



=1 7h x/-, or (y + tt)* zz 4i'4/ -? (2). 



Now from the equations i and 2 the value of y may be found 
by a quadratic equation. 

Cor. From what is deduced in the folution, it appears that 
the centre ol gravity of the immerfed fegment LDH is alway* 
at a given perpendicular diftance from the bafe of the parabolic 
conoid, whatever are the relative denhties of the fluid and 
floating body. 

Tor pg — ^ + - = g^^ = a given length. 



XIL QUESTION 1^2, from the Game. Un. Cal. 

Find the centre of gravity of a cylindrical portion of the 
atmofphere meafured from the earth's surface, the force of 
gravity being conftant ? 

First Solution, by Mr. Lowry. 

Fig. la, pi. I. Let ABC be the baie, and DC the axis 
of a cylindrical portion ABGH of the atmofphere. Imagine 
thia cylinder to be divided into an indefinite number of thin 
parts, or laminas of equal thickness; then it is evident that 
the quantity of matter in each of thefe laminae will be propor- 
tional to the denfity of the atmofphere at the refpeftive altitudes. 
Conceive a folid EAFB, fymetrical to the axis DC, to be de- 
fcribed on the fame bafe as the cylinder, and compofed of par- 
ticles of matter of the fame denfity as the air at the earth's 
furface and divided into lamina* of the fame thick nefs as thofe 
into which the cylinder is divided : then if the nature of the 
folid be fuch, that the quantity of matter in each of the lai;ninae 
of the folid is equal to the quantity of matter in each of the 
correfponding laminae of the cylinder, it is evident that the 
folid AEFB will have the fame centre of gravity S, as the 
cylinder AGHB. Put a =: the area of the bafe, x r=: the 
altitude DC, d izz the denfity of the air at the earth's furface, 
and ^=: the denfity at the height DC. Then the quantity of 
matter in the laminae GHK is z: ay^ which, by hypothefis, is 

zziod X (area EDF), therefore EDF z: ^ X y, and tlie flux- 
ion 
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ion of the quantity of matter m the folid = -^ X yx; and by tha 

common formula for finding the centre oi gravity of [a folidf 
we have 

fa . r . 

/ -^ X yxic I yxx 

cs='i4 = •!__. ^ 

Now, the relation between the denfity and altitude being ex- 

X d 

prefled by the equation — log. -, where « is n 27819 feet, the 

height of a homogenious atmofphere of the fame denfity as the 

air at the earth's furface, we have * =: — » x ^, and 

y 

jyK J -^ f^y ^ — ^y c — ny 

But when y is r: d,' x \s z=: o, and^then C — n^d o, or, 
C zz n^d. Alfo c — nd is then zi o, or c zz nd; therefore 

CS = J — ^^-^ — ^ n n r^ « which is a general 

nd — ny d — y ° 

expreflion for the height of the centre of gravity for any 
finite altitude. 

d 1 d 

If we put i — y zi a, then - zr , and the log, -=: 

y ,_| y 

log. — = ^ + — r :4 4- &c. =z= -. or 

*~ d 

xy xy ft u u* «' . • \ 

Now when y is = rf, or w ir o, all the terms of the leries 

except the firft will vanifli, and we have n — , ^ - 
'zi n-^n =: o, as it ought to be# ^«- 

Vol. 11. Part I. . C .Aga»n^ 
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Again, vrhen y is = o, .or the altitude is infinite, uis = flf , 
and we have 

*— ^^ - n — o X n x(i+i+f+^+. &c.) 

where it is evident that the produ61: of the feries by o is =: to o, 

and therefore when the ahitude is infinite n — -/^^ =: n. 

The problem may alfo be eafily refolved by means of the 
logarithmic curve; for if the line CB (fig, 13, pi. t.) denote 
the denfity of the air at the earth's furface, and the logarithmic 
curve BDEwhofe fubtangent is'w, be defcribed; then the ordi- 
natet correfponding to the feveral altitudes will denote the 
denfities of the air at thofe altitudes refpeftively (fee Dalby's 
Courfe of Mathematics, vol. 2d, art. 444) : and th^ centre of gra- 
vity of the cylindrical fpace, whofe altitude is CD, will evidently 
be at the fame dillance iroin the furface of the earth, that the 
centre of gravity of the logarithmic fpace CDAB is from the 
bafe CB. Put CB - d, x z=l DC, and v = DA; then the 
fluxion of the fpace CDAB = yx% and therefore the diftanpe of 

the centre of gravity of this fpace from the line CB is = ^^. 

d 
Alfo the equation of the curve is 4r = it X log. - , and there- 
in 

fore the procefs for finding the centre of gravity of the loga- 
rit)imic (pace is precifely the fame as before. 

If S be the centre of gravity of the fpace CDAB, and 
SI, AV, be drawn perpendicular to CB, then we have SI ='« 

xy _ CD . DA « . VB ^ CD .DA ^ ^ 

- itr; - « — VB~ = ^^ ^m~ — • °^' •'^r 

caufe n ; VB is = to the area of the fpace CDAB (ibid. art. 443), 
SI IS = to the ■ ^p — . 

Now when CD is infinite, the points C, V, coincide, and 
the area of the whole logarithmic fpace, included between the 
^ymptole and the curve, is = « . CB, thereforein this cafe 

fi Co ' 

Si is = — i^ — = w, the fame as determined above by expand- 
ing the logarithmic quantities. 

Second 
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Second Solution, h^ Mr. Bazley. 

If ;c denote the altitude from thefurface, and^ the denfityofthe 

air at that altitude, then will hyp. log. - = -*, 'where j& =29725 

feet, the denfity at the furface being unity ; this is well known. 
, Now if the area of the bafe of the cylinder be taken for brevity's 
fake r= 1, we (hall have the fluxion of the quantity of. matter 
z=z yx zz — py by the equation above, and the fluent is -~pyi 
but when >>— 1 this fluent fliould vanifli, therelore, by correction, 
the quantity of matter is p — py. 

Again, to obtain the fluent oiyxx =z — -pxy, aflume it =r — 

pxy -4- m ; whence — pxy rrs — pxy — pyx + m : therefore 

tn rr pyi = — p^y, and m rz: — p^y ; confequently the fluent 
of j'xx is — fxy — p^jf, which onght to vanijh when ;r = o, pr 
y — 1 ; therefore, by correftion, it is p* — p^y — pxy* Hence 
the diftance of the centre of gravity from the furface 

_ /yxi_. p*-p*y-pxy £5r_ 

Jyx p—py f 1 _y 

Mr. Toplis alfo fent a Solution to this Quejlion* 



XIII. QUESTION x^^.jrbm the Camb. Un. Cal. 

Required the nature of the cur^^e along which a heavy body, 
defcending by the force of gravity, willprefs upon the curve 
at any point, with a force proportional to the ordinate at that 
point ? 

First Solution, ^jy Mr.CuNLiFFE. 

The preflure^ of a body in motion again ft atiy point of a 
curve is. manifeftly compofed ot two parts, namely, the (imp)e 
ilatical preflure and the prefl'ure arifing from the ceiitrifugal 
force, or the force whereby the body endeavours to recede from 
the centre t)f curvature at any point : and upon t:.e prii^ciple 
juft cited it may be eafily fliewn that the quadrant of a c»r< le, 
one of whofe fetni-diameters is perpendicular to the horizon 
will fatisfy the queflion. 

Let ABS (fig 14, pi. 1.) be the qiiadrant of a circle having 
the femi -diameter SB perpendicular to the horizon; and fupr 
pofe a heavy body C, defcends from reft at A, along the arch 
AC : draw CD perpendicular to AS, alfo draw the radius CS. 

C2 Put 
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?ut AS '= SB = r, DC rr y, t/ — the velocity of the defcend* 
ingbody per fecondat C, and g — i6^V f^^t. 

Then by known principles ~ will be as the fimple ftatical * 
preffure at C ; and — will be as the preffure arifing from the * 

centrifugal force ; therefore -^ -I will be as the whole pref- 
fure at C : and becaufe the body defcends from . reft at A, 
V = 2/^, or t;'z3 4^ J whence-?^ "^'T "^ ^~r """ ^ 

xzz -^: but ^ and r arc both given.; wherefore the /whole 
preffure at C is as the ordinate ^ zz DC. 

Cor. The whole preffure againft any point C, of the quadrant, 
is thrice as great as the fimple ftatical preffure at that point. 



Second Solution, hy Mr, Lowry. 

Let ACB (fig. 14, pi. 1.) be the curve required, and C the 
pofition of the body when it has defcended throujrh the art AC. 
Lei mCnbe a tangent to the curve at C,and CR, (drawn perpen- 
dicular to mn; the radius ot curvature at that point. Draw 
the abfciffa AD parallel to the horizon, and the ordinate DC 
perpendicular to AD. Then the picffureot the body upon the 
curve will be in the direftion RC, and will be compoled of 
two paits, the one arifing fmm the force of gravity, and the 
othei from the aftual velocuy of the body. Put AD z=: x ; 
DC zzz y, the fpace defcended through, ortheaic AC =: s; 
the. vel<;city of the body at C . r;, and the meafure of the acce- 
Icrative force of gravity :=^g. 

Then tlie force of giavuy in the direftion DC, is to its 
force in the diretlion SC, as radius to the cofine of the angle 

CSD or mCD, that is, as j : -t ; and therefore the preffure 

taufedbv gravity is ~ ^ X -=. Again fince the velocity of the 

s 

bodv in the curve at C,is the fame as in the circle wliofe radius 
is CR, V is evident that the preffure aiifing from the velocity 
will be the fame as the centritugal force in the circle or cur- 

vature dt C, that is = /tq* ^ut fiiice the body begins to dc 

icend 
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fccnd froth A, v^ is rrr ^gy\ therefore the preflure arifing from 
the velocity Is =: p^. and the whole prefTure upon the curve 

= ^ X ( ^ + crJ' ^"*» '^y ^^ question, the preflure is pro- 
portional to the ordinate DC, therefore g (^"^"^^) 

s ^ 



— . y, where —» denotes a conftant ratio. 



Now when s is conftant, the radius of curvature is = -it »and 

X 

putting this for CR in the equation above, we have 
i . 2y;c m 



s sy ^S 



^y 



multiply both fides of this equation by -^, 
take the fluents and then 

To exterminate j, we have s = x/{fc* + ^'), 

, therefore X = . i/f^* +y*j • y^ 

^ 6^g ■ 

fquaring both fides and reducing we have 

-' — ^ , and taking the fluents 



i = — . y/ {^-^- --/j, which gives x- ^ wheny is == o, 

« 

but jf, fliQuId then be alfo = o; therefore fhe correfl fluent is 
, ^ aif _ w' (9«'^ _ ^.) . and ^^ . ;.-;r»is =,»; 



which is an equation to a circle whofe radius is i-S» 

m 

Solutions were alfo received Jirom Mejfrs, Bazley and Toplis. 

XIV. 
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XIV. QUESTION i34,/rm<A«rCAMB. Un. Cal.- 

• 

Let the curve APp be generated by taking the ordinate MP 
always eqnal to the difference of the chord AC, and the verfed 
fine AM, of the circular arc AC. It is required to determine 
the greateft ordinate of the curve, and 'alfo its area ? * 



First Solution, by the Rev. Mr. To'^lis. 

Fig. 15, pK 1. Put AM rr x^ PM •= y, and the diameter 
AB.'it a ; tlien.bv the property of the circle, AC z: /(AM AB) 
cz: \/{ax\ and therefore y = ^,ax) — x the equation of the 
curve. 

a y 

To find when y is a maximum we have — ~- — x = o, 

in* 
or y^a Z2 2^X9 and confequently x zi J^a zniy zi y-^ — ia 

4 

Again, to find the area we have y^ zz x ^{ax) — xx, and 

x^ a^ 

the fluent = | \^{ax^) = (when x zz a) to -Ja' -? — 



|ii' the area, required. • 

The whole might however have been determined without 
fluxions, for tht curve is only a portion of the common parabohi, 
as is evident from the equation obtained above, lor j^ + x is zzz 
to y^ax)^ or (y +*)* = ax:=:x^2 X a\/r* which is an 
equation to a parabola whofe ordinate is y+ *, abfcifla xy^2 
sind the parameter a y^-J-, 



Second Solution, by Mr, Bazley. 

Fig. 15, pi. 1. Suppofe the centre of the circle, AMB 
the diameter, and IR another diameter perpendicular thereto ; 
tVough R draw ARK, and with the parameter AR and vertex A 
dcfcribe a parabola to the diameter AK having its ordinates paral- 
lel to iK ; the portion APpB of t^is parabola is the locus re- 
quired. 

Let CM prdduced, meet AR in G, and join RB. Then, 
Cnce OR- OA, AM is = toMG ; and by the property of the 
parabola and conflrufetiori RA x AG zz GP* ; but by the fimilar 
triangles AMG, ARB, RA x AG = BA x AM =: AC*; Wre. 

fore 
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lore GP» =- AC* or GP = AC : whence AC — AM = GP 
— GM r=: MP, which was to be proved. 

Now from O draw Op parallel to AK to meet the curve m p ; 
draw pT parallel to AB meeting KA produced in T; alfo draw 
pmg parallel to PMG ^leeting AO in m and AlC in g. Thea 
unce pO is a diameter of the parabola and O the middle of AB, 
therefore AB is an ordinate to pO, and pT, parallel to AB, is a 
tangent at p, and confequently all the ordinates except pm fall 
below pT; therefore pm is the greatest ordinate; moreover, 
by the property of the tangent, gA= AT, therefore Am = ^pT 
=iAO. 

Finally for the area: it is well known that the area GAP in 
= f GP >c AM = f AC X AM, therefore the area APM 
= lAC X AM — iAM \- MG == 4AC x AM — ^AM\ 
which is the general area. Let BK parallel toIR meet AK in K ; 
then it is plain that when M comes to B, the whole area A.PpB is 
1KB xBA— 4AB X BK = f AB* — ^AB* = ^ABV 

Mr. Dawes and J. W. of Luis ^ alfo an/imered tV. 

XV. QUESTION \%^,from the Camb. Un^ Cal, 

Determine the apparent magnitude of a ftiraight re£lilinear ob- 
je£l placed at a given depth, parallel to a furfaceof water: the 
eye being (ituated at any point in the plane palling through the 
9bje£l perpendicular to the furfaqe ? 



First Solution, ij' Amicus. 

> i 

1 . 

Let AB (fig. t6, pi. i.)reprefent the firaight reftilincar objefl: 
placed parallel to the furface of the water RQ, and P the po ition 
of the eye in the plane ABP perpendicular to RQ, and let OLD 
be the curvilinear image of the objefct as it appears to the eye at 
P. See Emerfon's Optics, Prop. 29. B. 3. Then the extremi- 
ties A, B, of the objeft will apprar to be elevated to the points 
C, D, in the perpendiculars AE, BF. Draw CP, DP, meeting 
EFjn G and H; Join A, G; B, H ; A, P; B, P; and draw 
GN perpendicular to FE, then CGN is equal to the angle of 
incidence, and AGN is the angle of rcfra6Hon ; therefore by the 
principles of optics, when the medium in which the objeft is 
immerfed is water, fin. CGN : fin. AGN : : 4 : 3 : : m \ n^ 
or, fince the angle CGN li: GCE and the angle AGN zz CAg) 
we have by trigonometry 

AG : CG :: fin. GCE : fin. CAG \\m\n. 

Put PK =; a, EK = ^, AE = c, and EG =;e, then 

AG* 
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AG* = AE* + EG* = c* -hx', and by fimilar triangles 

*— x:a::;c:^:rCE;henceCG*z:CE« + EG^zr 4^+x\ 

and c* ir x^ : v . ■■ _ ^ -+- x* :: m* : n*. By multiplying means 
and extremes, and reducing, we obtain [m^ — i/i') x^ + 2'.to* — »*) 

from which equation the value of v may be found, when the 
given quantities are exprefTed in numbers, and then the point G 
and the diftance GK become known. Alfo, from the fame 
[equation, we may determine the diftance HF, by fubftiturmg 
the value of KF inftead of b EK), and then the point K and the 
diilance KH become known. 

We have then only to determine the values of the angles 
GPH, APB; and bv trig m »metry- 
PK : KG :: 1 (rad.i •. KG -r PK - tang, of the Z.KPG, and 

PK : KH : : 1 (rad.) : KH -^ PK - tang, of the Z.KPH; 

then the fum of the angles *" >rrerponding to thefe tangents in the 
tables, will be the angle GPH. And in a limilar way may the 
angle APB be calculated, and from the valnes of cljefe ang,les we; 
can determine the comparative magnitudes of the objeft and 
its image. 

Second Solution,^)' Mr. George Franc IS, Optician, 
No, 5, Old Cavendijh Street, Cavendijh Square^ London. 

Let OB (fig. 17, pi 1.) be the objeft, VE and VC the 
diflances of the eye and object from the furface of the water, 
and let EA, Ea, be rays incident at ti.epoints A, a, fo as to be 
refrafted to- the given poi its B, O. Draw BP, Op, perpen- 
dicular to Aa, and produce EA, Ea, to meet OB produced in D, 
d; then OEB wijl be the vifual angle when the obje8: OB is 
"not immcrfed in the fluid and DEd the vifual angle when ii is 
immerfed. Let I : R :; i4- : 1, then by prop. 11, of Dr. Gre- 
gory's Optics, the times of defcrioing the rays EA, AB, will 
be expreifei by R-EA and 1-AR, and th> ir fum R-AE 
+ I-ABaminimum. Put VE=:^/, BC £ VPzifl, VC =BP -. r, 
and PAzi.r; then V^-a—x.^^~ y/ yd^ + a^ — ^ax ^ x") , 
BA - y/c^-^x^). En. 47. I; and 
R-EA -f lAB -R/.i'-4-«'— 2ax4-x') + I/(c» +^*); 

taking the f.uxion, ^^^. ^ ^.^ + ^^^^^-^r^TaF-Rj ~ ^' 

and 
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and reducing, we find (T* — R*)je*.+ (^4iR* ^ afl*)^» 
J^ (I»/r 4- l»a* — RV — RV«)x* — (s'H^ac^x = RVc^. 

From this equation, the value of *, or the diftance AP-^may 
be found, and alfo the t^lue of ap, by fubftittiting pV inftead 
of PV. Then, in the right angled tmngtes aVE, AVE, two 
fides will be 'given in each, to determine Ae angles VEA, VEa, 
and then the lura of thefe angles will be the vifual angle DEd. 

XVI. QUESTION 136, fr0m the Camb. Un. Cal. 

Let the roots of the Equation a?" — px^^ * + j'x " '^ -&c, 

=^ o, be^t, ^i r, &c. and thofe of the equation irsr — (^"^^ ) 

px^ '^ * 4- (« — 2) f:"?^"*^ — &c, = o, be a, /S, 7, &c. then, 
if when a, /S, y, &c. are fucceSively fubftituted in the equation 

w^—px^ ~"^ -i- y/"^ 2— &:c*=o, the refuks are P, Q, R, &c. 
and when a, 5-, r, &c. are fubftituted in the equation nx 
— (n — 1) p3p * + (« — a) y;c^"~3 _ &c. = o, the re. 
fuks are^, y, r, &c. it will be a& P X Q X R, &c« : ^ >c f X r 
&€• : : 1 ; » • Required the demon ftration ? 



SotUTIOK, ^LlMENUS. 

Tihc equation of n dimenfions =r (ar — a)[x — i) (j? — c) • • . 
beiAg denoted by P, and that of n — 1 dimenfions = n 

{x — m) (x — j3) (at — y) by Q, the former expreffion 

when tbe indeterminate x is of the values a, i?, y, .... whi^h 
would make the latter vanift, is equal to («— a) (a — b) (a;— r) 
• . . ,, (0 — fli) (^ — ^i) (j8 — c) • . . M &c. rel^eftively, and 
and their produfi is therefore equal to the produ£l of all €fic 
cxcelles of 0, /3, y, .... above a^ b^c^ . , . • taken two and tw6, 
in any order. Again, when P vaniQies, or when x is eaual to 
a^byC^ . • . ^ refpedively^ the expreflion Q is of the feveral 
values«(fl— a) [a — j3) n{h — «) (i— ^) .. •.,«(€ — a) 

[c — j3) • • • ., &c. and the product of thefe is equal to n mul- 
tiplied by the product of the exceffes of a, ^, r .... above »^ fi^ 
. • . . taken two and two. As then thefe exceffes are in each 
cafe the fame with contrary Cgns, and their number 3: 11(11 — 1 ) 
is even, the abpve values oi P miiltiplied together are to tlld<i 

of Q multiplied together in the ratio of 1 to n • 
VoL.II. PartL D XVII, 
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draw li. indefinitely near and parallel to RS, alfo draw rnq 
parai4el to MN meeting RS in n, and RO in q. Then Becaufe 
rRq is a right angle, the triangles rnR, Rnq will be iimilar, and 
rri : nR^: : nR : ftq, a given ratio, becaufe the pofition of 
the line RO is given : let this ratio be denoted by that of w to %• 
Fut'the lengili ofthe chain BNR =: /, NS = jc, SR ny, NM = 2, 
^PA l?t-^ denote a portion of the chain whofe weight is equal to 
the tenfion at N ; then rnziz x and nR zzzy ; alfo put OB = ^, 
and by tlie property of the curve, the length of the curve RN^m 
\^(2ax +' a?M, and the length of the curve BN = \^{2az + z*) ; 
tterefore BN -f- RN = y{2az -h «») 4- \/^(2ax + a^) = /. 
AgaSn,' by the property of the curve and what has been deduced 
*f^.' y •• v^(2^M? -V a?'} ; a* :: nit, 
whence ^(^2dx + x^) =: na andjc* + 2ax r= n' «% 
completing the fquare x* +^ 2ax -^ a* z=z a* X (1 + n*), 

takingtheroots*-f=-fli=Jv/(i +«*),andjt=tfX ^(1+^*)-^ J » 
alfo — ii-' — u-ri — .-Jl * — i/fH- «') + «. 

r 

Again from the equations '^\2az + 2*) + y^(tflJP -H *') = /. 
and v/(b«* + i*) =p n^i we get |/ (2^2 +• z*) = / — na\ whence 
2 zz^iS^-i- 2lnair « V + tf *)— <i, 2— x =: -/(/*— 2/via -t- n ^'+ «*) 

and ss" •——-—-—------------———-——— — 

Now draw Op, Bb parallel to MN. meeting RS in p and b ; 
then we (hall have 

Op n.MS -MN-NS=2-x= i/(r-2&ifl+nV+a»)-VaKi+a*). 
Again» by known properties of the curve, 

RS=aX hJ.i±f±^^i2fi±*:)=:«X h.l. V(i+»')+«J 

A a 

whence we fliallhave 
Rp.= RS + Sb— pb = RS + MB — OB 

Xh*l. |^(l + «*) + «h-HiXh L ^^-i -1- i— ^ ^-*. 

Fi^nher^orc we have Rp ; Op :: n : t, whence Rp=i»xOp» 
tl^t \i^ by meaoft of what has been deduced 
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ax b,l*5(l +«*) + n> +oxh.L^--i- jj — - — ' 

zz n y/{l} -^ ^Iha^nW +ii*) — na^/{\ +n*) + i, from which 
ey predion a may bo found by the method of trial anderrof^ and 
hence all the reft becomes known. 

XIX, QUESTION 139, hy Mr. Lqwry. 

In a given trapezium to infcribe another^ fuch, that three- 
of its fides may pafs through given points and the remaining. 
fide be of a given length ? 

SoLUTiPNg by the Propa/ir. 

.Let ABGD (fig. 20, pi. 1.) be the given trapezium, and 
PQRS the infcribed one, having three of its fides pafling 
through the given points E, F, G, and the remaining fide PS 
of a given length. Draw £1 parallel to AB, meeting EG in I, 
and let the line joining the pointrl, F, meet GD in i ; join i, C, 
and draw Ba parallel to li meeting GD in a« Let the line AE 
meetBG in H, and draw HF meeting GD inh and Ba produced 
in K ; then it is evident that the points I, H5 i, h, a^ aregiven» 
and therefore the point K will be given, and the line K3 will 
be given in magnitude and pofition* 
Now by reafon of the parallels, 

EI : AB :: HI : HK :: IF : BK, 
and EI : BP :: IQ : BQ :: IF : BL, . 
therefore AB: BP :: BK: BL, 
and convertendo AB : AP :: BK : KL, 
and permutando AB : BK :: AP : KL; 

therefore, becaufe AB and BK are given lines, AP has to KL 
a given ratio. 

Again, draw Ch, and through the point a draw akl parallel ^ 
to iG meeting Ch produced in k and RS inb; then, becaufe 
C, i,h, a, are given points, it is evident that k will alfo be a • 
given point, and the line ka given in magnitude and pofition. 
Andby.thepiirallels, Fi : aK :: ih : ah :: iC : ak,. 

and Fi : aL :: iR : aR :: iC : al, 
therefore aK : aL :: ak : al, 
and convertendp aK : LK:: ak : kl, 
and perrputando aK : ak :: LK : kl,^ 
therefore, fince aK aiyi ak are given lines, LKhai to kl a given 

ratio 
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ntio* Let this ratio be compounded with the ratio of AP to KL> 
^nd we have 

AB'aK : BK-ak :: AP : kh, .a given ratio. 

On Ck take CV to Ck in this ratio, and draw VT parallel to 
11 meeting RSinT ; then V will be a given point, and the line 
VT will be given by pofition. Then by the parallels and 
conftruaion CV : Ck :: VT : kl^: AP : kl ; therefore VT 
will be equal to AP, and the problem is now reduced to the 
following one, viz. 

To draw CTS to meet VT in T and AD in S, fo that taking 
AP equal to VT, the line PS may be of the given magnitude. 
And thi$ problem admits of diftin^ cafes, according as the line 
VT is parallel, or not parallel, to the fide AD. 

Case. I. When VT is parallel to AD. Fig. 21, pi. 1. 

Through C draw NO parallel to AP, meeting AD in N, 
and VT in O, and take AI=to VO; then becaule AP=;:VT, 
PI is = TO, and by fimilar triangles NS i TO =: PI :: NC : 
CO. Draw SY, lY, parallel to AI and AN, and let NY be 
drawn to meet A I produced in W ; then SY is = PI, and 
YI = SP, and by the above proportion NS : SY :: (AN : AWj 
:: NC. : CO a given ratio, becaufe NC and CO are given lines; 
hence we have this conftruftion : ^ 

Take AN to AW in the given ratio of NC to CO, join 
NW, and from I apply lY = the given line SP ; draw SY 
parallel to AW and the point S will be determined. 

Case II. When VTisnot parallel to AD. Fig. 22, pi. 1. 

Let VT be produced to meet AD in L, and draw CN 
parallel to VN and CO parallel to AD. Take Al = to VO, 
and draw lY parallel to PS and SY parallel /to Al. Join 
NY and draw NZ parallel to SY. Then becaufe AP = VT, 
TO is = PI = SY, and by fimilar triangles NS : NC :: 
OC : TO == SY, therefore NS-SY= CNOC =: to a given 
reQangle, becaufe CN and OC are given lines ; hence the locus 
of the point Y is a hyperbola whofe centre is N and afymptotes 
AN andZN; and it this hyperbola be defer ibed, and lY =: 
the given line PS, be applied from I to the curve at Y, then 
YS being drawn parallel to lA, its interfeftion with AD will 
determine the point S. 

XX. QUESTION 140, iy Mr. W. Simpson, Bolton. 
ad infinitum » Required the demonftration ? 

Solutions 
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SotUTiOK, ty the Rev. J. TOPLIS, Arnold, Notts. 

It IS well known that h. 1. (i+a?) = a:— r;c*+4-*''— i;t^+&c. 
^i^rite X — 1 in the place of x and the expreffion will become 
h.l.(;ir)=r(jc-i) — i(;r— i/ + i(;c-i)» — i(;r-i)* + &c- 

and by the nature of logarithms h. 1. (x ) = n X h.L {x) z±: 

ad infinitum X. Again it \% well known that h. 1. ( \ 

= X -{■ ix* + f*' + &c. in which exprcffion writin|r 



n 
X — 1 

n 

X 



in the place of x we ihall have 



« . \ A.-W .\« y«-v^ ^« 



t.,.(,',=('-^).*(^)-.V(i^')><'-^)-'^ 

X , X X X 

ad infinitum. Therefore w x | (or-i y-^ (x-i )«-|. ^.(^.t ) 3- ^(x^iy 

»V X X X 

dt' Sic. ad infinitum. Q. E. D* 

XXI. QUESTION 141, iy Mr. Cunliffe. 

It is required to find three whole numbers, fuch, that the 
fum of every two may be a cube ; and alfo that the furti of 
^n the three may be a cube ? 



SoLVTiou, iy J. W. of Lecdss 

Let Xf y, and z, denote the numbers ; and by the queflioii 

we Ihall have 

X + y -¥- z z=z a^ 
X '\- y z=z i^ 

The difference between twice the firil equation and the fum 
of the other two is j^ rf- z := ^d^ — b^ — r', which is alfo to 
be a cube by the queflion. 

Put 
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Putii=:3-i- n, and then 2a^—^' — c' == 2(i+«)5 — fj — c, 
cr iJ 4-«6A^ -+-<^«' + an' — c' iz a cutie zz (i •^ ft«r)^ 

= i^"i-.6^'^tt- t2in' + 8»^ which gives 3 = ■ » ■ .'^ - "^ - »' 

jff == ^ + « = :g^* and r = ^ ; writing.;^ for— c, q for 

Hand reje&ing the^common denominator 6n^, .there will be had, 

a =/>', ^ = fi^ — fij'' and c = — fi/'?'. Jrom thefe cooclu- 

fions a generaHolution to the que [lion might be obtained, but the 

calculation would be rather operofe and the i^fulting exprefiions 

\cpmplek; and befides I have not difcovered that a general 

. folution founded upon what is here deduced Jias any advantage 

•in determining numbers moderately fmall that will anfwer the 

quellion. I (hall therefose proceed with the {blution in a man* 

ner fomething lefg general. For this purpofe take j& = 3, and 

j' zi 1, then a =: 2jt b zz 21, and c =: — i8; and as each of 
thefe is divifibleby g we may take a == 9, b zzy^ and c zz -^6^ 
but c is negative, therefore in order to find poBtive numbers 
that will anfwer, put a-inrv -{-^yb zz sv-^ y and czz to — 6 ; 
then 2a^ — h^-^c^ zz^{rv+ g)^ — [sv^jY — (tv — 6)% 
= v3(2r3 — J* — /') 4- 3r;*(i8r' — 7i'+6/«)+ ^v{i6^r — 
49* — a^O + 1331 = acube zi (gv +• ity zz g^v^ 4. 33^^ 
4- 363^1; + 1331 ; put 32; {t62r — 49J - 36/) = 36352; in 
order that two of the latter terms on each (ide of the equation 

may deftroy each other; whence g =: ^ -^S 2- ; and 

from the equality of tihe remaining terms, viz» 

v' (2r3 — s' —f) + 31;^ .(i8r» ~ js" + 6^) zz g^v^ 4- 33i?'^'i 

ar J I g 
taken at pleafure. 

Take r, J, and /, eachni, tlien^~ -^andvz= f^- — ^-51 1 
^(zay=(s^-.lJLJ3)^(7_y :^ 5££94. whence 

« = rr; + 9 = 52181.^:=,^+;^ 51495, ,^,„„6^ 48036 

343 . 343 343 * 

and rejeSing the common denominator, 343, w^ xn^y Uk>e 
tf = 53181, ^=152495, and c = 48036. 

Whence 
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Whence flJ = * 5040750 192 8741 
*' = 144661785187375 
c' — 110841018670656 
X =: h^ + C3 — a' =: 105095301929290 
y zz a» — c' = 39566483258085 

Z = fls — is = 5745716741366 

which are three numbers that will anfwer. 

And thus nearly the quejlign was anfwered by Mn Cunlific, 

the Propojer. 



XXIL QUESTION 142. ^> Jlfr. Cunlii f £• 

» 
P is a given point in. the diameter AB produced of a given 
circle, let • any line PCD be drawn cutting the circle m C 
and D, and let AC, BD be drawn interfering in I: now, if 
in BD produced there is continually taken DRz= DI, required 
the equation and quadrature of the curve which is the locui 
ofR? 

First Solution, ly Mr. Lowry. 

Fig. 23, pi. 1. Let PF be a tangent to the circle at F and 
draw FG perpendicular to the diameter AB. Then AB ig 
divided into given fegments A£, BE, and the line FG it given 
by pofltion and is the locus of the interfeflion I of the chords • 
AC, "RD (fee the folutions to the prize queftion in the lath 
number of the Old Series of the RepoGtory). Hence, we 
have to determine the locus of the point R when the difiance 
RD is conftantly equal to the diftance DI intercepted between the 
circle and the ftraight line FG given by pofition. On AB pro- 
duced take AQrzAE and BL— EB; draw OLT perpendicular 
toAL and join AD. Put AB -:^, BE:rc, BNz:*, and RNr:;^; 
then BR=: 'v/(*'-+-^*)» and by fimilar triangles, 

BR : BN -.: AB : BD = ', ^ i i\ ' again, by (imilartriangkis, 

AB : BD :: IB : BE, and by permutation and compofitioo, 
IB : IB+BR ::BE: BE+BN,or, AB :IB+BR :: BD : BE+BN. 
But fince RD is = DI, IB H- BR is zi 2BI + 2DI = 2DB ; 

therefore AB : 2DB :: DB : BE .BN- 5^', or c+*=-if^ . 

this reduced gives y = x a/ for the eqoa* 

tion oPthe curve. 

Vol. II. Part I. fi Now!« 
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Now, in this equation, when x is either o. or equal, to 2d — f, 
that is equal to BQ, then v is o, which fhews that the curve 
paffes through the points ij, Q. Alfo when x is equal to c, 

theny z=:cy/ ^—~~ = \/{dc — c*) = EF, and the curve 

paffes through the' point 'F. In like manner, if the ordinate v 
be taken on the other fide of BQ, then the curve will pafs 
through the points B, G, and B will be a double ponit 
in the curve. Moreover, if x be taken from B towards 

, tnen ^ is — x\/ , and when * is = to c Cor 

to BL), then j^ is infinite, which (hews that the line OLT is. an 
afymptote to the curve. 

To find the area, put 2 z: 2^ — (c + a:), that is := to ON, 

then jyis = ^ci- {c+z)l y — — , and the fluxion of the 



area 



2d _ 

i2d— z) 



QRlirzyzzzz\2d^[c+z)lA/^JL^ ^^ 

TTT} Ti^^y'fQdrz — z'J — —7 — -. , On the 

diameter QL (which is equal to 2AB = 2d) defcribe a circle 
LMQ, and let the ordinate NR meet the circle in M ; then 
the fluent of z y/[2dz — z^) is the circular fegment QMN ; 

and the fluent of --; — , a\ is the arc QM — \/[2dz -^ z*) 

= the arc QM — MM; t!>erefore the area QRN is = to the 
fegment QMN — (arc QM — MN) x c. And the whole 

area BFQGB is = to the fegment HQb — (arc HQh HhJ 

X Ct Hh being drawn perpendicular to AB. 

Again the fluxion of the area Bnr 

czz h (2d — 2) 

. Qni — mn)' x c — fegment Qmn — C. Now when z is zr: 
QB, or %d —. c, the area Bnr is o : but the fluent is^tben n^ to 

^ the fegment QhB — (arc Qh - hB) z=z C ; therefore the cor- 
reft fluent for the area is (arc hm — ah) x c — area hBnm. 
And the area of the whole fpace contained between the curve 

and the afymptote indefinitely produced h =: to (arc HLh 

JJh) % c — fegment HLh. 

Secono 
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Second Solution, ly Mr. Cunliffe, thcPropofer. 

. Draw the tangents PT, PT' (fig^ 24, pi* t.) and join TT' 
cutting the diameter AB in Q; then the right line TT' i& 
the locus of the interfeflion of AC and BD, this is pretty- 
generally known. In AB produced take AV r= AQ and V. 
will be a point in the curve as appiears from its generation. 
Draw RS, DG, perpendicular to BA and join AD; then we 
ftiall have QV = 2Q<V, and QS ~ 2QG, whence SVzrQV- 
OS = 2QA — s^QG =z 2 X (QA - QG) = 2AG. or AG 
= iSV. Put BA = fl, AQ = AV = *, VS =;= x, and 

SR ~y, then AG = ^, BG =za — -^,BS = a + 5 — xi 

and per fimilar triangles BSR, BDA ; . 

BD^ : DA* :: BS» : SR' and BD* : DA' :: BG : GA, therefore 

BG : GA :: BS» ; SR» ; whence BG ^ SR* = GA x BS^; 

that is (^- l)y*=: \ (a + b^xr t^hich gives/ =:^^±^, 

which is the equation of the curve. 

The following properties are pretty obvioufly fuggefted by 
the equation. 

When X =: b-{-a— VA + AB = V B, then y :;= o, which 
fliews thatthecurve cuts the axis again in B, the point B being 
what is commonly called the punftum duplex. 

When xz=z2b = VQ, then y^z=zabia — by ~ z{a — b) 
z=i bia '-b)=: AQ >c BQ = QT', which fliews that the 
curve paffes through T and T', ^nd this is alfo manifeft From 
the generation of the curve. 

When X = 2a, theny is infinite ; therefore the curve has an 
afymptpie perpendicular to VB at the diftance 2AB from V. 

Again we have yx - )xx — r x foj^he fluxion of the 

area. AffutneA*/(2<iJc-«*)+By(2a;(-x«) + C 'xJ-^~^^ 
_ /•ffl + ^)^x— ^^ taking the fluxions Ai i/(2««— *») 



=/ 



■*" /t2ii;p-A'; **" y/\%ax'-x') v^(2flx-^») \f {%ax — x'^y* 

. E2 dividing 
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« 

dividing both fides of the equation by y^^^^_^^ ' 4\ and coU 

Icfting the terms — fiAx» -t- 3 Aa* — i^ + Ba + C 
— . (a +b} n — x' ; equating the coefficients of the homologous 
terms. A = |, sAa — B = (a + W, or B = jAa— (/t + *) 

—:- — *, andC=:— Ba=:— fl(j — *) ; therefore^* =r 
ix /(a-Jr- *») + (• - b) V^^ax - x-)^ a{t^ h) 

^f ^,J^ .') = *"^^^^" ~*'^ + (f -^ ^(^^^- 

^s] «^ a{ - — 3 j Q, where Q is the circular arc, radius 1 and 



X 

verfed fine = -- . 

SCv 



J, W. of Liceds alft an/wered this Qfujtion. 



XXm. QUESTION 143, hy Mr.BAZLEY. 

Suppofe a thread of a given length to be faftened at one end 
to a given point on a perfeftly fmooth horizontal plane having 
a ftraight edge ; and a weight attached to the other end of the. 
thread and brought to the edge of the horizontal plane witbi 
the thread ftretched ; then if the weight be fufFered to defcend 
by the force of gravity from this pofition ; it is required to 
determine the time in which the thread will have acquired any 
other poflible affigned pofition upon the plane, together with 
the velocity of the defcending weight in fuch pofition ; alfo re- 
quired the nature of the curve defcribed by the defcending 
weight ? 

First Solution, by Mr. VOkZhZY. 

Let AD (fig. 2j, pi. 1.) be the edge of the horizontal plane, 
C the given point therein, CD the firft pofition of the thread, 
CB any other pofition of it; and CA perpendicular to AB. 
Put CA n a, AB = Xy and^ = i6-jV feet. Then by the re- 
iblution of forces, v^(fl* -(- x^) : xii 2g\ 2gx -f- v/(^* -4-**) 
:= the force whereby the point B is accelerated along the edge 
of the plane BA : let the velocity in B= t/; and, by the laws 

of variable forces, we have, — 2^*^-j- -/(a* 4" ^*) = V^* 

where 
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-where x Is -written negative, becaufe v increafes as x decreafes ; 
and taking the fluents. — zg /(a'+A*) = \v* , or, —4^ 
y^(a* -f- jc*) rr: r'*: but when x •=. AD = r, then i# = o ; 
whence, by correaion, 45 (/(^^ + r') — /v^* + ^')) = i;»» 

or putting -/(a* 4- r*) = CD =? fl?, we obtain v = 2^* 
-^ j rf — y(a* -*- ^'j] * Again, for the time, we fliaU have, 

I ^ 11^ — , where * is negative for the 



fame reafon as before. Now affume 

. \ 'Hi ^ z=i X { A;c-+-B;c*+C;c^ +D;c«i-&cO. 

and reduce the whole cxpreffion by involution, &c, to fimple 
terms, and we fhall fiiid 

iiys Cv5 rv*' 

whence, taking the fluents, izzAx+ — + — + -— •+ 

&c. wherein taking the values of A, B, C, D, &c. as found 
above, and making the feries (by correflion) to vanifli when 
X = 0, we (hall obtain the correft value of /. 

And the velocity of the defcending weight at any point 
will be readily obtained from what has been deduced ; for 
the velocities in any direftion are direftly as the fluxipns 
in the refpefcUvedireftions ; therefore, fluxion of BA = — xz 
fluxion of BW = — xi^ /(a* + x*) :: \/(aV+ x^) : x :: 

which exprefles the velocity of the defcending weight at W. 

As to the curve defcribed by W, it is the equilateral hyper* 
bola. For fince BW is perpendicular to AB, it will flill be 
fo if we conceive the plane of the curve to be raifed up, till it 
coincides with the given horizontal plane ; then let CA be pro- 
duced till AG r: CD, draw GF parallel to AD, and produce 
BW toF. Now by thedefcription of the curve, CB-f-BW 
= CD = BF by conftruftion; therefore CB =: FW, and 
CB*= FW* = AC" H- AB* : let the curve meet CG in V; 
then C An:: VG, and FW* = GV* + GF», which is the pro- 
perty of the equilateral hyperbola whofe centre is G and 

vertex y. 

Second 






( 38 ) 



Second Solution, ^y ilfr. Lowry. 

N 

Let AD 'fig. 25, pi. 1.) be the flralght edge of the horizontal 
plane, C the point where the end of the thread is faftened, CD 
the pofifion of the thread at the commencement of the motion* 
or when the weight is at D, the edge of the plane. Draw AC 
perpendicular to AD and put AC = a, AD = b, CD =: d^ 
AB r: ^, and^ ~ 32-j- feet the meafure of the accelerative force 
of gravity. Then the force accelerating the thread towards A 
at the point B, bein^ to the force in the direftion CB, as AB 
toBC, we have, CB : AB w g : gx -^ \/(a^ + a«; = the 
accelerative force in the direftion AB ; therefore by the known 
principles of dynamics 

•T g- 



multiply by 2i and take the fluents, and we have 

X 

To determine c, the velocity or— is zr 0, when x :=. b 

i 

therefore c is = 2^ v^(4* + b^) =; &gd^ and 

=: 2gd — Qg /(a' + x"-). 



x^ 



X 



or, — =(2^)V^^-V(^' + ^') 
t 



and t 



{2g)i^ \d-^/{a^+x')\ 



The fluent of this expreffion, may, by a very fimple transforma. 
tion, be exhibited by means of elliptic arcs, or it may be found 
by aferies as is done at page 200 oi Dr. Hutton's Seleft Exercifes 
and conic feftions. 

Now -7- = (2^)' y'i^ — V'C^* + *')f is the velocity ia 

the direftion DB, and the velocity in the direftion BW is to the 
velocity in the direftion DB as the fluxion of BW to the fluxion 
ofDB; that is, as ^ to xx-r- v^(«' + ^*), therefore the velocity 
with which the weight defcends is 



= i/^V^^-v(-+.-)(. 



To 
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To finfi the nature of the curve defcribed by the defcending 
weight, put BW z= y, then CB== VC^' + -*')» and fince CB 
-f BW=:CD=V, we haveBW znd— y/{a^—x% and 
by redu6lion a?* r=: />' — 2^ -f >>*/ an equation to the equila- 
teral hyperbola. 

XXIV. QUESTION 144, ^j^ Mr. Cunliffe. 

Having given a triangle, it is required to determine a circle 
jind concentrical ellip&e, together with the position of a right line 
passing through the faid centre, su(,h, that one of the angles oi 
the triangle being always placed upon the right line, the other 
two angles shall be one in the circumference of the circle, and 
the other in the periphery of the ellipfe ? 

First Solution, ly Mr. Lowry. 

Let RFB (fig. 26, pi. 2.) be the given triangle, and take RH 
and CR each equal to the side FR. With the centre C, and 
radius CR, describe a circle RI ; with the semiaxes CB, HB, 
describe an ellipse DBE, and through the given points C, F, 
draw the straight line CP; then RI is the circle, and DBE 
the ellipse which were to be found, and CP is the ilraight 
line given by position. 

Let MKG be a triangle equal to RFB, having the angle K 
(F) placed at any point on the lineCP, and the angle M 
(B) placed in the periphery of the ellipfe; then we have only 
to prove that the point G (R) is in the circumference of the 
circle RI. Produce MGtill MT=iGB, and join TK; then 
the triangles MTK, BCF will be equal in all refpects, and 
it is proved, in the fecond folution to the 88th. queftion in 
Vol. I, that the point T is in the axis CD, and that TO is 
= to CH = 2CR But MG is = BR and BC =r MT, there- 
fore TG is = CR ; and, confequently, GO is alfo r: to CR, 
and TO is bife6icd in G. Therefore, becaufe TCO is a right 
angle, G is the centre, and GC the radius of the circle which 
paffes through the points T, C, O, that is, GC is = to -J^TO 
rrz CR, and, confequently, the point G is in the circumference 
RI defcribed with the radius CR. 



Second Solution, ty Afr. Cunliffe, the Propo/er* 

Let CA, CB (fig. 27, pi. 2.) be two right lines given by 
position, aiid EF a right line of a given length having its 
extremes Eand F always in the lines CA, CB; then the 

locu 
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locus ©f any point G in EF will be an cllipfe whofc cehtrt id 
C; this is yery well known. ,E)raw ED, FD, respectively per- 
pendicular to CA, CB meeting each other in D, and draW" 
CD, which bifeS in O, and join EO> FO, and GO. 

Then CED and CFD being right angles, a circle wbofe 
diameter is CD will pafs through E and F ; and CD is given, 
fcecaufe EF and the angle EOF are given ; hence CO = OE 
■=^^F = -fCD Is given, therefore the locus of O is a circle 
whofe centre is C. Wherefore the, triangle EGO will, have 
the angle E upon the right line C A^ the angle O in the circum- 
ference of the circle whofe centre is C and radius CO — OE: 
fuid the angle G in the periphery of an ellipfe whofe centre 
is C, and principal semi-axes OC -|- OGand OE — OG; and 
the angle formed by the semi-tranfverte axis and ^ the line 
CA equal to half the angle EOG j this appears from my foiu* 
tion to question 113. 

And the determination of the circle, cpncentrical ellipfe^ and 
pofition of the right line pafling through the common cen* 
Ire for a given triangle will easily follow. 

For let EOG ^fig. fi8, pi. 2.) be a given triangle; E the 
angle to be placed on the right line ; O the angle to be placed 
in the circumference of the circle ; and G the angle to fall in 
the periphery of the ellipfe. 

Produce GO till OC =z OE and join CE ; with the centre 
C and radius CD defcribe a circle : alfo with the centre C, 
femi*tranfverfe GC and femi-conjugate equal to OE — OG 
— OC *— OG defcribe an ellipfe; then (he angle E being 
always placed on, the right line CEand the angle O in the 
circumference of the circle whofe centre is C and radius 
CO ~ OE (the planes of the triangle, circle and ellipfe coinci* 
ding}, the angle G will fall in. the periphery.of the ellipfe. 



XXT. QUESTION 145, hy Mr. I. I. 

If from a point without an ellipfe or an hyperbola, two 
tangents be drawn to the curve, and likewife two ftraight lines 
be drawn to the foci, the angle contained by one tangent and 
the line drawn to one focus will be equal to the angle contained 
by the other tangent and the line drawn to the other focus ? 



Solution, by Mr. Lowry. 

Let PG, pG, be two tangents drawn from the point G to 
an ellipfe or hyperbola; F, i, the foci, and let the lines GF* 
Gf» ^ drawn; then ia the ellipfe (fig. 29, pLe.) the angle 

PGf 
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PGf = pGF, and the a^gle PGF=: pGf. And in the Ii)rper- 
bola (fig. 30, pi. 2.), fG being produced to L. the angle PGL 
zz pGF, and the angle PGF n pGL. 

Draw FQ, FH perpendicular to the tangents, meeting fP, fp 
(or these lines produced) in Q and H, and join QG, HG. 
Then, becaufe the tangent PG bifccts the angle QPF, it is 
evident that the right angled triangles PIF, PIQ, are equal in 
allrefpeSs; therefore PF=PQ ; and the triangles GPQ. QPF, 
having two fides and the included angles refoeftively equal, they 
will be equal in every refpeft ; therefore GQ = GF, and the 
angle PGQ ~ PGF. In the fame way it is Ihewn that GH r^s 
GF, and the angle pGH zz pGF ; therefore GQ is ~ to GH, 
and fQ is = to f H (each being equal to the tranfverfe axis AB), 
therefore the triangles fQG, IHG, are equal in every refpeQ, 
and the angle fGQ = FGH. 

Now, in the ellipfe, the angle fGQ is = PGf + PGF. and 
the angle fGH n pGf 4- pGF; therefore PGt4- PGF = pG£ 
-j- pGF : take the angle fGF from each, and we have 2PGf =z 
2pGF, or PGf = PGF. Let the angle fGF be added to each 
of thefe and then the angle PGF zz pGF. 

Again,, in the hyperbola, becaufe the angle fGQ zr fGH, 
the angle QGL is =: to HGL: but the angle QGLis =z PGF 
-i- PGL, and the an^le HGL is = pGF -f- pGL; therefore 
PGF + PGL z= pGF + pGL ; take the angle FGL from each 
and we have 2PGL =: 2pGF, or PGL zr pGF. Let the angle 
FGL be added to each of thefe and we have the angle PGFnpGL. 

A property analogous to that which we have juft demonftrated 
for the ellipfe and hyperbola, belongs alfo to the parabola ; for 
if tangents GP, Gp be drawn to a parabola whofe focus is F, 
and Gf be a diameter, then the angle PGf will be equal to the 
angle pGF. (fig. 31, pi. 2.) 

Let the lines be drawn as in the other cafes, and join Pp, QH 
meeting Gf in f and S : then it 15 proved in the fame way as 
before, that the angle FGI = QGI, the angle FGK - KGH, 
and QG z: GH. But Pf is =r pf, (becaufe Pp is an ordinate 
to Gf;, therefore QS is ~ SH ; and the triangle QGH being 
ifofceles, GS is perpendicular to QH, therefore the angle fGQ 
is rr to the angle iGH. The remaining part oi the demon- 
flration will now be the fame as for the ellipfe. 

Afr. Bazley alfo favoured us with an anfwtr to this queftion. 

XXVI. QUESTION 146, by Mr. Lowry. 

Let there be any number of flraight lines AP, BP, 
CP, DP, &c. given by pofition, and let Z be a given point 
without them ; it is required to diaw a circle through the 
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points P and Z, to interfeft the given lines in A, B, C, D, &c» 
fo that the (xxni ot all the intercepted parts AP, BI^, CP, DP, 
&c. iilay be equal to a given line ? 



First Solution, 6y Mr. Lowry, the Propq/ir. 

Draw PQ (fig. 32, pi. 2.) to bifeft the angle APB and meet 
the circle in Q, then PQ is given by pofition. AfTume any 
point a, as given, in PA, and draw ab parallel to PB meetini^ 
PQinb, then b is a given point. Make be parallel to 'PC, 
and equal to Pa ; then c is a given point, and the line Pc drawn 
to meet the circle in R, is given by pofition. Make cd parallel 
to PD, and equal to Pb ; then d is a given point, and the line 
Pd drawn to meet the circle in S, is given by pofition. Proceed 
in this manner till lines have been drawn parallel to all the lines 
given by position. Join AQ, BQ, CQ, RQ, SQ, RD, &c. 
then, becaufe abis parallel to P3, and the angle APQ (ABQ)= 
QPB (QAB\ the triangles aPb, QBA, are equiangular, there- 
fore AB : AQ :: Pb : Pa. Again, becaufe be is parallel to PC, 
the angle bcP is z= to the angle RPC or RQC, and the angle 
bPc or QPR is zz to QCR, therefore the triangles RCQ. Pbc, 
are equiangular; 

and RG : QR : : Pb : be = Pa ; and QC : QR : : Pc : Pb. 

It may be proved in the fame way that the triangles RDC, 
Pdc, are equiangular, and, therefore, SD : RS : : Pc : dc ~ 

Bb, and RD : RS : : Pd : cd. 

Now, Playfair's Euclid, Prop. E. B. VI. 
PA 4- PB : PQ : : AB : AQ : : Pb : aP : : RC : QR, or 
{PA+PB)QRi::FQRC=(Prop. D. ibid.)PR-QC-.PCQR; 
therefore (PA 4- PB -f- PC) QR = PR • QR, 

or, PA + PB + PC : PR :: QC : QR; therefore 
(PA4-PB4-PC)RS = PR-SD - (prop.D.ibid.) PS-RD-FD-RS. 
and (PA + PB -f- PC + PD) RS = PS-RD, 
or, PA + PB -H PC + PD : PS : : RD s RS :: Pd : cd. 

We may proceed in the fame manner for any number of lines 
whatever, and the method of conftruftion is now very obvious. 
Thus, if there be two lines AP, BP, and S be the given fum, 
let PQ be drawn to bifeft the angle APB, and take QP to S in 
the given ratio of aP : Pb ; then a circle defcribed through the 
points, P, Q, Z, will be that required. If there be three linesAP, 
BP, CP, let PR' be drawn as in the analyfig, and take PR to S in 
the given ratio of Pb : Pc; defcribe a circle through the points 
P, R» Z, and the problem will be done. If there be four lines 

AP, 
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AP BP CP DP. let PS be drawn, and make PS to S in the 
gL mb of cd : Pd ; then the circle palling through the 
pdints P, S, Z, will be the one required. , 

The circle, inftead of pafling through a given point Z may 
either touch a ftraight line or a circle grven by pofit^on. 
or have its centre in a line of any kind given by pofition. 

The analyfis of the problem will be ^'^X^'^^^^f.''^^ 
the fum of the reaangles contained by the lines PA, ^S,VL, FU, 
&c. and given lines I, b. c, d, &c. U equal to a given fpace. 

The fol lowing porifm may alfo be immediately deduced from 
what has been done above. da PR Pf PD 

Let there be any number of ftraight lines PA. PB. l^'J^: 
&c. given by pofition and interfeamg m the fame point P ; 
a poiSma/be found, fuch, that if any crde whatever be 
defcribed thirough the point Pand the point found, and meet- 
ing the ftraight lines given by pofition m the points A B^ C. D. 
&1; the fum of the intercepted parts AP^ BP, QP, ^P. &c. 

ftall be equal to a given line: <>^^^*Jf f'^'^^f f,""^Sfn We 
b • BP, c • CP, d • DP. &c. (hall be equal to a given Ipace. 

1 Second Solution, h Mr. J. W. o/Leeds. 

'' From the given pf- Z (fig. 33- P[; -^j^^^^ ^J jjfn' ^^l 

?• \'- P'T"/rJ?Z in X Ikh the infefiSte perpendicular 
then having bifected r/. in A wku luc ,aken in Xx fo 

Xx. and taken L equal to the line let OX be taken in AX 
.1..7 J- 7« -u Zv H- Z;S, &c. ; L — P« — P^ — t^y /"• 
that Z« + ^P ZJ^- riP ny and a circle defcribed about 

.t-cyn^e"6 StrX' Ol of oT^iUbe th.t which 

A, B. C, D. &c. a"'l J^'-i ^^ |B .^C &c 'a«^each of ihem 
dent that the triangles ZaA, Z^B, i^7»-. ««=. are 

fimilar to the triangle PXO: hence ^^.^herefore 

PX:OX::Z«:A«::Z^:B^::Zy:Cy.. -^A.uo.occ. 

Z.+Z.-+ZV+ZS&C. : A«+B^+C.-t-D5 &c. :: PX . OX, 

but by the conftruaion p^_p. p„_ps &C.PX: OX ; 

Z«+Z^+Zv+Zj&c. : L-P«-P^ pl_P/3-Py-P5 &c. 
therefore A«+B^-+-Cy+D J &c. = L-P«--lP ^y _ 

whereforeA^B^C.^m&c^4-P-P^^^^^^^^ 
that is, the fum the lines PA, PU, 1 u, ri^, c , >i 
the given Une by conftruaion. 

F. xxyii. 
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XXVII. QUESTION i^jJyMr. Wallace, R.M. College. 

If X denote an arch of the meridian, and y denote the meri-^ 
dional pans correfpondiiig to the latitude x, then 

^ '6 24 5040 725678 

and by reverting the feries 

^6 24 , 5040 725678 

where it is remarkable that the numeral coefficients of the 
powers of x are the fame as thofe of the like powers of _y, and 
thefigns of the terms of the one feries are all +, but thofe in 
the other feries -J- ^^^^ — alternately. Shew the reafon of thefe 
[Peculiarities ? 

Solution, by Mr. Wallace, theTropofir. 

It is well known that the relation between jf and )^ is cx- 
preffed by the equation 



J coL X 



I V 1 1 + fin- * 

T hyp= log- 



1 — fin. X* 
therefore, putting e for the number whofe hyp. log. = 1, 

2y _ 1 + fin. AT 

"" 1 — fin. X 
and^ hence fin. x r=: 



,2, + 1* 



and cof. x = 



<r -Hi -I- (# 4- tf 



and as from the fluxional equation y r= — ^ — we have 

COl. X 

cof, * = T, therefore 
J' 

* ;^- . and i = — — ^ ; 



But 
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1 .2 

.3 ..3 



But cof. A? m 1 — rr + ": — z — r^ , « o c 6 ' i^/* 

1.2. 3*4 1-2. 3. *j. 5.0 ecc< 



and* _i+>' + ^ ,^ + j.ij.g-^ J.2.3.4^ i.2.;V4-5 

and f— V — 1 ^V+— ^^^ \ ^ — - +&C* 

ana f 7-1 yr ^ ^ 1.2.3^1.2.3.4 k2. 3.4.5 

then fubftJtuting thefe values of cof. x and ^e^ + c^^) in 
the fluxional equations 

y = — ? — , X = : 7*» 

cof.* ^r.JV^.^^^) 

they become 



X 



y — 1 — ax* + ^;c^ — cx^ -4- &c/ 



V 



* 1 + ay^-^by"" H- ry' + &c.* 

Now if V denote any quantity, by known methods we find 

^ — - - i+At; + B«;*4-Ct;' + &c. 

1 — av '\- hv"^ — ct;' -H &c. 

where A, B, C, &c. denote certain con ft ant numbers that are 
independent 'of the vaUie. of v, therefore the fan>e equation 
muft hold true whatever quantity be fubftituted mftead of v. 
If we fubftitute x^ then we get 

and if we put — ;'^ inftead of v we get 

1-1 r-r-o— = 1— A>»+B;^4 — C;/'^+&c. 



therefore the two equations 



1 _ ^;c« -{. ^a:* — ca;^ -i- &c. 

y 

1 + iy'^ •+■ by'' -jt- c;'^ + &c. 

are 



-A 



I 
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•llrefpeag ; therefore GK \% equal to OI, a given line; and G 
being a given point, the locus of the point K will be a circle 
mKn, given by pofition. 

Now, when the circles raKn, HKR, interfeft each other, 
there will be two points K, where the angle' IpK will bp equal 
to the given one : but when they only touch each other, there 
can be one point K only, and the angle IpK will then be the 
leaft poflible. For if it was lefs, the circle mKn could not meet 
the circle HKR, and the problem would be impoffible. 

When the circles touch at IC, the line KG pa (Tes through 
the centre C, and CG being equal to OI or OA, and HY^ equal 
toCH, CG will be equal t6 the difference of the radii CH, 
OA (equal to COh- AH), and Gp being equal to pO we have 
the following firaple con ft ruftion: 

With the diftances pG (pO), and GC (CO + AH), and 
centres p, C, defcrjbe twoaies to interfeft at G, produce CO 
to meet the exterior circle in K, and pK is the ladius of the 
circle required. • 

The preceding analyfis and conftruflron niay be applied to the 
folution of an aftrr,nomical problem which has x>ftv n engaged ^ 

the attention of mathematicians ; viz. To find on wlia^ day of ^ 

the year the duration of twilight is the Ihorttft in a given 
latitude. i 

For, cOTU:eive a plane, perpendicular to the horizon H'R' (fjg, 
g6, pi. 2.)» to pafs through the poles P, P', ami meet the plane 
of the equator it) E. Q,.ancl the picint- of a fma'l circle 18** below 
the horizon, and p^ralle tp it, in a, b. Draw PH', Pa, PP', Pb, 
PR', meeting the plane ot the c;quator in H, A, p, B, R ; then 
thefe points will evidently bethe projet^ions of the points H', a, 
P',b, R' on that plane refpeRively. '* Alfo, the angle H'PP' being 
meafured by half the ^rc H'P', the tangent Hp of the angle 
H'PP' (to ' he radius pP> will Be the tangent of halt the arc H'P' 
or PR', the latitude ot the place. For a like reafon pR, will be 
the tangent of half the arc P'R' r- tang. 4 < 90° — t ^at-) ; pA 
the tangent of hsJlf the arc aP' - tang. ^ < lal. — i8°) *z. tang. 
[\ lat. — 9*?) ; and pB = the tangent ot half the arc Yb z=. ting, 

l^gd" - iOat.Hh i8°j| =:tang. (Si*' - i lat.). 

Bifefl: HR in C, and- join PC; thenbecaufe HPR is a right 
angle, PC is zz to CH or CR, aind the angle HCP n to 
twice the angle PRC — to twice the angle HPp = 10 the angle 
P'pH' n to the angle NpQ ; therefore pC, die tangent of the 
angle P'PC, is the tangent of the arc P'isi , the co-latitude ; and 
PC is the fecant of the co-latitude. 

Now, let the diftances from p (in fig. 36,) be tranferred to 
'^5i ^y taking pQ — p P io f-^he imlius of the pifmitive 

circle, 
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circle, pC ~ the co-langent, and CH ~ tbr co-fecant of the gi- 
ven latitude : with the centre C and diftante CH, defcribe a circle 
HKB, which will reprefent the horizon, when projefted on the 
plane of the Vquator. Again, take Ap zr the tang. (-J- lat — 9°), 
and Bp :z=: ^Si"* — -^ 'at.) and on the diameter AB defcribe a 
circle AlB which will be the projeftion of the fmall circle 
at 18® from the horizon, where the twilight begins or ends. 
Bifecl AB at O, and draw CK as in the foregoing conftruflion; 
then the diftance pK. will, be the tangent of half the co-decH- 
nation..- For the arc KI, defcribed about the pole p, will be the 
projection of the parallel of declination, pK and pi the projections 
of the azimuth circles at the beginning and end of twilight, 
and the angle Kpl will be eqnal to the angle included between 
thofe circles, and which angle is proportif.nal to the duration of 
twilight, and therefore, when the angle Kpl is the leaftppfEble, 
the duration of twilight will be the (horteft. 

When the latitude is 18°, the points A and p coincide, and 
when the latitude is lefsthan 18°, the point A will fall between 
pand B, but the conftruftion will ftill be the fame as theabov^e. 
When Hp is — to pB, the points K, I, will coincide with H, 
B, and tang. -J- lat. = tang. (81° — i lat.) or the latitude zz 
81®, and the 'twilight will continue twelve hours. 

The calculation may be eafily made out from the conftruftion,, 
for in the triangle pGC, the three fides are 'given to find the 
angle at G, and then in the triangle pGK, two fides and the- 
included angle are given to find the fide pK, 



XXIX. QUESTION 149, by Mechanicus, . 

To place a ftraight rod, or beam, loaded with any giveri 
weights, fothat it may be in equilibrio, refting upon an upright 
prop, and one end touching a fraooth vertical wall given by 
pofition? 



First Solution, iy Mr. Lowry. 

LetAB (fig. 37, pi. 2.) reprefent the vertical plane or wall^ 
ID the upright prop, KB the pofition of the rod when it refts 
in equilibrio, and G the centre of gravity of the rod and weights. 
Draw GE parallel, and BE perpendicular to AB, and join EL 
Then, the forces that aft on the rod are tbefe ihree ; the force 
oF gravity, equal to the whole weight, afling at G in the 
verticaLdireftion GE; the iorce arifing from the preflure of the 
prop againft the rod at I, afting in a dire6tion perpendicular to 
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KB ; and, thirdly, the force arifipg from the prefiurc of the 
wall againft the end of the rod at B, which atts irr the direftion 
BE. And that the rod may reft in equilibrio, it is neceffary that 
the direftions of thefe forces tend to the fame point.; therefore 
EI will be thedireftion of the farce aflingat I, or EI will be 
perpendicular to the rod KB. Becaufe ID is parallel to GE, 
the forces at G, I, and B, are proportional to the lines ID, IE, 
and ED ; or, if IE reprefent the abfolute force at f, and be 
refolved into the two forces ED, ID ; then the force ED is 
that part of the force IE which i$ equal and oppofite to the 
preffure at B, and prevents the rod from moving horizontally ; 
and the force ID is that part of the force IE which is equal and 
oppofite to the force of gravity at G, and hinders the rod from 
defcendlng in a veitical Hire61ion. 

To find the pofilion oftherod, let IC be drawn perpendicular 
to AB, and produce EI to meet the plane at A ; tlien by fimilar 
triangles GB:BI::EB:BD-IC::AB:AC::ABBC: AC BC : 
but AB-BG =. Bl*, and AC-BC = IC* ; 
therefore GB : PI :: BP : IC\ or EV = GBIC*. 
Put lz:=: to the length of the rod ; b z=: to IC, the diftance 
of the prop from the wall ; m =the weight of the rod ; w, w\ 
&c. the weights placed at the diftances d^ ct^ &c. from the ^nA 
B of the rod; a zz GB, the diftance of tne common centre of 
gravity of the rod and weights from the fame end B ; and x = 
IB. Then, by ihe ordinary rule for finding the centre of gra- 
vity of weights placed in a ftraight line, we hive 

^o ilm + dzv + d'xo 4- &c. Um 4- W' 

where W' zz dw -\- dw' h- &c* and W z= ry + zw' + &c. 

r^^ r , ,, ^lm+ dw ^ d^w' -h 8cc. ,- 4//» +W^ 
Therefore x^ = b* x — ; u — = " X ' t-txT • 

If m zz o^ or the rod has no weight, and a fingle weight w 
only be placed at the exnemity oT the rod; then x^ ~ b^ 

X — =. b* y, L which (hews that the pofition of the rod will 

be the fame, whatever the weight w may be, which is afhxed 
to the end of it. 

To compaie the preffure at I and B with the fum of the 
weights m ^ zv-^ w -{- Sec. or the force at G, let P, P' be 
put to denote thefe preffures refpetlively ; then the tmngles IBC, 

lED, being fimilar, IC : IB :: ID : IE :: w + W : P = ~ x 

{m 
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{«+ W) = VI X {m +W); and IC : BC : : ID: IE :: 

This folution is on the fuppofition that the plane or wall is 
perfeftly fnjgt)th, or void oF iriftion : but il the friQion be 
taken into account, and be fuppofed proportional to thcpreflare, 
the folution may then beas follows. Draw BF(fig. 38, pi. 2.) 
perpendicular toBA, and take BL to BF, in the given proportion 
of the fri6Hon to the prcflbre (/z : 1} ; complete the parallelogram 
BFRL, and draw BR meeiing CE, a parallel to AB at E; then 
fmce the fri^iori oppofes the afcent of the rod at B, it may be 
coofidered as a force a6Hng in the direftion BL; therefore BR 
will be the direftion of a force, equivalent to the, two forces ot 
friftion and prelTure afting in the dire6lions BL, BF. Let EN 
be drawn paralkl to BF meeting ID produced in N; then, the 
rod is kept in equilibrio, in the f«jme manner as before, by three 
forces a3tng in the direftions GE, IE, BE ; and proportional 
to the lines ID, IE, ^D ; or, if IE reprefent the ahfolute force 
it I, and be refolved into two forces EN, DN : then EN will be 
equal and oppofue to the force ol prefTure at B, and will hinder 
the rod irom moving in a horizontal direftion ; alfo DN will 
be equal to the force arifing from the friftion of the plane ' 
and will affift the force of gravity Dl in op pofing the vertical 
force IN, fo as to prevent the rod from afcending or defcending 
in a vertical direftion. 

To find the poiition of KB, draw IP parallel to EB ; then by " 
firailar triangks, &c. as in the former cafe, we have BP rr 

GB-BC-AP. But AP zz AC — PC, and BC-AP = BC 
(AC — PC; - IC — BC-PC, therefore BI^ = GB (IC» — 
BC-PC). 

Becaufe the triangles ICP, RLB, are fimilar, PC : IC :: BL 
: LR or BF :: n : 1, therefore PC zz wIC zz fit, and ic zz 

Therefore x' = a X [^' — nb y/{x'' — ^*)|*^ 
or x^ — ^alP-x^ '— nV^V + (n* -f 1) a'b'^ - o. 

Subftitute -r ^ TiS — » or i^s equal I — .^y^ 

m-r to ^ w' -^ 6cc. ^ m ^W' 

for a in this equation, and we have 

G2 If 



Cm) 

fiA-BP- - ^^l'^ = (BC -+- CA) (BC + CP) X *^"- ^ 



= 1 



;r 



tan. A H- « tan.>4-|-n 

BC* + BC (CA-f-CP)4- CACPJ X — —-— . But 

^ ^ , ) tan. A -f- » 

CA =z b • cot. k, and CP =i n-^; therefore^ if jk be put = BC, 
wc have 

' = a\x^'^[y'^+y{b cot. k'\'n'h)'\' cot. hnb^'\Y--^^^ — >. 
( ^ tan. ^ + «) 

Exterminating J/ by means of the equation x^ n ^* -*-^* we 
have an equation of the 6M power, caniaining only x and known 
quantities, and which, when r = o, becomes the fame as was 
determined in the laft cafe. 

When the centre of gravity G is placed between the prop 
and the plane, it is evident that the rod cannot reft in equilibrio^ 
except fome other force be oppofed to the end of the rod fo as 
to prevent it from fliding along the plane. To find what this 
force muft be, fo that the rod may reft in any affigned pofition, we 
ftall firft fuppofe the plane to be horizontal, as in fig. 41, pK 2, 
and that KB is the rod, making agiven angle k with the horizon- 
tal plane BD; draw BL and RG perpendicular to BD ; and 
IE, BS perpendicular to Bl meeting GR and ID produced in 
E, P, and S. Then, fince the direftions of the forces afling 
on the rod at I and G meet in E, it is e^^ident that.EB muft be 
thedire6lion of a force equivalent to the two forces afting at B 
in the direftions BL and BR; or, if EP reprefent the abfolute 
force of gravity afting at G then BP will reprefent the preffurc 
at I ; ER the prefTure at B) and BR the force f required. 

Becaufe BR z= GB • cof. k, and EP iz IS n ,i^ = i^ ; 

iin. k in\*k 

therefore BR : EP :: GB-cof. A : jA^,, or BR=: EP x t^ X 

iin. A ID 

GB 

cof. A' fin.3 A; that is / = (w + W) X -qj X coL A. 

fin.* A == ^ — j^ X cof. k' f n.* A. 

Again, fince BP = 7, P is =i ^ — — — cof. A. fin. A, 

lin. it ID 

the preffure at I ; and. ERzrPE— PR = PE— BRx ^^^ 

Ijn, A* 

therefore P' = m + W - l^fLiZ' xcof.'i.fm.A. 

the preffure at B. 

When 



/ 
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When the weight of the rod only is taken into the account 
(fuppofing' it to be of an uniform thicknefs) . the problem is then the 
fame as the fir ft part ofthe prize queftion, in th'^Geiuleman's Diary 

-Im 
for 1802 ; and in this cz.kf zz. ? ^ X cof. i' fin.» i =: m 

X - X — TO, ; r := m X -ttt X cof. «• fm. A ; and P' = 
2 1J5* 2ID 

w X (ID — y cof.2 /J- fin. k). 

If the friftion of the plane be equal to n times the preflure 
as in the other cafes, take BT : BF :: 1 : n; complete the paral- 
lelogram BFTH, and draw EQ parallel to the diaironal HB : then 
RQ will reprefent the forco of friftion, an I Q-B the force re- 
quired. The^ triangles ERQ, BHF, (or BH f) are evidently 
fimilar, and FB zz wBT; therefore RO = n RE =z=/2*P', and 
BQ =: BR — RQ =/- « P'the for^e required. 

When BH coincides with BE, Q will coincide with B, and 
the friftion will then be fufficient to prevent the rod from flip* 
ping along the plane without the afliftanceof any other force. 

Again when the plane BD (fig, 42, pi. 2^ makes a givea 
angle with the horizorital plane BV, dr<jw ID and GR perpen- 
dicular to the horizon, and draw alfo IE, BS, perpendicular to 
IB meeting GR and ID produced in E, P, and S. Alfo draw 
BLand EQ perpendicular to theplanti BD and join BE: Then, 
if EP (or IS) reprefent the force at G, BP will reprefent the 
force of preffure at I, EQ the force of preffure at B, aud BQ 
the force required, acting in the di reft ion BQ. 

Put A = the angle DIB, g — the angle IDB, k — the angle 
DBI, and^ = the angle DPV, which the plane makes with the 

horizon. Then BR z:: GB — ^ and IS ~ — r—ry therefore 

liu.^ eol. /J- 

RB : IS or EP :: GB • ii^ : i^, or BR - EP x S? 

Un.^ col. ^ ^l 

X — -^ ^ — : but the angle RBP is.the complenaent of the an- 

iin g 

gle ky and the an«:;ie BPR i&the complement of the angle h ; there- 
fore PR zz ?i2JL£^, and ER zz EP — PR zz EP^BR 

Col, n ' ■■ ' 

X ^^: but QR = ER-fm. p ; therefore QR = EP- fin./>; 

-- BR X '^"^^ K ""• K 

col, h 

Hence 
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rof. k 



HcnceBQ=:BR+QR=BR+ (^P-BRx^-^) . fin.^ 



co{,kS\r\.p\ fin.A.cof.A GR 



^^C,. / co{,kS\T\,p\ fin.A.col 



the force required. 

Again BP = BR >c ~|, and P= (»»+W)X fin. A. -^ 

— X fin. *, the preflure at I. ' • 



— BI 

Alfo EQ = ER- cof. p-h.? - PR ^^) X cof./u andP< 

„., ; Um-\- W fin- h- cof. h cof. p 
= {m+W] Xcof.^- ' ,3^ X jj^^T^^ -^ 

the preflure at P. 

fin k 
When/i' =: 0,^1= 9o'',and ID is putior its equal IB x t-^—^ 

the expreffions for the forces and prefTures, are precifely the 
fame as determined for the horizontal plane. 

When the friftion of the plane is taken into the account, 
we have only to calculate the values of the forces /9nd F, ajs 
before, and then^ — »P' will be the force required. 



Second Solution, by Mr, Cunliffe. 

Let the ftraight line HE (fig. 43, pi. 2.) reprefent the rod, 
or beam, loaded with the weights; G its centre of gravity; 
thejpoint P the prop, and EB^fhe vertical plane. 

Through P and G draw PB, GT, perpendicular to the vertical 
plane. When the rod is in equilibrio in the circumftances 
mentioned in the queftion, the centre of gravity G will be at 
the higheft point to .which it can afcend : that is, BT will be a 
maximum in that circumftance, this is a well known flatical 
principle. 

Put EG = a, PB zz b, and PE ~ x\ then O? ^ a — x, 

and^EB* z=: x^ — i5% and becaufe PB and GT are parallel, 
PE^' : EB- : GB« : BP^ = ^^-^^fi^ = [.^- b^)ja- :^f 
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~ f J — t)^ ■ — s — ^ which is to be a maximnm. Putting 

its fluxion — o, and reducing the equation, we find x =:^(ai*). 

The problem will be fomething more general, if enunciated 
as follows : *^ To plaCe a ftraight rod, or beam, loaded with 
aoy given weights^ fo that it may be in equilibrio, reftingon 
an upright prop, and one. end touching a fmooth inchned 
plane." 

Let HE (fig. 44, pL e.) reprefent the rod, or beam, loaded with 
the given weights, and G its centre of gravity ; the point P the 
prop, and £B the fmooth inclined plane. Through P and G» 
draw PB, GT, parallel to the horizon, meeting the inclined 
plane in B and T : and through Edraw the vertical line £t meet<^ 
mg PB, GT, produced in b and t ; alb draw PQ perpendicular 
to EB. When the bearti is in equilibrio, in the circumftances 
mentioned in the problem, the centre of gr<ivity G will be 
at the higheft point to which it can pof&bly arrive ; that if^ bt. 
or BT, which has a given ratio to bt, will be a maximum. 

PutHE = tf, PQ==*, QB=rf, andPE = Ar; then PG 
= fl — X, EQ = /(*• — P), and EB = \/{x^—i^) _ J; 
and by reafon of the parallels PB.GT; PE : EB :: PG : BT 

='.2j^ = i=i ^ i^i,- - ^) - ,i='yi£=a 

— '— — y^(x' — A*) 4- df which is to be a maximum : putting 

its fluxion =: o, and reducing the refulting equation, ^ves x^ 
— ad ^(x* — i*) = ab^^ froiti which equation x may be 
found. 

When ^ := o, that is, when the inclined plane becomes 
▼crtical, then x^ = 4^*, the fame as before. 

Or, the problem may be refvlved without fluxions* 
Let HE (fig. 44, pi. 2.) reprefent the loaded rod; G iti^ 
centre of gravity; EB the inclined plane, and the point P the 
prop : draw EF at right angles to EB, meeting GF perpendicular 
to the horizon in F, and join PF; when the rod is in equilibrio^ 
PF wil! be perpendicular to GE. For the rod is then fuftained 
by three forces, namely, the force of gravity in the direSioii 
GF; the rcafetion of the inclined plane EB in the dire£lion 
EF perpendicular thereto ; and the preflure againft the prop P, 
which a£l8 in a diredion perpendicular to EG at P : and wheq 
the rod is in equilibrio, right lines in the faid direClioma meet in 
the fdme point F. 

Draw PQ perpendicular to EB, and draw PB parallel to the 
horizon, meeting Eb parallel to FG in b. Put GE :p a, PQ 

VouIL Part I. H =*• 



25 «, QB = i/, and EP = ar ; then GP = — jc, EQ = y/{x^ ^b*), 
•ndEB =V(^*— *•) —V. The angl£s PQE, PbE, being 
right angles,' a (;ircb:, whofe diameter is EP, will pafs through Q 
»nd b/and therefore BP-Bb = QB-EB; adding PB» to each, 
PB* -f- BP-Bb r= PB-Pb = PB* + QB-EB; whence Pb 

52;; liuM — -^j—T-: ; and by the fimilar triangles PBQ, EBb ; 

* PO'EB 
KJ ! 5Q : : EB : Eb = -^g — : alfo, by the (imilar trian- 

whence PQ-PF-EB = GP x (QBEB + PB«). Again, by 
the Tuoilar triangles PQE, EPF; PQ : EQ :: EP :,PF; whence 
l&QrPF = EP'EQ, by means of which the preceding exprefiioa 
becpmes EPEQ-EB t= GP x (QBEB + PB»); that is, 

« /(*•-*'•) X \ /(«' — ^».) — d\ = («— «) X I </ •(**- *') 

•+-^* J , which equation, when properly reduced, becomes x* — ad 

j^h? — ^*) zz ab^t which is the very, ft^me conclufion as derived 
by the other method olF folution, 

-h may be heri£ bbfcrved, once for all, that the locus of the 
centre of gravity G is a nodated Conchoid, having its axis in the 
liftfi PQ ; tWa IS fufficiently naanifeft from the generation of that 
curve. 



XXX. PRIZE QUESTION 147, by Limenus. 

Let A and B be two given points without a circle, given ia 
magnitude and ^ofitioii ; a point C may be found within the 
circle, ftach, that if any (Iraight line be drawn through it, cutting 
the circle in F and G, and AF, BG, be joined, the fquare of 
AF wiU have to the fquare oi BG, the ratio which is com- 
pounded of the ratio of FC to CG, and a certain given ratio* and 
which ratio i» alfo to be found ? 

F1R6T Solution, ly Limenus, tht Propofir. 

« .' . . . . 

Conceive the point C (ii^. 45, pi. a.) to be determined, and 
let the circle which may pafs through the pointsF, A, G, meet AC 
joSped in E. the./ the rectangle ACCE will be equal to FCCG, 
which is Qji a given tnagmtudci and thus £ is a given point. 

' i Alf» 
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Alfo, the inciudei triangles ECG, PC A,' will fee Citiil9r, iirid 8© 
will be toEA as EC to CF ; and, likewise, as CG to CA; an4 
therefore feG* will be to FA* in the ratio compounded oF EC to 
CA, arid GC to CF. But, by hypothefis, AF* is to ^G* in tli« 
ratia compounded of FC to CG and a certain given ratio, whicA 
let be denoted by that of NJ to N, And, by compoundinff ihtfsi 
two pfopprtidns, EG* will have to BG* the ratio compotihdbd djp 
EC^to ipAand Mto N, which aire given ratios. Biit ^E and B 
are given points, alid EG and BG are lines drsiwn froni thencii 
to any point in the circumference of a given circle. Therefore 
thofe lines, or their fqujar^s, can only haveagivep fatiq to ond 
another in two circumftances, namely, wl^eit the' points ^,'3; 
coincide, in which cafe, the ratio of EG* to,BG* is thaf of 
equality ; and when the other, of thefe points E is fo iiffumecl *> 
that the given circle may fatisfy, with refpeft to them; the well 
knowii proDJera of Apollonius on this occafipn. For thatjburpbfg. 
the line joining B, E, muft pafs through the centfe O or thi 
given circle, and its radius mull be a mean proportional xo OBi 
OE; for then EG' will always have io BG*' the dupilicake of 
the ratio in which EB is divided by the circumterehce, or thal^ 
of OE to OB. From this we conclude that the point C Jnuft 
be fitualed in the line A B or in the line AE« and that it mufl ht 
fo taken in each cafe, that the points of inteffeQion of any flraight 
line drawn through it, with the given circle, (hall be in the fame 
circle, with the points A, E, or A, B, refpefctively, which are 
determinate problems. 

Take OD in OA, a third proportional to it, and the radius OF; 
draw BD to meet A»E in C ; join OC and produce it to K, fo 
that the radius OF be a mean proportional to OC, OJC, and join 
KD and KE. As the reQan^e BO'OE is equal to AO-OD 
and to CO'OK, circles may. pafs through the points B, £, D^ 
A^, and B, E, C, K, and there}pr^.tjie.angli^ JDAJ£ is equal tg 
I)&£, and the latter of thefe is lequal to CKE; from wfivch iX 
follows that a circle is capable of palfinc through the points ,Q| 
A, K, E, and that the reflangle EC'CA. is coni52q)4^nt|y equal 
to OC'CK. But it may be.eafily ihewa that the .Tf^fiugle fC* 
CG is equal to OC;C|C; it is therefore alfo Qqu^l to AC'CE** 
and a circle is capable of paflipg through the paii\i(s jA^, F, E, 0» 
and„ which, combined with what has been inveAigated^ above, ,de^ 
monftrates that the point C paffeffes the required property. And 
with refpeft |o the conflant ratio oi M to N, \t has been deter- 
mined that that compounded with the ratio of EC to CA, muft be 
the fame with that of OE taOB: it is therefore in the r^tio 
compounded of AC to OB and of OE to EC, that is of AIC tci 
OK andbK to KB, which i^ the fame witi^ th^ ratio of AK tG( 
p. But KO bifeas the angle AKB, and tberefojce if AB b^ 

H 2 drawa 
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irawn to meet OC in H, the ratio of M to N will be fimplf 
as Ay to HB. 

For the fecond cafe, draw DE to meet AB in C',join OC, 
and take OK' a third proportional to OC'and the radius OP, then 
by reafoning in the fame manner, as in the former cafe, we fliall 
perceive that the angle DAK' is equal toDCK', or EC'K', which 
18 equal to £BK', and fo the points O, A, B, K', are in a circle, 
imd the reftangle AC'*C'B is equal to OC'C'K', which is equal 
to FC'C'G'. Thus a circle may pafs through the points A, P, 
B, G', and confequehtfy C is another point where the required 
property obtains* And from what has been determined, in tb\s 
cafe, M will be to N as AC' to BC. But it is obvious that the 
interfe£ling lines are fo drawn as to determine CH an harmonical 
inean to CA, CB. Therefore this ratio of AC to C'B becomes 
identicated with the former of AH to HB« 

The conftruSioa will now be as follows. Find the centre 
O, of the given circle ; join OA, OB, and therein find the 
points D, E, fo that OD may be a mean proportional to OAand 
the radius, and 0£ a mean proportional to OB and the radius. 
Join AE, BD, to meet each other in C. through which draw 
any ftraight line^to meet the circle in F and G ; then th^ l^quare 
of AF will have to the fquare of BG the ratio which is com- 
pounded of FC to CG and AH to HB. Alfo draw PE to meet 
AB produced in C', through which draw any ftraight line to meet; 
the circle in F' and G, and th^ fquare of AF' will have to the 
ifquare of BG the ratio which is compounded of FC' to C'G' an4 

AC'toC'B, 



SECOND Solution, by Mr. Lowry, 

' Suppofe that the point C (fig. 46, pi. 2.) i^ found, and that 
A : D IS the ratio which is to be determined. Then fince tho 
point C is given (by hyp.) the reftangle GC*CF is alfo given. 
On the line BC produced take the point D, fuch, that the 
leftangle DC'CB may be equal to the given reftangle GC'CF ; 
then D will be a given point, and BC, CD, will be given lines. 
Join DF; then becaufe the reaangles GC'CF, and DC*CB, 
are equal, the points B, F, D, G, are m a circle, and the triangles 
CI>F, COB, are fimilar J 

DF :: CG : CD, 

DF ;: BC : CF; 

DF'.: CG'BC 2 CDCF: 

BG«:: CF x a : CG x 6. 

DF*:: BC x a^ CD x ^ a given 
ratio : wherefore AF has to Dip a given ratio; and A and Dare 
gtveii points, therefore the locus 01 the point F will be a circle 

given 



therefore 


BG 


and 


BG 


therefore 


BG» 


Butjbyhvpothefis, 


AF* 


Therefore 


AF» 
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given by pofidon (Apol. e, lib. and.). But if thii circle meet* 
tbe given circle in F, then F will be a given point, which it 
(;.ontrary to the hypotbefis. Therefore, ih order that the point 
F may be indeterminate, and that the other conditions of the 
propofition may at the fame tipe be fulfiUedf it is neceflary that 
the two circles coincide, or become Identical. 

When that is the cafe, the line joining the points A and D 
pafTes through the centre O, and the refiangle OD*OA is Q4«al 
to the fquare of the femi-diameter of the circle (ibid) : and fince 
what has been (hewn with regard to GF is true of any other chord 
paiTing through C, we have only to determine the point G, fuch» 
that the refbngle fiC*CD may be equal to the redangle GC'CF : 
hence this conftruSion* 

Draw AO to the centre of the circle, and take OD a third 
proportional to AO and the femi-diameter, and join BD. 
AfTume any point F in the circjiimference (not in a ftraigbt line 
with the points B, D), and defcribe a circle through the points 
3f A, F, cutting the given circle in G ; draw GF meeting B]> 
in C : then C i^ the point fought* 

To determine the ratio a \ b\ draw AI parallel to DC, and 
produce OC to meet AB in H* and AI in I : then H will be 
a given point, and AH, BH, given lines ; and by the propoiitioa 
referred tp above * . 

AF : DF :: OP (the radius) : OD, therefore 
AF*:DF'(::BCXfl:CDx^);:0P*r:ODOA:GD^::OA:OD, 
or, BC Xfl:CDx*::OA:OD::AI:CD::AIxi5:CDxA; 
therefore BC X a = AI X ^, or a : * :; AI : BC :: AH : BH, 
the ratio required. 

In the preceding analyfis, the point C is within the circle, 
agreeably to the enunciation of the propofition ; But a point c 
may be found without the circle, which will poffefs properties 
iimilar to the pomt within. 

By afluming the point c as ^iven, and proceeding exaftly ai 
in the former analyfis, we find that AF has to DF a given ratio 
as before, which can only be the cafe when the ratio is that o£ 
equality, and then the points A and D coincide, and the points 
B, A, c, will be in a flraighi line.. In this cafe Be x a will 
be equal to cA X ^ (CD X b\ or a : B :: cA : cB ; and the 
reftangle cA'cB equal to the reftangle cf-cg. We have there- 
fore to determine a point c m AB, fuch, that diawing any 
}inc from c to meet the circle in f and g, the reftangle cf-cgmay 
be equal to the rettangle cA'cB. This is done in the famtt 
manner as bebre, by affuming any point f in the circumference 
and defcribing a cir' le through the points A, B, f, to interfeft 
the given circle in g, then tg being drawn to naeet AB pnK 
4aced in c^ it will be the point fought. 

The 



\ 



a 
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, Thcpbint C» as determined above, is the fame as lie point 
O^in queftion 83, vol. 1, of the Repofitory. For, ifOE be 1 
taken a third proportional to BO and the femi-diameter, thie line '■ 
joiiling the points A, E, will pafs through C ; alfo, if ED be ' 
dra^n, it will pafs through c. On OC produced, let ON be 1 
faken a third proportional tb OG aiid the femi-diameter, and join { 
BN^ND; EC, and AC; then it is obvious that the foiir points 
/I^D, C, N ; N, D, O, B ; and N, C, E, B, are in the circum^ \ 
fcrence of the lame circles ; therefore the angle A CN ~ ADl^ H 

=t ABO n OCE, and the points E, C, A, are in a ftraight line. 
Again,. draw cO to the cetitre, and take On a third proportional 
to Oc and the femi-diameter, and join An, i)ri, ED, and Dci 
then the four points A, D, n, c; A, D, E; B; and A, n, O, B/ 
3^ afifaifLthe cifCUmference of the fame circles ; therefore the 
sm^te ADc - Anc n ABO tz EDO, and the points E, D, c, 
are in the fanve jftraight lide. 

The trapezium A, D, E, B, being ihfcrited in a circle, the 
O^ptpofit^ fides meeting in O a(nd t^ ahd the diagonals in C ; it is 
well known that a: b :: AH : BH, the fan^e ratio as when the' 
jtemt C ii within the circle- 
It iff obvious frbm this analyfis that the given points may h6 
Mitt within ov %ftthotit the given circle, or one of them wjthiiv 
amd the other without. For if OH meet ED in h, it is evident,' 
Iroufi CQU^'ting the abbvie proportions, that ' 

DP»' : ©E* :: Cf X Dh i CG ^ EA, 
IiF» : B©" ;: CF X CD : CG x CB, 
and AF« i GB»' :: CF x CE : CG x CA, 

When the points A and B are. at the fame diftance from the 
cl^re, flie line EDt will be parallefto AB, and in this cafe the 
polkit C only, earn* fitisfjr the conditions of thie prcmofition. . 

Thfe compofition is lo evidtnf frox^ the analyns that its in. 
fcrtion here is unneceffary. 

lUMriNtrs'tV requeftei td Jihd to Mr. GLEjrDiNNrNG'*s /<?# 
tk^ Medal for J^lving the Prizi Quefiion. 
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NOTICES 



RELATING TO MATHEMATICS. 



I. Death of the Bishop op St. Asaph* 

Since the publication of our lad number, the Mathematical 
Sciences have loft an able and zealous cuhivator, by the deatli 
of Dr. Samuel Horftey, Bifiiop of St. Afaph. This venerable 
prelate is ivell known to the world, as the author of variouf 
works, which have, no doubt, contributed greatly to theinterefis 
of learning as well as of religion and morality, but it ts onljr 
.of his mathematical writings that we can with propriety fpea^ 
in this place. In 1769, he publifhed a Refioration of the TrtBiijk 
^J Inclinations ofApollpnius. Our readers no doubt knQW^ that 
ihe original Has long been loft* The hiftorian of the mathematicc,^ 
Montuddy ha$ beftowed gres^t commendation on this Mrork,;; 
he fays« that the treatife of the illuftrious ancient has been re* 
flored '* in the pure ftyle, and with the peculiar elegance of the 
ancient geometry. It is probable, that, could Apolloniu,^ return 
again to the world he would not dif^vow it," Dr. Horfley gave 
to the world, in 1779, an elegant and. complete edition of the, 
writings of the immortal Newton, in five volufufss quarto. H^ 
dedicated this work to the King^ and illuftrated it by a co^iipca,* 
tary. In 1801, the Bifhop publifhed an ottavq volume, in Eo-^ 
glifli, entitled ** Elementary Treaiifes, on the Fundamental Prin- 
ciples of Praftical Mathematics, for the ufc ot Students* 
Although publifhed firll, tins is the laft in order of three volumes 
of ElemeiUary Geometry, which hefent forih.from theGIarendon 
Prefs. The other two volumes are in Latin, the iirft contains^ 
the twelve books of Euclid's Elements ; and the second, EucMd's 
Data ; A book on the Properties of the Sphere ; Archimedes on 
the Dimenfions of the Circle ; and Dr. Keil's Treatife on the 
Nature and Ufe of Logarithms. In 1805, he publifhed a critical 
Eflayon Virgil's two feafons ot Honey» and his feafon^for jowing 
Wheat, Mfith a new and C5 mprehenfive Method of.inveJSigatinjQ; 
the rifings and fetting^of the fixed Stars. This was theJaft worl^L 
lie publiflied relating to nidihematics. He dieduLthe 69th yearv 
of bis aget 

II. 
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IL Mathematical Wokks in the Press. 

Mr. Wallace of the R. M. ColUse^ will^ in the courji fff tJtt 
tinnter^ fubtyk ajhort Trtatife on the Conic SeBionSk 

A Second Edition of the fir fi volume of a Courfe of Mathematics ^ 
defiffnedfor the ufe qfthe Officers and Cadets^ o) the Royal Military 
College by Ifaac Dalby, Profeffor of Mathematics in the faia 
College^ wtUfoon be publijhedu 



IIL Mathcmatical Works lately Published^ 

A Treati/i on Plani dnd Spherical Trigonometry^ with their 
inojl tffeful praSical apilicatidns. My John Bonny caftle. 

A Treadfe on the Teeth of Wheels^ Pinions , &c. demonflrating 
the be/l forms which can be given them for the various purpojes 
of machinery^ fuch as clock-work^ &c. from the French ojfM. 
Camus* ' 

A complete totleSion of Tables for Navigation^ aiid Nautical 

methods for all the 
Rios» Esq. F.R. S, 



^ complete coueciion o/ laoics jot lyaviga 
Aflronomy ; withRmple^ concife^ and accurate methods for all the 
calculations uftfutat Sea. Byl.Ae Mendoza ^ 



IV. French Books lately Imported. 

Ttaitef de Geodefie^ ou Expofition des methodes Aflronomiques 
it Trigonometri^ues Appliquees foit a la mefure de la Terre^ 
foit a la corfeSion du Canevas de Cartes et des Plans. Par L. 
Puiflant^ 4to. ^ Pam^ 1805. 

Traite' Elementaire D'4ftronomie Phyfique. Par. I. B . Biot. 
% vols. S(vo« 

Supplement au dixieme Livre du Traiti de Mecanique Celeste 
fur VABion Capillaire. 410. p p. 654 

Leqons fur te Calcut dos FonSions^ Nouvelle Edition^ revue 
corrigte et augmentee par tAuteur. (I. L.Lagrange. j 9vo.A Paris^ 

i8q6. 

Note. This work is intended tojerve as a Commentary and 
a Supplement to the firfl part of la Theorie des FonAions 
Analytiques, publijhed tn 1796. It may be proper to obferve 
that the work which we have here noticed was alfo publijhed in 
iSo^t as the i2t h Cahier of Journdl de L'Ecole Polytecbnique. 
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ARTICLE II. 



Soltitiens to Queflions propofed in Number F. 

L QUESTION 151, iy Pappus* 

Given the length of a circular arc, to find the length of the 
chord connecting its extremities, To that the area of the included 
fegnient may be the greateft poffible? 

< 

First Solution, ly Mr. W. Wallace, R. M. College. 

As the area of the fegment and the circular arch are each hi- 
Teflted by the diameter, it is evident that an anfwer to this quef- 
tion, and others of the fame nature, may be eafily derived irora 
the folution of the following ftill more general problem. 

Let ad€ (fig. 47, pi. 3.) be a curVe of ^ny kind whatever, 
given in fpecies, and havmga given pofition with refpect to a 
ifraight line ac. to which it is referred as an axis; letADE(fijg, 
48, pK 3,) be another curve fimilar to ade, and AC its axis, 
and let.tke fpaces contained between the curves and their axes 
be fimilar to one another. It is required to determine the co- 
ordinates AB, 3D of AD an arch of the latter curve, whea 
that arch is of a given magnitude, and the area ABD contained 
by the co-ordinates, and the arch is a maximum. 

Let the arch ad of the curve ade be fimilar to the arch AD, 
and let ai, id be its co-ordinates. Put ab — x, id -y, the arch 
^d = 2, the given arch AD=^, the area ABD p v; then, if we 
confider that /xy = area aid, we have from fimilar figures, 



;* : fl' ::/x 



z^ : a' :: Jxy : v; 



a/xy 
hence v zz -^ a maximum, 

z 

and, confequently, taking the fluxions, &c. 




i r. i 
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from which we have this general formula, 

which is applicable, whatever be the nature of the curve. 

If we fuppofe that ADE is a circle, as in the queftion, thera 
ade being alfo a circle, let us fuppofe its radius unity, and put 
(f for the arch ad; then z ~ (p, a: = i — cof. (p, ^=:fm. (p, 

i rr ^, X :r. 9 fin. 9, and 2jxy m <p — cof. (p fin. (p ; hence the ge- 
neral formula yzzz-r- X 2 /x)/ becomes in this particular cafe, 

X fin* f = ^ X (<p — cof. <p fin. (p), 

'^ ^ lin. 9 '' - ^ ^' 

from which we get, 

^ (1 — fin.* (p) — cof. 9 fin. 9 =; o, 
that is, 

cof. (p ((p cof. ?> — (in. 9) r: o. 

Now there are juft two ways in which we can fatisfy this 
equation; wc niuft put cof. (p =:0, or we muft put (p cof, (p 
— ^ fin. 9 r= o, which laft equation is equivalent to (p — tan. <p 
rs= o. If we put cof. 9 = o, then we have (p =: 90° ; and as 
to the equation (p — tan. 9 zz o, it is evidently impoffible, fo 
long as (p is Icfs than two right angles, as it muft be by the na^ 
tare of the queftion; therefore <p can only be a right angle, 
and the circular fegment a femicircle, and this is the anfwer to 
the queftion. 

For a fecond example, let us fuppofe the curve ADE, or 
the curve ade^ to be a femi-parabola, and ae its axis. Suppofe 
the parameter to be unity ; then, becaufe from the nature of the 

curve i = x y^(x+^). we have |.= -/(1 + -I-). 

and becaufe a/xy = ^xy, the general formula gives in this cafe 

and z=f* y^ ( 1 + ^) =^ 1/(4** +/). 

Now if dt be drawn touching (he curve, and meeting the 
axis in d, it is evident, from the nature of the curve, that the 
tangent dt is equal to \/(4J>f ' 4->*) ; therefore in the cafe of the 
parabola the arch ad = \ tangent dt. And fince the fame muft 
be true of the curve ADE, if DT be drawn touching it and 
miseting the axis in T» we muft alfo have AD = -J DT ; and 
iince AD is by hypothefis given, therefore DT is given. 

Put 
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Put (p for the angle T, and p for the parameter; then, from 
the nature of the curve, 

2 tangent DT =zz/^ X cot. ^ cofec. (p, 
arch AD =-^ ^ cot. (p cofec. (p + hyp, log. (cot. <p + cofec. f } y , 

From thefe equations, and becaufe arch AD = -J tangent DT^ 
we find 

cot .(p cofec. ^ = 3 hyp. log. (cot. (p + cofec* (p j ; 
hence the angle (p may be eafiiy determined by the Trigonome« 
trical Tables, and the method of Trial and Error. Now the 
angle ^, and the line DT being known, the parameter. of the 
parabola, and every thing elfe required, may be readily found* 



Second Solution, by Mr. Ivory, R. M. College. 

Let a denote the given length of the arc, and let s denote the 
area of the correfpondingfegment when that area is a maximum, or 
greater than the area correfponding to an arc of equal length ia 
any other circle. Let z denote the area of the fegment, that is 
fimilar to the fegment s, in a circle defcribed with any aflumed 
radius (as with the radius i), and let u be the length of the cor- 
refponding arch : then becaufe the fegments s and z are fimilar, 
therefore, as s is to z, fo is a^ to u*; and confequently. 

Let fr denote half the circumference, whofe radius is unity ; 
then, fuppofing u to be lefs than v^ zzz ■■■■■ ' , and 2s =5 

— ^ 5 — '— X — *. becaufe an arc is lefs than its tangent, therefore 

u V 



afin.— 



cof.- 
2 



— > u; and 2 fin. — > u cof. — ; and 2 fin. — cof. — , of 
u 2 2 2 2 



fin. u.^u cof.*- — ; and u fin.* — > m — fin. a. But the tan-' 
•^ 2 2 

cof.— 2Cof.- 
£cat of the arc "* ■ is rz ; therefore > n ^ a. 



sm. -^ sm, - 

2 2 



1 2 Therefore 



n 
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acof.— 

Therefore u fin,» - x > (^ — «) X (« — fin- «). 'ha« 

lin. — 

2 

is, i£ >< fin. - X 2 cof. ", or m fin. «, > w z« — «* — ^ fin* 

2 2. 

« -f- tt fin. w ; and adding u^— u fin. w to the unequal quantities, 
u*> V X (a — fin. tt): Therefore when u is less than^, then 

/ 9r(a — fin. m) ^* \ • i r .u ^' 
aj(=:— i = ' X - ) IS lefs than — . 

a + fin. 2^ , 
And, if a be fuppofed greater than^, then z == , ana 

2j^-«I 5 ^X— • Let tt=. TT +a;, then, lin. u -. 

u Tt 

, 9r f<7r + ty -f- fin. w) c? , ^ • , 

fin. w, and 2 j = ■ ; — ; — s^— x — : but ^ + a? -f- 

fin. ti/ <! ^ 4- 2ry, therefore 2J < — - — ^ ^- >c — • iNow 

<r (^H- Szy) islefs than {ii -h a^/ iz tt (;!: -4- ao;) + z</* ; there^ 
foie when u is greater than tt, 2J is lefs than 



fl« 



w 
.« 



But when w = ^, then 2^ n — ; and it has been Oiewn that 



3 

2J is lefs than — , both when u is lefs than tt, and when it is 

It 

greater than tt : Therefore s is greateft of all when w is = a fe- 
micircle. Bat the fegmcnt s is fimilar to the fegment z ; there- 
fore of all the circular fegments» that have the fame length of 
arc, the feraicirck is the greateft. 



Scholium. 

This curious propofition is taken from the 5th Book of the 
Mathematical Colleftions of Pappus (Prop. 10', and we have 
done little moie llian tranflate the geometrical demonftrauon 
given there into algebraic language. The demonftration is the 
more worthy of notice that it is founded on a principle which, 
although it r-.-mained fleril in the hands of the ancient geometri- 
cians, became fertile in confequences on the difcovery of the 
Inodern methods of Maxima and Minima. If w and a denote 

fimilar 
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Cmilar arcs of two fimllar curve*, and z and s be th« corrcfpofi* 
dent areas, then becaufe the fame reafoning that is applied to fi- 
milar fegments of circles in the foregoing demonftration will 
equally hold of any finiilar portions of fimilar curves, therefore 

J -3 — X ^^ If now, the arch a^ be fuppofed to be invari- 
able, or of a given length, then it is xnanifeft that the area s will 

fa 

be a maximuni when -5 is a maximum, that is by taking flux-, 

ions, when u X ^^r — 2z X duzno* Let x be the abcifs and 
y the re&angular co-ordinate of the area «, then dz =.ydx, and 

/j^_. Jix 4/(1 + Ji) • therefore, by fubstitution, u = 
^ ^^ ^ X ^fydx. Therefore, ** if in any curve what. 

y 

ever an arch u be taken fo as to fatisfy the equation u = 



/(■ -a 



X 2fydx^ and if another curve be found fimi-. 
J 
larto the propofed curve, fuch, that the arch of the fe- 
cond curve, which is fimilar to the arch u of the firft 
curve, fhall be of a given length ai then the area of the 
iecond curve that correfponds to the arch a will be a maxi* 
mum, that is, it will be gi eater than the area that correfponds to 
an arch of the given length a in any other curve similar to the 
propofed curve." 

In applying this general folution to the problem of Pappus, it 
is to be remarked that 2 and u are here fuppofed to denote the 
halves of which they were made to ftand for in the deraonftratioa 
above, that is, u denotes half the length of the arch of the re- 
quired fegment, and z denotes halt the area of it : then j/ z= fin. 

«. and ^ = 1 - cof. «. and \/ {^+Jz)=^/ [''^''^u) 

1 , r . f , . zfdu X fin.*u 

rr: : therefore the tormula gives u = -^ — p — 

litj. u ^ nn.* u 

Hence u fin.* m =z zfdu x fin.* u '=. Jiu — fdu X cof. stt 
=z= tt — \ fin* 2M : and u cof.' u "=. \ iin, 2W, an equation 
which it is eafy to prove can not take place unlefs when cof. 
u^ and fin. 2u are both =r= o, that is when u is a quadrant, and 
the whole fegment is a femi-circle. 

If 
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If the propofed carve be a psn-abola, whore eqoation i« j^pje 
-= y', then the formula gives n = ^^—2l. 2_' x __ x -^ 

^ j^^ 7s/^Ar + f\ but . ^^v^U^'+>') J^ ^ , 

y y (4 g 2J (Simpfon's fluxions, vol. i, page 162) ; therc- 

fore, by fubftitution, ive get p x log. ^- ^^ 2.. 

— y V U^ "T->^ ; ^ which equation defines the portion of the 

curve on which the maximum depends in the cafe of the para- 
bola. 

But the principle on which Ihe demonftration of t*appus is 
founded, admits ot much more extenfive application than to 
the folution of the particular problem we have been conllder- 
ing. For if y^ (^, v), and F (x, y) denote any funftions what- 
ever of the co-ordinates of a curve, and if it be required 
to determine a curve fimilar to the propofed curve, fuch 
thatyc^:, y) fhall be a maximum or minimum, when F {X, y) is 
of a given magnitude : then we may refolve this very general 
problem by rcafoning in the fame manner as is done above. 
Let X and y denote the co-ordinates of the curve to be found 
that are fimilar to the co-ordinates x and y of the propofed curve, 
and let m denote the dimenfions of the function / (a:, y). (The 
nature of fuch queftions requires that the functions y (a:, ^) and 
F (x^y) be homogeneous when the dimenfions of the co-ordinates 
and the parameters, or conftant lines that depend on the curve» 
are reckoned), and let n denote the dimenfions of the function 
F (^,j) : then becaufe x, y, and x\ y are fimilar co-ordinates of 
fimilar curves, by reducing the funftions to homogeneous di- 
menfions, we fhall get 



l/c^.y) (" - ^ P (^'y)!" - \/(^''^'^ l" ' l^'c^'.y)^" 



whence / (*', r) = ~ : -"ii {,?(*'./)} " 

{ F (x,y) \ ^ 
and becaufe F (*', y) is to be of a given niagnitude, therefore 

t (^'> y) >^ill ^^ 2 maximum or minimum, when — "^ 



{f {*.y)} " 



IS 
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IS a maximum or minimum. And thus the problem is made to 
depend on a cafe that comes under the common method of maxima 
and minima. 

For the fake of illustration let the following problem be pro- 
pofed : Let A (fig. 49, pi. 3,) be a given point in a given 
horizontal line AD, and BC a line given by pofitionin the fame 
vertical plane; it is required to determine a cycloid, that fliall 
pafs through A and have its bafe in the line AD, fuch, that a 
heavy body fhall defcend from the point A to the line BC, in 
tkat cycloid, in a lefs time than in any other cycloid pailing 
through the point A and having its bafe in the line AD. 

Let AD be half the bafe of the cycloid to be determined, 
and DE the diameter of its generating circle : Let PQR (fig, 
50, pi. 3,; be the femi-cycloid of which the radius of the 
generatinj^ circle is 1, and let PL be the like arch of the femi- 
cycloid PR, that AC is of the femi-cycloid AK, and draw th« 
line LM fimilarly to the line CB :^ draw LN, LK parallel to 
QR and PQ, and let LK cut the generating circle in H: let 
V :r= the lemi-circumference QHR, (p = arch QH, anl 
T := the whole time of dcfcent in ihe fcmi- cycloid PLR : 

then the time of defcent in the arch PL :^=: — >C T : and the 
tinie of defcent in the arch AC, fimilar to the arch PL, 
~ ± xTx-^^IJ: but bec^ufe the lines BC and ML 

cut the two, cycloids similarly, therefore ^=rp- m;;;; pm' ^^^rc* 
fore the time of defcent in the arch AC = — x T x ^r?7TmT# 

w y^CPMr 

ivhich will be a minimum when ■77^\T\» ^^ /fp\A\ ' *^ * 
minimum, all the other quantities being conllant. 
I hardly need to remark that //p\,i\ *s what the general 

iormula , y ^ ' ^^ — becomes in the particular eafe under 



[n^.y)} 



con- 

m 



n 
fideration. 

Let the cotangent of the angle ABC, or PML, he :==: c; 
then NL =: QK = 1 — cof. (p ; and MN =:cXNXf=:Cr-c 

X cof. 
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X cof. $: alfo, from the nature of the cycloid PN = arch 

QH - KH = (p — fill, (p : 

therefore PM = PN + NM =: (p — fin. (p + c*— c >c cof. (p. 

Therefore ^^ = ^(^- fin. .p+'^c-c X cof. ^j ' ^^'"^'^ 

expreflion is to be a minimum. By taking fluxions, dividing 
by t/(p, and throwing away the denominator, there refults, 

^ — fin. 9 + ^ — c X cof. (p — -J- X ?(i — cof.(p + cxfin.(p)— o. 
Hence (p X { i +cof. (p— c x fi"- (p ^ = 2 ^ fin. {p— c x ( i —cof. (p) | : 

but 1 cof. (p = —7 — » therefore, by fubftitution, 

(p X (1 +cof. ?) X J i-j-cof. (p — c X fin. (p ^ rz 2 fin. (p X ^ i+cof. 
^ ^ )< fi;i, (p f an equation that cannot take place unlefs 

1 + cof. 9 =r r X fin. (p. Now KR = i + rof. (p and KH 3: 
fin. <p, therefore f is the tangent of the angle QRH,and thus we. 
conclude that the chord QH is parallel to LM, and that PM = 
arc QH, and QM = arch HR =: HL. Hence this conftruction, 
" Make the angle PQH =: the angle ABC, and as arch QH 
to arch HR fo make AB to BD ; then AD will be the bafe of 
the fcmi-cycloid required." 

James Bernoulli feems to be the firft that, in modern times, 
obferved ihe importance of this principle, drawn from the com. 
parifon of fimilar curves, in the folution of problems relating 
to maxima and minima. He took the occasion of his difcovery 
to propofe many problems, relating to circles, parabolas, and 
cycloids, to his brother John Bernoulli and other rival mathe- 
maticians ; always taking care to choofe fuch inftances as could 
be enunciated without any mention of the fimilarity of the curve* 
under confideration, that he might not betray the fource whence 
he drew his folution* (his words are, ne fundamentura folutionis 
nimis aperte darem). 

n. QUESTION 152, hy Hermodorus. 
To infcribe seven equal circles in a given circle? 

Solution, hy Mr. John Cavill, Beighton. 

Divide the circumference of the given circle into fix equal 
partsinthepoints A,B,C.D,EandF,(fig. 5i,pl. 3,} J then the 



lines 
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lines AD, BE, and CF which join thcoppofitc points of divifion/ 
will pafs through G, the centre of the circle. With a diftance 
equal to a third part of the given radius and centre G, defcribe 
a circle to interfe61: the three diameters in the points a, i, c, d^ 
t^f\ then this will be one of the infciibed circles, and Ka, B^, 
Cr, D^, E^, F^ will be the diameters of the fix other cir- 
cles. 

For since the radius of each of the infcribed circles is' a third 
part of the radius of the given circle, thofe circles muft be equal, 
and the exterior and interior circles will evidently touch the 
other (ix ; we have therefore only to prove that the circles de- 
fcribed on A<2, B3, Cr, &c. touch each other. 

Let 771 and n be the centres of any two contiguous circles, 
and join inn ; then fince AB is a fixih part of the circumference, 
the chord AB is equal to the radius AG or GB, and therefore, 
mn is equal to /»G or «G, that is mn is equal to ma +• nb^ or to 
the fum of the radii of the circles defcrihed on the diameters A^z, 
Bi ; and, therefore, thefe circles touch each other in the middle 
of the line 7W«. And it is proved in the fame manner, that the 
remaining circles touch each other; and, therefore, feven equal 
circles are infcribed in the given circle as required, 

Sotuiwns wre alfo received from Mejfrs* Swale and Toplls, 



III. QUESTION 1^3, ^;^ Centrobaricos, 

The radius of the greater end of the fruftum of a paraboloid 
feeing R, that of its lels end r, and the height of the fruftum h ; 
it is required to give a neat expreflion for the pofitiqn of its cen^ 
ire of gravity ? 

First Solution, ^V the Rev. Johk To?LiSt Arnold, Notts* 

Imagine the frustum of the paraboloid to be completed, and 
let a denote the part of the axis intercepted between the end ^or 
ordinate) R and the vertex ; alfo let x denote the thicknefs gf the 
fruftum from the end R, the pofition of whofe centre of gravity is 
required. Then by the properties of the parabola and centre of 
gravity, 



j X k[a 






vill exprefs the diftance of the centire of gravity from the end R, 
meafured along the axis. 
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ftead of being fpherical, were plane, it is eafy to fee by a well 
known mode of reafoning that any two fides, as PR, QR of the 
infcribed triangle muft make equal angles PRB, QRC at the 
point in which they meet BC a fide of the circumfcribed 
triangle ; and in like manner it may be (hewn that the fame 
muft be true when the triangles arc fpherical. Pioduce RP, 
RQ, and from A draw Ad, he, arches of great circles perpen- 
dicular to RP, RQ, and A/ perpendicular to PQ : Then, be- 
caufe the angle APQ, or AP/'is equal to RPB, that is to AP^, 
it follows that the arch A/ is equal to the arch hd; and in like 
manner it appears that the arch Ae is equal to A/; thus the 
arches Ad, Ae are equal.' Therefore, if a great circle 
be drawn through A and R, the angle ARd is equal 
to ARtf ; but the angle PRB has been found equal to 
QRC, therefore the angle ARB is equal to ARC, that is^ AR 
is perpendicular to BC. In the very fame way it may be fliewn 
that the points P and Q are determined by drawing arches of 
great circles from B and^C (the remaining angles of the given 
triangle) perpendicular to the oppofite fides AB, AC ; hence 
the folution of the queftion is manifeft. 

Second Solution, iy Mr, Johnson, the Propofer. 

Let PQR (fig. ;54, pi. 3,) be a triangle infcribed in the given 
fpherical triangle ACB, and having its perimeter the leaft 
pofiTible. Then, by reafoning, as in the folution to queflion 120, 
it will appear that the perimeter of the infcribed triangle is a 
minimum, when the angle CQR is equal to the angle AQP, 
the angle APQ equal to the angle BPR, and the angle BRP 
equal to -the angle CRQ. 

To determine the pofition of the points P, Q, R, let the arc 
CP be drawn to meet QR in I; then the angles CQP, CRP, 
being the fupplements of the angles CQR, CRQ, we have by 
tri2:<)nornelry 
. " fin CO : fin CP : : fin CPQ : fin PQC zz fin CQI 

fin IC" : fin CQ:: fin CQI : fia CIQ 
therefore fin IC : fin CP :: fi^n CPQ : fin CIQ. 
It is (hewn in the fame manner 
that fin IC : fin CP : : fin CPR : fin CIR 
therefore fin CPQ : fin CIQ :: fin CPR : fin CIR; 
but fin CIQ = fin CIR, therefore fin CPQ m fin CPR, or 
the angle QPC is equal to the angle CPR ; but the angles APQ, 
BPIi are alfi/ equal, therefore the angle APC is equal to the angle 
1:PC, or CP rs perpendicular to AB. In like manner it is 
piovcd that the' arc AR is perpendicular to CB, and the arc BQ 
j)cr,.eijd cular to AC, tliereiv>re the pomts P, Q, R are found by 
crdVr'ing perpendiculars from the angtilar points A, C, B to the 
cnp.>[i e hdes, VI. QUESTION 



( n > 



VI. QUESTION 156, *>LiMENUS. 

If a firaight line be drawn to meet the four fides of a trapezium 
in a, b^ c, d^ and the two di'agonalsin m and n ; then will ab be 
to cdf as a;» X n3 to c/» X nd. Required the demonftration ? 



Solution, hy Amicus. 

Fig. 55, pi. 3. Through one of the angular points of the tra- 
pezium, as C, draw a ftraight line parallel to abcd^ meeting the 
lides AB, AC in Q and I, and the diagonal BD in P. 
Then by reafon of the parallels 

ah : QC :: *n : CP 
CI \ cd :: CP : nd 
QC : CI :: am : mc; 
therefore by compofition of ratios 

ab : cd :: am'bn : mend. 



VII. QUESTION 157, by J. W. Leeds. 

Let A be a given point in the periphery of a given circle, let 
any chord AC be drawn, and divided in the point E, so that the 
rectangle AC X C£ (hall be equal to a given fpace; it is required 
to determine the equation and quadrature of the locus of the point 
E? 



Solution, by Mr. SvrALE. 

Let AB (fig. ^6, pi. 3,) be the diameter of the circle, and 
take the point Q fuch, that AB*BQ may be equal to the given 
rectangle AC-CE : draw EP perpendicular to AB and join BC. 
Put AB ~ a, BQ = b, AQ zr c, any abfciffa QP = x, and 
the correfponding ordinate PE =>. 

Then AE = >i/ J (<^ — ^Y-^y^ \ and by fimilar triangles 
AE : AP :: AB : AC = ^(^ — ■^) . and 

AC-CE = AC*— ACAE=z=AC«— ABAP = fl^; 

fl* (c — xY 
therefore . _^.> .^ a ~a (c — ;r) =: a^ ; and by reduction we 

bave 
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liave y iz ±lc — x) 4/ ■ — ■ ■ the ccjuation of the curve* 

Wh^ny 15 3:;;: to o, then x i$ either ;:;;: to o, or to c; there* 
foxe the Qurve pafles through the poinrs Q, A; and if the 
ordinate* be taken on the other fide of AQ the curve will again 
pafs through A, therefore A is di pun Bum dupUx. Again, if ;c be 
greater than c, or P be on BA produced to the left of A, then^ 

is = ± (;c — c) v/ , where, if x is equal to a, then 

y i^ infipite, whicli flievk^s that if QK be taken = to a^ then 
SKS drawn p^rpcndi^uljiX ^ BK will be an ?ifymptote to the 
curve. 

When the point Q n between the points A, B, or the given 
rectangle is lefs than the fquare of the diameter » the curve has a 
nodus between A and B« 

JBut when the points A and Q coincide, or the giv^n reS- 
angle if equal to the fijusxe of the diameter, then c zz o, and 

^ =: + X 4/ , which is an equation to the ciffoid of the 

ancients. In this cafe the nodus vanifhcs, and the curve has a 
cusfis at A, the two arcs of the curve touching one another in 
that point. 

If the point Q* be on the left of A, or the given reftangle 
be greater than the fquare of the diameter, than y is 1= ^ 

{c + x) ^ ^- , in which equation, if ^ is =: o, then x is 

alfoirzo; and if ;ip is :r <2, then y is infiite, therefore the 
curve pafles through Q', and taking Q' K' =: a, a line drawn 
through K'perpendicularto AK' will bean afymptoteto the curve, 
and the nodus will in this cafe become a conjugate point at A. 

Laflly, if we fuppofe the point Q" to be on the right of the 
p xint B, then the given reftangle may be either equal to, or great- 
er or lefs tha» the fquare of the diameter, and the general equa- 
tion of the curve wilj be ^ z= + [c^x] 4/ , where j' is zio 

\{ X zz Cy and y infinite when a t x\ hence the curve pafles 
through Q\ and if AK" be - BQ". the line S" K" S" perpen- 
dicular to AQ will be an afymptote to the curve. 
To find the area we have 



.1 



^ / X CXX X' X 



Now 
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Now*A' . ^^'"'4. IS =±: c {2 —to], whfcrt 2 ts the tllrtdat arc 
to radius ^^ and verfetl fine «, antl^ 1± ^\ax — x^). Alfo 

a/, and/jyi =: (c — frt^z + litf-H* — €)«;= (when x = c\ 
io{c ^^a z + iia — i <:) y^ (ac — c') = to the whole area of 
the femi-nodus AEQ- 

Again, the fluxion of the area A^*^ is =: ---- — ^^ ^ 

77 TT ^^^ fy^=^ (ia — €) 2 + (I* — ia ^ c) zo 

which ought to vanilh when x =: c, but it is tiien = (|^ — c) 2' 
— f^a + |r^ w\ where z' is the circular arc whofe radius is | a, 
ajid verfed fine c, and xJ zr^zy/ ^ ac — c*) ; wherefore the correct 
fluent is \a — c) (,2 — zM + {\x — \a — c)w — (^ H- \c) v/ 
= \when X = rt) to {\a — c) {z — z') -i- (c — ^) tv — 
{|<i 4- 4c) ti'' the area of the fpacc contain«d between the curve 
and the afymptote. 

Ingenious Jblutions were liketvife reaived from Mejfru Cavil I, 

Nicholfon, Toplis, and Whitley. 

VIII. QUESTION 158. by ]\}\Ems. 

Given 2XX — ^yx zz toy — 5x/, to find the equation of the 
fluents ? 



First Solution, by Ihe propofer^ J'uvenis. 

In the given equation fubftitute « + 2 for x^ and r; •+ ^ for y, 
(which values are found by MaDAm Agnesi's Analytical In^ 
JlitutionSf Book iv, Se£i. ii, Art. 22,) and wfe Ihall have 

(2^4-4 — 31; — 4) X « zr (to — 5M— 10) X ^f 

that is, 2ttM — 3wJ r: — guv^ or 2ttu m 31^ -^ gm^ 

Now this equation is of the form of one of thofe treated of in 
Art. 7, Seft, i, of the aforefaid book, iind may be folved as 
follows : 

Firft change the Cgns, and it becomes 

Secondly^ 
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and here <r is put inftcad of c^, which makes no difiference, "as 
c i% an arbitrary quantity* 



Third Solution, hy Mr. Cunliffe. 

Affume yzr A 4- Bjc +1/ where A, B are conftant quantities, 
ihd t; is a Variable quantity to be determined. 

Then the given equation \^ill become 
* • •'• • • • • 

^XX — 3A^ — 3Bx» — ^vx zz loBr-f- lou-— ^Br^r — $xtf. 

B^ equating the like terms -^ gA = ioB, 6r A =z ; 

3 

a =: — »B, or B z= — i ; and hence A = — J^ = V®. 

3 
Again, from the equality of the remainiijg tefms of the ex* 
preffion, viz. — 8 f *• = 100 — 5^ \ve get 

:- •ttC 4 -X • — -^ — i 
andtaking the fluents 
hyp. log.i/=:%p.l«g,)$rfx (3— ^}?S ori; := ^afxfa— iiv) ? *. 

Whendejv =:'A + Ri?'4%±: \^ — x+ ^d x (2 — *)^^, 

Vh^fe V/ is 'a'neceflary correftion to be determined from the 
circumftances of the problem. . 



Fourth Soljjtion, by Hypatia. 

From the propofed equation' we have 

Put J? ±z n + V, y = ^ — z, then x ~ » and/ = — i, and 
the equation becomes 

(2v 4- ^z) V — gvz z: o, 
which adrtiW of being expreffed thus, 

gv {v — z) — 3 ( » — i) = o. 
HeffCt' "-^'^" ^ - — 2- z: o; 

therefore 5 log. (r; — 2) — 3 Idg. 17 r: bg. c (c a con'ftant givea 
quantity), and (t; — -z)* — cv^ :r o, 

theiefore (.r — V* 4-;f)* — c {v — 2)* =: o 
the equation required. 

Fifth 



I 
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Fifth Solution, /^jf Scqticus% *^ 

L^t the ^^fis>jki\ equa^i^n be \iqrittea, thu$ : 

y + — ii x:=: • 

Now it is certain from the priirciples of the fluxional cakulas 
that there is fome function of j? by which if we multiply the ex- 

preflion y -rh — 2Z — x the produCl (hall be a complete fluxion 9 

let this f unSion be X ; therefore Xv + — ^ ^ x muft be a 

^ 10 — 5* 

complete fluxion. But is known, that when any expreflion of 
this form Mitf •+- N/ (where M and N denote any fun£lions of 
X and y) is a complete fluxion, then the fluxion of M taken 
upon the fuppofition that y.ofily is variable, and divided by^ is 
equal to the fluxion of N, taken upon the fuppolition that a: only 

is variable, and divided by x. In the prefent cafe M = ^ "^ • , 

■ '^ Id — 5* 

ivT Y k M 3X NX,. aX 
N = X, hence -^ = — ^ , --:::::-_ therefore ^ 

;=: — , and =p- = f . -, and X = (2 — x)" *, therefore 

X A a — X * 

the propofed equation when prepared for integration is 

(2 —x) V ■*" i (2—*) ^ yx zz ^xx (2 — x) *"• 
<pid tsfae equation of the fluents is 

(2 — xf^y = f (2 — x)^ + (A — x)-^ + c, 
which by proper reduflion becomes 



(2— -.rj 



a conl^ant quantity. 



Sixth Solution, ty Mr. Ivory. 
Let the equation be brought to this form 



2 — X ' 2 -^ X 

L a aflume 
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from B, let any ftraight line BDQ be irawn meeting the circfe 
in D and tl^e tangent in Q : from D, along DB, set off DP 
equal to QD, and D will be a point in the curve. 

Neat Solutions wefealfo received from Mefrs^ Cavill, Nkholfoa, 

SwaleaWToplis. 



X. QUESTION 160, byMr.Cu^hiYtz. R.M. College. 

Required the fum of the infinite feries 
J-ix(i)+iX(i+i)-ix(T+T+y)+iX(i + i + f + i)-&c. 

First Solution, by Mr- Wallacis. 

o 4 5 

-«- &c. be the expanfion oi y^ z, fun6Hon of a variable quantity 
*: the fum of the propofed feries is evidently the value of ^ 
correfponding to ^ -= ^ ; therefore, to find that fum we fauft 1% 
veftigate the funftion from the above expreffion for its cxpanfiori. 

From the equation 

jy = *' - f , ^* + ri + 1)^ _ (^ + n- ♦) filiate. 

3 4 

by taking the ffuxiQns apd dividing by %x we have 

^ =: ^ - 1^' + (I + I) ;,5 - a + 14- f) ;r7 + &c. 

Let the firft term of the feries be tranfpofed to $he oth«r 
fide of the equation, and let the whol^ be multiplied by jfr*, 
thus we have 



yx 



z 



^ - *' = - ¥' -^ (i + I) *' - &c. 

Let each firle of this laft equation be added to the correfBoa4- 
ing fide of the preceding equation and the refuk is 

Therefore 

y = . a + \ J ^X 1- &C. >- 

Now if 9 denote the arch whofe tangent i$ x^ (radius being 

unity) 






D 



a 
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unity) thea it is knawn that zz x 1 -*- + &c. 

. "^ d 5 7 

and ^ =: — '^-^i thercfofe 

•^ = r+^ '*" ^^^ '— *** *" r+i? ^ 

and taking the fluents, fo that y c=: o when « z:^ o, yz^ix* 
— hyp. log. (1 + x'j + f*. 

But when x :=: 1^ then (p = ^w; (here » =2 3*141 j9) there* 
fore the fum of the propofed feries is 1 — h. log. 2 -*- tt^'* 

Scholium. In the fame manner we may find the fum df the 
feries 

\m/n \m m-^i/n-^d \m'^-4m*^t m^iU m+«j? 
&c. which may be confiddt^ as-<^ value of this other series 

l\t + /i 4. \\ ', ^ - f- +-^ +— i-:\^^ — --r- 

4- &c. when * is fappofed :r 1 . ^t y denote the ftinfiioli 
which being expanded produces this lalt feries, then, proceeding 
in all r^lpeas as before, we find 

/SS: --»*-( : ^ -— ; ; : +&C. 

1 + ;c C 

But the feries In the parenthelis is the expanfion of 

, . md "-^ 1 

J xn — am — 1 ^ rxx 

Let dHs expreB&on be denoteB by X, then 

/ixX 

1 + j: 
the fluent being fo taken that x = a when x zz o* 



Second Solution, ^^^ Afr. Cunlifpe, ike Pr^p^Jir. 



AiFume 



f-^—i X{x--ax^ + h!^'-cx'+dx9—cx^' 4-.&C-) 



= L _ JP;^4 4. ^;j6 _ ^R^8 ^ ^S*« • — tIT*'* &C. 

taking 
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taking the fluxions and dividing by 



Jf-d**4-*jr5-rx^+di9&c. zz{i+x*) xix-Px^+Qx^^Rx^ Sec.) 
= jr — Pjt' + Qx* — lU' -I- Sx» — Tx" &c. 
+ x' — Px^ + Q*7 — Rjf' -»- So:" &c. 
making the coefficients of the like terms equal to each others 
P- i=za or P= 1 + tf; Q — P = *, or Q = P H- ^ =: 
j-4-tf + ^; R — Qizf, orR zzQ+ciz i+a-t-^-+-c 
&c. therefore 

f ^ i X (* - tf*' + ^Jc* — rx7 + dx^ - ^.r" &c.) =: 

Take tf := T» ^^T» ^=T» *^c* ^licn * — ax^ 4- *x» — cxi &c. 

x' , x* x^ J. /• i , 

=:x -i " — — &c. :=: / — ; — r =r z, where x 

3 5 7 ^1+^* 

denotes the length of a circular arc, radius i and tangent x. 

Therefore /--^ X (x — jx'-H^x' — ^x^ + ^x' — <rx"' &c, 

= -!='*/- ^Pa:* + iQA:6— iRx» -i- :5i^Sx»*> —^ Tx" &c. 

or 2* =z= *• - |Px* + iQ^« — JRa:' + ^S*'" — ^T*" &c. 
= x» — |jc»(i+i)+i*«^i +^ + i) — ix'(i+f-hi+f) &c. 

Take«= i, then 2-. =1—1(1+^)4. •(,_j-i+i.)_i (,+|.+ 

4 

where ^ denotes the length of the quadrantal arc of a circle 
radius i. 

And therefore i + ?^=2-Ki-^T)-K(i+T+TH(* +T+i+fj 

&c. 

alfo h. 1. (2) = 1 — i + T -" 4 &c. 

and taking the difference 

1 + -^ - h. 1. (2) = 1 - |(i) ^ *y (| + |)-i(^+|+| &c. 
4 

«i infinitum. 



Third 
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Third Solutio.v, by Mr. Ivory. 

23 4 . 

And, by taking the-fluxions> 

And, "by naultiplying by 1 + 2*, 
I X 2" >c (1 + 2*) z= 2' + 2 — ^2' + lz5 :_ 1^7 + &c. 

Let 2 =2 tangent $, then O'rziz — \z^ + t^^ — f-z^ + &c. 
And, by fubftitution, | X -7- X (1 + -2*) = a^ + ?>: 

til 2 

2^2 

And, by multiplying by — —— j = arf^^ 

« 

And by integrating S zi 2* — log. (1 -|-i*)-^ (p*, no Con- 
fiant quantity being neceffary. Let 2 be taken =s= 1, then the 

fum of the feries propofed to be fumm.ed ±1 — log, 2 4 ^, 

where gr =: 3* 14159 &c. 

Mr, C^y'iW alfo anfwtred it. 



XI. QUESTION 161, iy Mr, W.Simpson, JSV/^tz. 

Let AC B be a given triangle, D, L, Q, given points in the 
fide AB ; through D draw any right line DEF, cutting AC, BC, 
in E and F refpeftively, and through E and F draw right lines 
LEP, QFP interfefting in P. Required the locus of P ? 



First Solution, by Mr. Wallace. 

Fig-58, pi. 3. Through C draw RCH parallel to AB; 
produce DE, QF, LE^ to meet RH in H, K, and R, and join 
CP meeting AB in G. 

Vol. II. Part I. , M 
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Thetriangles HFC, DFB, have their bafes HC, BD, fimilarlv 
divided at K and Q, therefore HC : KC : : DB : BQ ; but DB 
and BQ being given lines, the ratio of DB to BQ is given ; there- 
fore the ratio of HC to KC is given. Again, the triangles 
HER, DEL, have their bafes HR, DL, fimilarly divided at C 
and A, therefore HC : CR : : DA : AL ; now the ratio of DA 
to AL is given, for DA and AL are given, therefore the ratio 
of HC to CR is given ; but it has been'fhewn that the ratio of 
HC to CK is given ; therefore the ratio of CK to CR is given. 
Now the triangles QPL, RPK have their bafes QL, RK, 
fimilarly divided at G and C, therefore QG : GL : : KC : CR; 
but the ratio of KC to CR has been (hewn to be given, there- 
fore the ratio of QG to GL is given ; and Q and L being by 
hypothefis given points, the point G is given, and the line CG 
is given by pofition. Therefore the locus of the point P is a 
ftraight line CG given by pofition, 

/ 
Second Solution, by Mr. Lowry, R. M. College. 

Fig. 59, pi. 3. Draw CP to meet AB in K, and through P 
draw GO parallel to AB, meeting DE in G, AC in H, and 
BC in O. 

Then by firpilar triangles HP : GP : : AL : DL, 

and GP : PO :: DQ : BQ; 
therefore by compounding HP : PO \v AL'DQ : DL-BQ, 
which is a given ratio, becaufe A]L, DQ,' DL, and BQ are 
given lines ; and (ince HO is parallel to the bafe AB, and is 
divided at P in a given ratio, the locus of the point C is a 
ftraight line pafling through C, and dividing the bafe AB into 
two parts A,K, BK, which have the fame given ratio that HP 
has to PO. 

The fame algebraically. 

Put DLriz a, QB = b^ DQ z=f, AL = df, AB = m^ 
AC = n, HC = x^ and PH = y ; then by fimilar triangles 

Ah=id:?li—y :ilJ>=aiVO — % 

a 

andDQ=c:PG=:^2::QB = *:PO=:^; 
Hence HO =, + ^j: = f£+ifx,. 

And AB = « :AC = « :: HO : HC =£^-±7^ X «y. 

rd+ab 
or * = " ^^j X «y, an equation to a flraight line. 

'When 
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When jc = o, j^ Is c= o, and the locui pafles through C ; alfo 

ffic cL 

when xzrzn. y is = — j— j — > ; hence if AK be taken = to 

-^ cd + ab 

-T T, the line.CK will be the locus required. 



XII. QUESTION 162, hy Amicus. 

If a given weight be fuftained by means of a firing whofe 
ends are connefted (by loops or rings) to two rods placed in the 
fame vertical plane, and making given angles with the horizon; 
it is required to afcertain the pofition of the faid weight when it 
refts inequilibrio, fuppofing it has 'liberty to Aide freely along 
the firing ? 



Solution, iJ^^ Amicus, the Propofcr. 

Fig, 60, pi. 3. Let P and Q be the points where the rings 
prefs upon the rods C A, CB ; and W the pofition of the weight 
when it is at reft. Draw AB parallel to the horizon, and WG per- 
pendicular to AB. Then fince tjie rings and weights are to be 
ftationaryj the firings PW, QW muft be perpendicular to the 
rods; for if they were in any other direftions as W/?, Wy, then 
the forces afling in thofe oblique direftions might be each de- 
compofed into two others, />P, PW, and dq^ QW; and as there 
is no force to counteraft the effeft of either of the forceps, /?P, 
Qy, which aft in the direftion of the rods, the rings would 
tave a tendency to move in thofe direftions till they came to the 
points P, Q, where the firings are perpendicular to the rods. 
Alfo, fince the weight W is at liberty to Aide freely along the 
ttring, the forces afting in the direftion of the firings WP, WQ 
muft be equal ; for if the one force was greater than the other, 
the weight would have a tendency to move towards that fide to 
which it was drawn by the greater force. 

Now when the forces in the direftions PW, QW are equal, 
their refultant (which is direftly oppofed to the afction of gravity 
on the weight W) will bifect the angle PWQ, or the angle 
PWG will be equal to the angle QWG ; and, therefore, fince 
GW is perpendicular to AB, the angle AWP will be equal to 
the angle BWP, which (becaufe the angles at P and Q are right 
angles) can only be the cafe when the angle WAP is equal to 
the angle WBQ, or when the rods are equally inclined to the 
horizon* 

Ms I0 
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In every other cafe the weight will have a tendency to flip 
along the firing till it comes to one of the rinjgs, and tfien th^ 
firing will be perpendicular to the other rod. 

To find the polition of the weight, when the rods are equally 
inclined to the horizon, draw AD perpendicular to CB, meeting 
WE, a parallel to CB, in E; then fince the angles DAB, 
QWB, AWP are equal, the right-angled tiiangles APW, 
AEW are equal in all refpefls ; and therefore AE is =: to PW ; 
and ED is zzz to WQ by reafpn of the parallels ; therefore AD 
is ~ to PW -h WQ, or the length of the firing. Hence it is 
evident that if AD be drawn perpendicular to CB, fo as to be 
equal to the length of the firing, and AB be drawn parallel to 
the horizon, or CB be taken equal to CA ;, then the point W 
may be any where in the line AB ; for if the lines WP, WO,^ 
be perpendicular to the rods they will make equal angles wiil^ 
AB, and their fum will always be equal to the length of. the 
firing. 

Tire prefTure of the rings on each rod is equal to the weighl 
W multiplied by the line of the angle CAB. 

A fimilar refult may be obtained by finding the locus of the 
point W, without taking into confideration the equality of the 
forces aQing in the direftipn of the firings. For fince the fum 
of the perpendiculars WP, WQ, is equal to a given line, the 
locus of the point W is a flraight line AB given by pofition, a^ 
Js pretty generally known ; anJas the \\ eight can only be at rei^ 
when it has defcended as low as it poflibly can ; it is evident 
that when the locus AB is parallel to the horizon, the weight 
will refl at any afTigned point of the line AB ; but if it be in- 
clined to the horizon, then the weight will continue to defcend 
till it comes to the loweft point of the locus which will b^ at pne 
of the rings. 

If one end of the thread was faSened at any point Q in the 
rod BC, while the other end was at libeity to flip along A C^ 
the firing PW would ftill be perpendicular to CA, and the line 
WG would bifeft the angle PWQ, as before ; and therefore 
the angle BWQ would be equal to the angle PWA, or to the 
complement of the given angle WAP;^ and fince the .angle 
WBQ is given, the angle WQB would alfo be given : and the 
pofition of the point W might be determined by drawling QW^ 
io make the given angle with BC, and taking QI = to 
the length of the firing; then PI, drawn perpendicular 
to the horizon, will meet AC in the point P; and PW, drawn 
perpendicular to AC, will meet IQ in W, the point required. 
For It js evident that the triangle IWP is ifofceles, and therefore ' 
PW rh WQ = IQ = to the length of the firing. 



XIII. 
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,. XIII. QUESTION 163, i/ Mr. CuNLiFFE, 

Find fuchpofitive values of X, y, andz, in whole numbers, a* 
will malce tbp formulas 

^■^ j^ xy -^ y\ x*+:(Z+ 2* and/ +>/-*- z% 

all rational f<juares ? 

• Solution, by Mr. Cunliffe, the Propo/er. 

AlTume x-]-y--ahr the root of tl}e firft, and x + z — * 
for the root of the fecond ; 

then a;»+x3^+y»=(x+y-ay=**+2^^+V*-2«(^+\>"^^ ' 
pd xHx2+2'= (.v+z-i) '=x»+ 2X2 +2*- 2* (* +2)+** ;^ 

from the firft of which x = • __ ^^ ■ } 

' siz — b^ 
^nd from the fecqnd x z=z ^ ^^ J ^ 

therefore "^^ =1^1^^ ^^""'^^=^IiI^^)-4«* + *"* 

22' (^-^) + z ffl^ - 8a* -4- ^ ») - 2 ^^ (^i - ^)^ ^^i by 
= . 22: (fl— *) — 4^* 4- /'^ 

means of what has been deduced ;^* + jyz+ z* = (> + z)^ --yz 

] 2z'(a -b) + z (g^ - iab + P) - 2^^ (^ - ^)} ' 
~ ) 2z (a — *) — 4^/^ + ** ^ 

j 2'U'-4a3)- aa^2 (a-^) ? X j B^(a-^)- 4^^+^' ^ _ , 

Uz (a- b) — iab + b^ ^ 
fquare; therefore {82»(a-« + 2(«'-8«H3*(-2<ziCa-^) j'-^ 
jzV- 4a*)-2aiz[a-^) ] X { az{a-b)-iab+b') ] =^z*{a-b)* 

+ 22' (a - b) (a» — i2ai + 2^») + z* (a* — 16a'* 4- fi?***^*- 
i6<fi» + i*) — 2a^z (a -b ) (2a* — 1 2ai -^ ^») + 4a*^» (d—b)* 

sz a f(juare. 

AlTutae 
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Affume 2z\a^6) + z { ^^~'^''f^^^' ' ^ ^2abia^b) for its root : 

Then 42 * {a-bf+^zHa-^b) (a*-! zab+2b'')+z\a ^-i6a^b+5';a^* 

— t6ab^+b^) — 2abz(a—b) (2a''—i2ab+b^) +jia^b\a--'b)* =z 

4 
(^ _ ^)2 _ 2(23^ (a — if) (fl» — 125^-4- 2h^) H- 4fl*i5* (a — by, 

which after proper reduftion cives — } '7' ^ ,~ — -;rr-. 

^ ^ ^ ^a^ — ^a^b+ieab^-^ieb^' 

where a and b may be taken at pleafure. 

Example 1, Take <2 =;= 3, and i5 c= 2, then z zrz — -, 

^ == -TT r = "^^^. and V iz: = ^2^; which 

Zb — z 79 -^ 2a — ;c 415* 

fraftions being reduced to a common denominator, and that 
denominator rejefted will give « zi 80 X 79><4*5 ~ 2622800; 

y - Z57 ^ ^57 X 79 = 7H^^7^ and ;r = 59 x 257 x 415 1= 
62926^5, which are three numbers that, will anfwer. 

Example 2, Tiike a zz 4, and 3 z: a, then z — ^,x= —A 

and y z=z — ~, and ordermg thefe fraftions as in the firft 
7^ 

example we may take 2; zr 7 x 197 x 72, a: iz 264 >c 34 X72, 
and 7 = 65 X 197 X 34, or the halves of thefe numbers will 
do, VIZ. X - 264 X 34 X 36 zr 323136. 7 z: 65 X 197 X 17 
zz 217685, and 2 zr 7 X 197 X 36 zi 49644, which numbers 
Will anfwer, and are fomething fmaller than the former fet. 

Again, affume 2z? (a — ^) 4- — (a* -rr-x2ab-kr 2b'') + ^ab 

(^i _ b) for the root of the general expreffion which is to be 
madea fquare, that is, put 42* (a — by + 22^ (^ — .^j (a*— ^ 
t2ab + 2i") 4- 2' (a^ — i6a3ii 4- ^7^**'. _ i6a*3 4. /i*) 

— 2a^2 (a — i) (2a* — 12^^ 4- ^') + 4^*3? (a — ij^zz 

(a-Z';«4- «.3r.-^A)r.^-.o.^-«-n/,«) . ^'(a^-t2ab^2b-]^ 

* . 4 • 
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+ z* X 8ab (a — bf 4- 2alz {a — I) (a* — iQ.ab + 
ai*) + 4^*3* (/z — ^)*, which after proper reduQion gives 

8^ {a — b) {a^ — ^ah + h^) , . , . ^ , . , 

z = — ; 57-~ — g-T» TTT which IS a fecoiid formula 

a^ — 9.^a b -i* 48^6 — ibb^ 

for the value of 2. 

Example 1. Take bzn^ andtf ir 1, then z zz -^, x = ~2^ 

17 9 

and y = ^ — ; and ordering thefe fractions as in the former 

Ok) 

examples we may take 21=176x9X35= 55440, ;e = 53 x 

»7 ^ 35 =.3*535» ^^^y = 97 X 9 x 17 == 14841 ; and thefe 
numbers are-ftill lefs than either of the preceding fets. 

Example 2. Take b =.7 and a-zzz^i then x zz 2 — --23^ 

lo 

* = and y m -^^: and proceedinff with thefe fractions 

17 ^ lo ^ ° 

as before we fhall have, after dividing the numbers by their great- 
eft common meafu re, z iz 371 X 17 X 5 = 3^535» •* — 6^6 x 
9 X 10 = 55440, and^' = 97 X 17 X 9 = 14841 which are 
the very numbers found in the preceding example of the prefent 
' formula. 



XIV. QUESTION 164, *;/ Ursa Minor. 

A firaight line drawn through the focus of any conie feflion, 
to the point in which a diameter meets the directrix, will be per- 
pendicular to a tangent at either extremity of that diameter ? 



First Solution, ly Amicus, 

Fig. 61, pi. 3. Let the diameter DC meet the dlreflrix AQ 
in A, and draw AF to the focus F ; then AF will be perpendi- 
cular to GH, a tangent at either extremity of the diameter. 

When the feftion is an ellipfe, or a hyperbola, let f be the 
other focus ; join^C, FC, and DF, and draw CP, DQ perpen- 
dicular to the direftrix. Let the tangent GC meet AF in H, 
and DF produced in E; then the triangles DFB.yCB, having 
two fides of the one equal to two fides of the other, and the 
angles at B equal, they are equal in all refpeSs : therefore the 
angleyCD is equal to the angle CDF; and/C is parallel to DE ; 

therefore 
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iKerctorfc the angld DEC Is equal to the angle GC/, dr to thd 
angle FCE, which is equal to the angle GC/i as is proved- by 
every writer on conic feflions. 

Again, by a general prooerty of the feftions DQ.: CP :: FD t 
CF :: AB : AC, therefore (Eu. vi. prop. A,) AF bifefls the 
angle CFE, and the triangles CFH, EFH having the angl^ 
HCF equal to the angle HEF, and the angle CFH to the angle 
EFH, have alfo the angle CHF equal to the anglfc EHF; and 
therefore AF is perpendicular to the tangent GH. It is obvious 
that AF is alfo perpendicular to the tangent at the other extremity 
of the diameter: for fince tangents at the extremities of any 
4iameter of an ellipfe or hyperbola are parallel ; a line which is 
perpendicular to one of the targents will alfo* be perpendicular 
to the other. 

When the curve is a parabola. Fig. 62, pi. 3, Let AT meet 
the tangent in H and join CF, then becaufe FC is equal to CA 
and the angle TCH to ACH, the triangles FCH, ACH are 
equal in every refpeft, therefore the angle AHC is equal to the 
angle FHC, and AF is perpendicular to the tangent CH, 



Second Solution, 6y Mr. John Whitley. 

Fig. 63, pi. 3. Let GH, a ftraight line drawn through the 
focus F, of an ellipfe PHL, meet the direflrix GT in G, the 
point in which the diameter PL meets it ; the ftraight line GH, 
fliall be perpendicular to a tangent at either extremity of the di- 
ameter PL. Draw PS to the other focus S, and through F, the 
ftraight line LFL Then becaufe SC is equal to FC, and PC to 
LC, therefore PS is equal and parallel to FL ; wherefore the 
angle IFP is equal to the angle SPF. Draw PO perpendicular 
to a tangent to the curve at P or L : then PO will bifeft the angle 
SPF (cor. to prop. x. B. I, Emerfon's Conies). And (by prop. 
LXlil. ibid.) the ftraight line GF alfo bifefts the angle IFP ; 
therefore the angle GFP is equal to the angle OPF ; and confe- 
quently GF is parallel to PO, or perpendicular to a tangent at 
either extremity of the diameter PL. And the fanae is manifeft- 
ly true of any other conic feftion whatever. 



XV. QUESTION 165, byAuicvs. 

If one end of a given beam reft againft a fraooth vertical planCt 
and the other end be fuftained by a weight faftened to a firing, 
which paffes over a pulley placed at a given point ; it is required 
to determine the pofition of the beam when it rests in equili- 
brio? 

First 
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tlRST SoLllTION, by Mr. LoWRY. 

Let AB (fig. 64, pi. 3.) rqjrerent thft b^m, C ks centime of 
gravity, EG the vertical plane, P the pulley given in pofition, 
Wthe weight iaftened to the end of the firing, and xo the weight 
of the beam. Lei the vertical line IC weet AP in I and join 
BI; then the beam is afted upon by three lorces, viz, tlib 
weight W afting at A in the direftion AI, tlie weight w a£ling 
at C in the dire£lion IC, and the reaction of the plane againft 
the end of the beam at B, afiing perpendicularly to the plane ; 
and as thefe forces keep the beam in equilibrio they neceflarily 
tend to the fanie point I, or the reaftion of the plane is exerted 
in the diireAioB IB, and canfequently IB 29 perpendicular to 
EG. 

Draw AD parallel to IB, meeting IC produced in D ; then 
the forces ading at A, C, and B in the direflions AI, IC, and 
IB are proportional to the lines AI, ID and AD ; or if AI re- 
prefent the w eight W, then ID will reprefent the weight w^ and 
AD will reprefent the prefluie at B. 

Produce AP to meet the pla«e At • E awd draw PQ pefpen. 
dicular to EG ; theii, fince the pulley and vertical plane are given 
in pofition, the litit PQ will be given in magnitude, a4id the 
point Q will ht given in pofition ; and the right-angled triangles 
QEP, AID being firailar, PE : EQ : : AI : ID : : W : w. 

orPE :r EQ X -^i alf<» PE« — EQ* = PQ% or EQ* 

X ~ .EQ^:=PQ^ andtherefore E<2= PQ x ■^^^_ -^-^i . 

which is a given quantity ; tlierefore E i« a gjv-cw point, and 
the line EPA is given by pofition, or the angle PEQ (AID) 
is of a given magnitude. 

The poiition tjf AB may now be determine eitiar ty .con- 
ftruflioii, -GT by calculation : 

And firft by conftru£tian. Take a line a> zi to AB i!be length 
of the beam, and let ac be ir to AC and ci zz to CB; on ac 
defcribe a fegment of a circk to contain the given angle AID 
or PEQ, and let it meet the femi- circle defcribcd an ch in « ; 
then if 02, M^ ci be idrawn, they will evidently be equal to the 
lines AI, Bi, CI, refpeftively. On QP produced takis QR = 
fc', and draw R-I paraHel to QG, meeting AP in I ; take QB s=; 
Rl and lA =± m, and the points A and B are determined. This 
conftruftion is too abvroiKto need any partiicular demonllration 
in this place. 

Vol. II. Part I. ^ N By 
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By calculation. Put PQ = *, EQ = a = * x ^rw^^zo^V 

AC =:m, BC = «, AB = /, and QB = ;r : Then by fimilar 
tiiangles, AB. : BE :: AC : IC, 

or / : fl + * : : ^ : y >c U 4- or) = IC, 
Alfo EQ : PQ : : BE : IB, 

or a i b :: a + X : —- X (a + x) rzz IB. 

' a 

And IC» + IB'= CB», or (^ + -^) (a + *)« = «'; 

Therefore (a + *)* =• ^^ -^ = ^VTlV*' 

/» ■*■ a' 

From this equation we may determine x when the beam and the 
weight w are given ; or we may find what weight W is neceffary 
to retain the beam in any afligned pofition. 

In what has been done, the plane has bepn confidered as per- 
feftly fmooth, but the problem may be refolved with the fame 
cafe when the friftion at any point of the plane is proportional 
. to the preflure of the beam at that point. 

In this cafe, let AB (fig. 65, pi. 3.) reprefent the beam, and 

draw AE, IC and PQ as before. Let BH, drawn perpendicular 

to the plane, reprefent the preffure at B, and take BL to BH 

in the proportion of the friftion to the preffure (as^to 1): 

Then BL will reprefent the friftion, or a force equivalent to it, 

a£ling in the direftion of the plane and oppofing the defcent of 

the end of the beam. Complete the parallelogram B H F L ; 

then BF will be the refultantof the forces BH, PL; and when 

the beam is in equihbrio the line BF muft pafs through the point 

J. Draw AD parallel to ID meeting IC produced in D, and 

PK parallel to IB meeting the plane in K ; Then PQ : QK : : 

FL : BL :: 1 : /, or PK =y x PQ is a given line, and 

the angle PKE z= IBL iz CIB is a given angle. Again, the 

forces a£ling in the direflions AI, IC and IB, are proportional 

to the lines AI, ID, and AD, or, becaufe of the similar triangles 

PEK, AID, Pt : EK : ; AI : ID ; ; W ; a/, which is a 

given 
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ratio; therefore the triangle PKE is given In fpecies, and (ince 
PK isgiven, the line EK and the angle PEK (= AIC) are alfa* 
given, and the line EA is given in pofitian. Therefore if two- 
circular fcgments be defcribed on the lines ac^ cb, to contain 
the given angles AIC, CIB and interfeft at i, the lines AI, BI 
will be determined, and the remaining part of the conItru6lioa 
will be precifely the fame as before. 

Calculation, Put PQ = Z', EK = a, PK = d, and x = KB. 
Then, QK : PQ :: BL : LF :: 1 :/. or QK = iand PK = 
/^'i«+ 7^) = 7" /f/' + O =^- Alfo, the fine of the 

angle PKQ = ■ . .:' . ? =: j, and its cofine = .^ ., , > « 

= c. Again, tw : W : : a : — a zz IE, and by trigonometry. 

Now, by fimilar triangles, 

fl : i :: a + X : — X (a + x) zz IB ; 
and by trigonometry, IC*+ IB* — ££: X IC x IB = CB*=: n\ 

therefore (a + ^) = a^^^ ^ dT - 2cmdla^ 

nla 

*"^ "" = v^(aV»» + dH'' — simcdla) ""^ 

Let AS be drawn perpendicular to ID, then if ID reprefent 
the weight of the beam, AS will reprefent the preffure againft 
the plane, and SD the fri£lion. And, by fimilar triangles, 

EK : PQ :: ID : AS = ^w = ^\crv + /(W»— j«tt;«)? 

the preffure againft the plane, and SD = ^ <^a;+v'(W*-^*a/2) > 

ilhe friftion.. 

N^ The 
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4 

The problem may be refolvcd in the fame manner when the 
pjane makes any given angle with th^ horizon, only ibe calcu* 
f^ion will bff more complicated. 



Second Solution, by the Rev. Mr. To?lis. 

Let AD (fig. 66, pi, J.) reprefent the given beam, DI the 
vertical plane, B the pulley given in pofition ; suppofeWthe 
weight which is connefled with A by a firing paffihg over B, 
From the centreof gravity C of the beam, draw CE reprefenting 
the weight of the beam ; decompofe the force CE into the forces 
CF, FE, one perpendicular and the other parallel to the beam ; 
from D draw DN perpendicular to the beam and eq«al to CF 
K AC -^7- AD ; from N draw NK perpendicular to ND, and 
confequently parallel to DA, and from D draw DK perpendi-' 
cular to DI and meeting NK in K ; then DK will represent 
the reaftion of the plane upon th^ beam, DN its reaftion in a^ 
direction perpendicular to the beam, and NK its reaftion in 9 
direction parallel to it. From A draw AG perpendicular tq 
the beam and equal to CF x CD-^ AD, from G draw GH 
parallel tp the beam and equal NK -{- FE, join AH, then AH 
will reprefent the power and dire£lion of the weight W, In 
this pafp the fyftem, fuppofing it in a plane perpendicular to the 
horizon find vertical plane, is evidently in equilibrio; for, from 
the property pf the jever, the perpendicular forces counteraft 
each other-, and the parallel forces NK, f E afe ppppfed by ih^ 
force GH which is equal to their fum. 

Tp find the pofition of the beam by calculation, let us fuppofe 
CE = a, fineof the angle CEF = ;v, AC = b, CD z: <:, AD = <?. 

By trigonometry, 

Bad. (%) : fin. CEF [x) :: CE {a) : C¥ zis: ax. 
Bad. (1) : Gof. CEF (yTtT^) : : CE {a) : EF z: a^/(t — *«), 

B«t AG X AD= CF K CD, therefore AG == ^^,^^^ -- = 

' AD ■ 

^; IScewife ND X AD =e AC x CF, therefor^ ND 

SK* -^ — -T^ = — '' As Mp IS parallel to CE and CF 

|o ND the angle NDM is equal to the angle ECF, confequently 
the angle NDK is equal to the angle CEF, each of them being 
:^he complements of equal angles; therefore as the triangles CEF, 
^KP have t\yo angli^ in each equal they are fimil^r. In the 

: . * mangle 
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triangle NDK, we have ND = — , fin. NKD = fm. CEF 

•/- y2\ 

= X, and tang. NDK = ^ -r-, and, by trigonometry, 

I 

In the triangle AGH, we have AG = — , GH = NK + FE 

/fe^I* X a» X (»-.') +^^ = W. If we 



a' . 4V* 



fuppofe («+ ^)* X -» =/. "-»-=5. the expreffion becomes 

From which equation if W i* given, x or the fine of CDI may 
be found; or if the line of CDI, the beam's inciination, is 
given, the weight W may be found. 

Lei DK be produced to meet BW in P, and draw BM parallel 
jk) PD, or perpendicular to the plane ; then becaufe the pulley 
18 given in polition, the line BM or its equal PD is given, and 
the angle DSP (equal to the angle CEF) being found, the lines 
6P, SD may be found, and then AS becomes known. 



acx 



Alfo. rad. : fin. AHG — HAD :: AH : AG : : W : itX^ 

dCX AC y I ^""^ AAr 

or fin. HAD = --^ ;= ^ x Y fi::^: — ' ^^^ therefore 

the angle HAD is known, and in the triangle ABS the angles 
^nd the fide AS are known to find BS : then BS — PS z= BP 
r--- MD the dift^nce of the end of the beam from the point M» 



XVI. QUESTION 166, by X. Y. 

Suppofe two weights connefled by a firing, which paflesover 
A pulley, and that one of the weights is placed upon an inclined 

?lane, while the other hangs in the air by the connefting fl:ring. 
t is required to determine the locus of the centre of gravity of the 
weights, fupjpofing the relative pofition of the pulley and plane, 
t-H Ipng^h ofthe firing, and the weights to be all given ? 

First 
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First Solution, by Mr. Wallacb. 

Let a and b be the weights, (fig. 6y^ pi. 3.) and APB the (Iring 
conneQing them, which pafles over the pulley P. And infiead 
of confining the folution of the problem to the cafe in which 
one of th^ weights B is placed upon an inclined plane, let us 
fuppofe it placed upon a given line HK of any kind whatever. 

Let C be the centre of gravity of the weights. Draw CD 
parallel to the vertical line PA, meeting PB in D : Then, from 
fimilar triangles, AP + PB is to CD -+- DB as AB to CB, 
that is, from the nature of the centre of gravity, as a -f b to a; 
hence the ratio of AP-f- PB to CD H- DB is given ; and be- 
caufe AP -j- PB is given, CD -h- DB is alfo given. In the 
vertical line PA take PE - CD+DB, and then E will be 
a given point. Draw EF parallel to PB, meeting DC in F, 
and becaufe DF = PE rz DC + DB, therefore CF ~ BD ; 
now EF = PD, and PD : DA :: AC : CB :: b : a, therefore 
EF : FC : : b : a ; hence EF has to FC a given ratio. Draw 
BG parallel to PA, and PG parallel to EC, meeting BG in G ; 
then becaufe DF is equal to DC -+■ DB, fo that the point F is 
below the point C, therefore the point B is alfo below the point 
G ; and becaufe the triangles PBG, EFC are fimilar, PB : BG 
: : EF : FC ; but the ratio of EF to FC ha« been fliewn to be 
given, therefore the ratio of PB to BG is alfo given. Now 
P being a given point, and HBK a line given in pofition, it is 
manifeft that the locus of the point G will be a line MGNof a 
determinate kind, which will depend upon the nature of the 
given line HBK. Again, becaufe PG is to EC as PB to EF 
or PD, that is, as AB to AC or as <i-J- i to b, therefore PG 
has to EC a given ratio ; now PG is alfo parallel to EC, and E 
is a given point, therefore, whatever be the nature of the line 
MGN which is the locus oi the point G,the point C will always 
be in a line mCn fimilar to it, and fimilarly fituated ; fo that the 
nature of the line MGN being once known, that of mCn the locus 
of the centre of gravity of the weights will alfo become known. 

The folution of the problem thu6 generali;fed, which refult$ 
from the anaJyfis is therefore (hortly this : Draw PB to any 
point B in the line HK ; draw BG parallel to PA and in a con- 
' trary direction, and take BG fuch, that pB may have to BG the 
crivcn ratio of b to fl, then determine the natur.e of MN ;the 
locus of the point G, and the nature of mn the line which is the 
locus of C, the centre of gravity ojF the weights will alfo be 
determined, for it is fimilar to MN and fimilarly fituated. And 
if PE be taken a fourth proportional to a + b, a, and AP-f"PB» 
Uien ^he given points P and E will be fimilarly fituated in refpeft 

9f 
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of the fimilar lines MN, tnn ; that is, if from P and E any two 
parallel flraight lines be drawn meeting thena in G and C, PG 
will have to EC a given ratio. 

Let us apply this general folution to fome particular cafes, 
and firft, let us fuppofe, as in the queilion, that the weight b is 
placed at any point B (fig, 68, pi. 3.) upon HBK a flraight line 
given in pofnion. Draw PI perpendicular to HK, and IV 
parallel to PA, and take IV of fuch a magnitude that PI : IV :: 
b:a :: PB : BG ; then I and V will evidently be given points, 
and V a point in MN the locus of G ; and becaufe IV : BG : : 
PI : PB, therefore IV* : BG* :: PP : PP -1- 1E\ Now PI 
and IV are both given in magnitude, and BG makes a given 
angle with HK, therefore the point G is manifeftly in a hyperbola 
of which I is the centre, IV a femi-tranfverfe diameter, and HK 
its conjugate; and it alfo appears that the femi- conjugate diameter 
is equal to PL Hence, mn the locu's of C is a hyperbola, and 
from what has been fhewn every thing relative to it may be readily 
determined. 1 

Next let us fuppofe that the weight b n placed at B (fig. 69, 
pi, 3.), upon HK an arch of a conic feftion, and that the pullev 
P is at the focus. It is eafy to fee that we may afFume fuch 
a ratio for the given ratio of b to a, or of PB to BG, that MN 
(the locus of the point G) fhall be the direftrix of the feftion, and 
in this cafe the locus of the centre of gravity of the weights is a 
flraight line. To determine the ratio of a to, i, in this cafe, let 
7 denote the angle which AP makes with the direftrix, and 
fuppofe the femi-tranfverfe axis to be to the excentricity as 1 to e, 
then, drawing BL perpendicular to the direftrix, we have BG 

zz J , and (mce ty hypothefis b x a 'i PB : BG, and from 

the nature of a conic feSion PB : BL :: e : 1, therefore a : /^ 
:: 1 : ^ fin. y. If a have to I any other ratio than that of % to 
^fin. y the locus of G and confequently of C the centre of gra- 
vity is no longer a ftraighi hue but a conic fe^lion, a$ it is; VQty 
eafy to fhew. 

It is probable that the queilion, which wehave jufl now re- 
folved, was firfl fiiggefled by this other problem. The fame 
things being fuppofed as in the queflion, with this difference 
that one of the weights, inflead of being placed upon an inclined 
plane, refls upon a curve of any kind. It is require^l to deter- 
mine the pofition of the weights when they refl in equilibrio. 
To this problem the preceding analyfis points out an eafy folution. 
For draw GL (fig. 70. pi. 3.) perpendicular to PA; Then, be- 
caufe the weights will be in equilibrio when C their centre of gra- 
vity is as low as it can defcend, and becaufe when C is the lowe|l 
ppifibleit appears from what has been fhewn that G will alfo be 

the 
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the loweft poflible; it is evident the weights will be in equilibrid 
when PL is a maximum orm^inimiim* Draw BQ perpendicular 
to PA ; Put PQz=x, QBz=zy; then, becaule h : a ::P&: 

BG, we have BG or QL equal to -|- j/(a« + /), and PL 

±: J ^{x* +y^) — X, a maximum or minimum ; hence, taking 
the fluxions, &c. we find 

Draw BR a normal to the curve HK, then it is manifeft that 
i^ and PR = ^' + ^ 

X X 

therefore the weights will be in cquilibrio, wliatevcr be the 
nature of the curve HK, when -.- x PR — PB, that is, wheD 

PB : ?ti :: a : h. 

This conclufion agrees, as it oiight to do, with what may be 
otherwife found by the refolution of forces. 



QR =:-^ and PR = a: + ^, now PB = /(;c« + /), 

X X 



Secokd Solution, by Mr. Lowry. 

Fig. 7I1. pL 3« Let AB be the inclined plane, C the pofition 
of the pulley, G the centre of gravity of the given weights P, Q, 
and / the length of the firing. Draw OE parallel tu tbe vertical 
line CP and CR perpendicular to the plane AB meeting' EF, a 
parallel to AB, in F; then becaufe the relative pofition of the 
pulley and plane is given, the line CR is given ; and by the 
pTopcTty of the centre of gravity, as the weight P : the weight 
Q :: GQ : GP, that is as EQ : EC :: RF : FC ; therefore 
RF and FC are given lines. Again, as the fum of the weights 
,P, Q is to the weight P : : PQ : GQ : : PC -f- CQ = / : 

P 
GE -4- EQ m p^ q ^ ^ ^ S^^^^ 'i"«' On a line drawn 

p ^ 
through F, parallel to CP, take FL zz |» _ x / , then L is 

a given point. Draw GS parallel and EK perpendicular to the 
plane An, send take LH = to EK or FR ; then becaufe FL is = 
GrE4-£Q* and FS=EG, LS is = toEQ; andby.fimilar 
triangles, 

EfF 
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EF = SG : KQ i : FC : EK =^ LH. 

or SG* : KQ* = QE* — KE» - LS« ~LH» :: FC» : LH». 

which is the property of a hyperbola pafling through H and having 
its centre at L, the lines HL and LI (a parallel to SG and = to 
FC) being two femi-conjugate diameters. 

When the weights are equal, and the plane is horizonta), the 
hyperbola is equilateral. And when the pulley is placed at A 
the locus is then a Ilraight line. 



Third SoLU•rIo^f, by Mr. Cunlifpe. 

Let P be the pulley (fig. 72, pi. 3), AB the inclined plane, m 
and n the weights placed in any afligned pofition, G their centre 
of gravity, and / the length of the firing. Draw GO parallel to 
AB and put PA = a, the fine and cofine of the angle R AB = $ 
and c, AG =: x, OG = y, and the fum of the >veights m and 
n:=:w. Then, by the property of the centre of gravity, 

m \ n II Gn : Gm :: AC : Cmrzz — x^ 

h erefore Vm z=za + x ^ — x zs^a^ — ;c. 

m in 

Again, w : n i\ Gn + Gm : Gm : : A» : OG, 
or A« rz: — y ; and by trigonometry, 

/iv - 

P»= /(AP' -hAa' + acAP-A») =/(««+ |^,/4-^^>)j 
therefore P« + Ptti = t/(«* + -^2/ + '*y)+a+ — xzsit, 

or «* 4- -iy^ H — —-y ziij-^a-^ rr^) * 

n n m 

and by reducing, we' have 

>* + y 5-^' ^ (/— a) X ~r (* -^ 2fl/) =: a, 

which is an equation to a hyperbola. 

To determine the pofition of the carve, affume any point C 
for its centre, and draw CD parallel to mP meeting GO, B A 
produced in I and D, and the curve in L. Put AD _ /, 
DC z=. by the femi-diameter CL = /, and the parameter to tiiat 
diameter zz p ; then \G zz d 4- J^ and CI zzb -^x^ and by ih6 
property of the hyperbola, 

Vox IL Pakt L O IG* 
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t 



IG« : CI« -CL* :: /» : 2^, 
Of [d+yY : (c-jc}»— /* :: /^ : 2^; which analogy being re-, 
duced to an equation, gives 

Comparing this equation with the given one, we have 2d =: 

ynca i _ ^^^ P ^* ^ ^^ ^"' (/—a) 

_--, or rf - — ; ^^ _- ^ ; ^ ^ — ^z — ma; ^ '• 

ore = — (/-ii), and ^ + ^(i'-c-) = ~K (/"— 2a/),or 



a; ^ ^' 2^ to 

(putting for c and d their values found above), and confequently 
iz=:—as. Alfo, fmcc ^ = —5-, we have /^ = —r- X 

mw 



Now, let AD be taken =z to — ca^ and on a line drawn \ 

to 

parallel to Pm, take OC = - (/ — a), and GL = ~ XJa; j 
then C is the centre of the hyperbola, CL a fcmi-diameter, and 
X sa the parameter of that diameter. • 

When a is = 0, the equation becomes, 



mto 



y* 5 X* 4- — • Ix — — - /* = o, 

-^ w* ma; a/* 

n* . 2«« , n* ,, 

or y» = — 5 ;c* — /at + r;? * » 



and V = + ( — ^ — — H which is an equation to a ftraight \ 
line. 

When y is = o, ;c is = /, and when x is =: o, jr if ^ 






/; therefore — / and — / are the diftances from the' 

W WW 

point A, where the locus meets the line Ai« and the plane AB. ^ 
Tht Rev. J. Toplis alfofcnt afolution to this queftion. 
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XVII. QUESTION J67, *;^LiMENUS. 

When any number of circles pafs through the fame two points, 
tangents drawn from any point in either of the two external cir* 
cumferences to the remaining circles ihall be to one another ia 
a given ratio? 



Solution, by 



Let there be any number of circles PQA, PQB, PQC. PQD, 

&c, (fig. 73, pi, 4.) pafling through the two points P, Q : then, 
if from any point A in the exterior fegment PQA, tangents be 
drawn to the other circles they will have a given ratio. Let a, b^ 
f, d\ &c. be the centres of the given circles PQA, PQB, PQC, 
PQD, &c. which will evidently be in the fame ftraight line ; 
through the points A, Q, draw a line to meet the circles in B, C, 
D. &c. and draw PA, PB, PC, PD, &c. and Pa, Vb, Pc, Pi, 
&:c. then the angles PAQ, PBQ, PCQ, PDQ, &c. being re- 
fpeftively equal to the angles Pay, Piqf, Pcy, P^g, &c. the tri- 
angles PAB, PAC, PAD, &c. are refpeaively fimilar to the 
triangles Pai, Pac, Vady &c, and confequently the line AD is 
divided fimilarly to the line ad^ or the lines AB, AC, AD, &c. 
have the fame ratio as the lines aly ac^ ady &c. But the fquares 
of the tangents drawn from A to the circles, are equal to the 
reftangles AQ- AB, AQ-AC, AQ-AD, &c. or proportional to 
the lines AB, AC, AD, &c. or to the lines ab^ aCj ad, &c. as is 
proved above ; and therefore the tangents are in the fubduplicatc 
ratio of the given^diitances ab, ac, ad^ &c. 



XVm. QUESTION 168, by Laputiensis. 

Sappofe two bodies, whofe weights are known to be conneQed 

by a flexible line or ftring, pafling through a fmall hole in a per- 

fe£lly fmooth horizontal plane, and let th« body which is above 

the plane be projeSed thereon, with a given velocity at a given 

diftance from the hole, in a dire3ion perpendicular to the ftring 

which is kept tight by the other body hanging freely ; it is re- 

^ quired to determine the velocity, time, and angle formed by 

[ the ftring with the firft pofition, when the projefted body has 

! attained any other poffible afligned diftance from the hole throtigb 

Whigh the ftring paffes ? 

Solution, 



( ^o8 > 



Solution, by Mr* Cunliffe. 

Let A and B (fig. 74, pi. 4.) reprefent the two bodies, the 
body B bping that which is projefted upon the horizontal plane, 
and the body A that which hangs freely below the plane by means 
of the connecting ftring BCA paffing through the hole at C. 

Let the curve 'BB'i reprefent the track of the body B, B' 
and b being two points therein indefinitely near to each other : 
draw CB', Cb and with the centre C and radius CB' defcribe 
the fmall arch 'R'd cutting Cb in 4* 

Put CB rr a, OB' — s^ db -=: s, z zi circular arc (radius 
CB = a) intercepted between CB, CB'; v z=l the velocity at 
B' in thedireftion B'C or CB' ; t = time of defcribirig BB', and 
and g — 32^ ; alfo let /denote the projeQile velocity at B per, 
pendicular to CB. By the property of tangents, we fliall have 
B'* : Wd :: B'C : B'C x B^-f- B'i =z a perpendicular from 
C upon a tangent to the curve at B', and bd : B'3 : : t/ : B'^ X 
X)^hd = the velocity at B' in the direftion of the curve. 

Now, it i$ well known, that the velocities of a revolving body 
in different point^of its orbit,^re inverfely 4s perpendiculars from 
jhe centre pi force i^ppn tangents to the orbit at thofe points ; 

, - r Wh X V B'C X Wd ^rs , 
wherefore / : , ^ ? ; — -gT^ *' BC, whence 

^'dx V BC X f af j . T A *u * B'^ X ti 

~bd^ =" B-C = "T- ^' '' '^^"'^'*' ^^'' ""W" 

expreffes the velocity of B' in the direftion Wd, or the circulatory 
velocity at B' : apd. hence the centrifugal force at B' is expreffed 

by — 5-, and therefore the centrifi:fgal fqrce of the body P at tha| 
point will be ^4^ X 3; from whence, deducing A^, the gravity 
of A, leaves -4- X B — Ag, for the motive force urging both 

— A^) rr- (A + B) will exprefs the accelerative fofce in the 
fame direQiont Then, by a known theorem, 

^(^ X B - A^) ^ (A + B) ^ X's = 0v, . 
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and taking the fluents, 
-(^^ B + Ags) ^ (A4-B) = -f ; 

* 

but when j = «,»=: Q, therefore the correCl equation of tho 
fluents is, 

(t^^ A^, _ ial ^ B - A,.)^ (A+B) = 4 

by putting 7«=:-r — =r^,or-— % =:— 5-X ■<i*-'^- ^^ >•« 

It may be remarked that when g zz o^ the preceding expreffion 
I for the velocity becomes /* x ( i — ) X t n"®^^* 

i ^ A + B .' /^•— «'^ 1-1 . 1 /r 

X — 5 ^^J X ( i ^j which IS the very expremon 

for the velocity obtained in the folution to queftion 105, vol, 1, 
and is therefore a confirmation of the truth of the conclufions, 
} both in that and the prefent problem. ' 

Wc flifillf moreover, have t = — yQmg 

the fluent of which may be had by infinite feries, and correfling 
the fame, by making the refulting expreffion to vanifli when 

The angle BCB ' may be determined from the equation — t-t~ 
r: -^ before deduced, 

For, from thenpp B'i/ = -^: alfo a : i :: s : — =B'</, 

sy a 

therefore = -^^ and 2 = — f— zz 

m 

^''/' ^^^^^)^,^.,p the fluent of which 

/(« - ?) X J*' -^^-^ 8^^ ^ 

may 
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may alfo be had by infinite feries, which is to be correfted hf 
making it to vanilh when s zz a^ as obferved in the preceding 
cafe. 

A folution to queftion 105, vol. i, might have been concifely 
^ffefted as follows : We have determined that the motive cen- 
trifugal force at B', urging both bodies in the dire£^ion CB', is 

expreffed by — =^ x B, and therefore the accelerative force is 
~3 ^ A — R » *"^ hence, by a known theorem, -~- x tVu 
zi: tw^, the fluent of which is — ■ ; ■ X a , p = ^. ^' 

* 25* A + B 2 

^^- — X K • . 1^ = ^'^ ; but when j = ^z, ^ =: o, there- 

5'" A+B 

fore the correfl equation of the Suents is 

^«i /Aw5 the Quefiion was anfwtred by Mr, Bazley* 

S£GOKD Solution, by Mr. LowRYf 

Let M be the weight (or mafs) of the projefted body, and 
171 that oi the other body : alfo let C (fig. 75, pL 4.) be the 
hole through which the firing pafTes, A the pofition ot the pro- 
jefted body at the commencement of the motion, and M its 
pofition at the end of any indefinite time /, AM3 being a portion 
of the curve defcribed by the body on the horizontal plane. Put 
a ir CA, the initial diftance of the body from the hole ; h the 
velocity of projeftion, or the fpace defcribed by the projefted 
body in a fecond of time ; r zz CM the radius vefioy of the 
^evolving body, and^ = 327 feet themeafurq of the accelerative 
force of gravity. Then the projefted body is afted upon by two 
f(wces, that ii, by a motive force zr mg^ afting in the diredion 
pf the firing MC and urging the body towards the centre 
C ; and by a motive force Mf {/ being the centrifugal force 
^t M) afting alfo in the direttion of the firing but urging 
the body tq recede from the centre ; therefore the whole 
inotive iorce afting on the mafs M in the direSion of the 
flfnrrg is = }Af — vi^» To deternaine the force /, let the 
poifu b be another pofition of the body indefinitely near to Mf 
join C^, and with the diftance CM, and centre C, defcribe the 
^ • arc 



r 
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arc M<i. Draw CB perpendicular to the tangent at M, let o be 
the velocity of the body at M in the curve Mif, and w its velocity 
in the arc Ma. Then the triangles ^aM, ABM may be con- 
sidered as fimilar, and w : u :: aM : ^M :: CB : CM = r, 

u X CB 

r 

But the velocities of the revolving body at the points A, M 
are inverfely as the perpendiculars on the taftgents at thofe points,, 
or as CB to C A ; therefore « x CB == ^ X AC = ba, and 

confequeritly w = . Thereiore/ is = _-=::::; to — j— * 



Mh'a 



9>.& 



and the whole motive force == to • — ^ mg» Therefore the 

whole accclerative force is = j^ ( , — — mg\ 



t* /M^«a" \ 

and we hare r =-55-::^^ X [-p ^s) 



then rr =: t* X 



Multiply this equation by sr» 

/2Mb'^a^r • \ 

[—pr— - ^rngr j ; 

h 'iAh^a*' 
and taking the fluents r* =: j-j-- — x(C — ;; 2/wfr). 

Now at the commencement of the motion, or when t zz o, the 
quantity included between the parenthefis is alfo = to o, and r 
being then =: to a^ it is obvious that C is =: M^' + 2mga\ 

therefore r* = y^^ - X (M3*+ 2?«^a -^_ ^^^^.j 



1 • 



and t = ^T\ ' ■ ■ ■»; 

k/ \ (M^* -H 7,mga) r' ~ SLgmr^ — M^'a* J 

where / may be affigned by means of elliptic arcs. 

Again 4- = ^— r- X / ? {Mi«+ ^mga) r^-7,gmr^-W>^a^ \ 

i (M+»i)^r ^ • > 

11 the velocity of the body in the dir^ion of the firing. 

Let <i be the angle that the ftring makes with the line from 
which the motion commences (reckoned on the arc of the circle 

whpfc 
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whofc radius is i), then r : i :: the arc Ma zzzwt : qT, or 

• ia 2 (M -+- ^)'^ W 

a zz — r / = — ji ^ — ^ . 

The fluent, however, cannot be generally affigned without having 
recourfe to an infinite feries, or to fome curve of a higher order 
than the conic feftions. 



XIX. QUESTION.i69,^;/Hermodorus. 

Given the vanilhing line, its centre and diftance,'to find the 
perfpeftive reprefentatign of a circle from the given reprefenta- 
tion of one radius, or of an infcribed triangle ? 



N Solution, hy 155a. 

Let PQ (fig. 76, pi. 4.) be the giveiV vanifliing line, its 
centre O and its dillance NO perpendicular to PQ, then from 
the other data it appears by Brook Taylor's Perfpeftive, 8vo. 
1715, Ex. 3 and 4, and Hamilton's Perfpeftive, p. 80, that the 
reprefentation of that diameter which tends to the centre O of 
the vanifliing line may be found ; let this be MK pafling through 
I the centre of the circle, and let H be one of the points of the 
circle given in the queftion, and join MH, and KH meeting 
PQ in F and G, and draw HE parallel to PQ meeting OM 
in E. 

Then fince KM rej)refents a diameter, KHM reprefents s 
right angle, therefore GNF is a right angle ; alfo by fimilar 
triangles OM : ME : : OF : EH, and OK : KE : : OG : 
EH; therefore MO x OK : MExEK :: ON'* (~FOxOG) 
: EH*, which is the property of a conic feftion, and from which, 
as MO X OK and ON' are given, it maybe conilru6led by 
known methods. 

Cor. By combing this folution with that in the 8th. E^tample 
of Brook Taylor's Perfpetlive, 8vo. 1715) it is perfectly eafy 
to find what is the reprefentation of a fphere in any given pofition 
whatever and to conllruft the conic fe£lion. 

N. B. There are three editions of Dr. Brook Taylor's Perfpec- 
tive, viz. in 1715, 1719, 1749, all in 8vo. and all fcarce books; 
the two laft are alike even to the prefs errors; but the fir ft con- 
tains many things which the feconddoes not, and the fecond that 
the firll does not. 

The 



^ 
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The reader may likewife confult Hamilton's Perfpeaive,where 
he will find good conftru6tions of thefe and feveral fimilar prob- 
lems, as well as many other curious matters relating to Perfpefclive : 
that book has no fault but its great prolixity, but it will amply 
reward the learned draftsman's patience by the complete know- 
ledge ot the theory and praftice of Perfpeftive, which he will 
learn from it. ' 



XX. QUESTION 170, ly Hermodoruj. 

Given in pofition a circle and two points ; if from the two 
points be infleSed two ftraight lines to any point of the circle, 
and from the other two points in which these lines meet the circle, 
there be infle£led two other (ttaight lines to a point in the circle, 
fo that one of them may be parallel to a ftraight line given by 
pofition, then the other ftraight line will either tend to a given 
point, or make a given angle with a ftraight line tending to a givea 
point ? ^ 



Solution, by 



Let A, B (fig, 77, pi. 4.) be two given points, and CDE a 
circle given by pofition ; if from the points A, B two ftraight 
lines AC, BC be infte3ed to any point C of the circle, meeting 
it in D and E ; and from the points D, E two other ftraight 
lines DH, EH be inflefted to any point H in the circle, fo that 
one of ihem, EH, may be parallel to a ftraight line given by 
pofition; then the ftraight line DH, either tends to a given 
point, or makes a given angle with a ftraight line tending to a 
given point. 

This is evident from the 57th. and S2A. Propofirions of Dr. 
Simfon's Treatife de Porifmatibus, or which is the fame, prob. 
iii. art. ix. vol. i, part ii. For, let the reftangle KAB be made 
equal to the given rectangle DAC, and then K will be a given 
point. Draw the diameter KLS, and divide it in F, fo that IF 
: FS :: IK : KS, then F will alfo be a given point. Let DF 
be drawn to meet the circle in G and H. Then, by the 57th 
propofition, if the lines AC, BC be inflefted to any point C of 
the circle, meeting it in D andE, the line joining the points D, E 
either paffes through the point F, or makes a given angle at D 
with a ftraight line tending to that point, that is the angle £DG» 
or its equal the angle EHG, is ^iven ; and therefore fince IE is 
parallel to a ftraight line given b}^ pofition, GH is alfo parallel to 
a ftraight line given by pofition : therefore by the 62d. propofitioUt 
fince a line DG is drawn through the given point F meeting the 

Vol. II. Part I. P circle 
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be adopted to denote the aggregate fum of all the poflible com- 
. binations, made by multiplying together m quantities out of thcfe 

•.« quantities, viz. i, -It t> t • — '♦ fo ^^^^* according to 

this notation, f — J will denote the fum of thefe n fraSions ; 
and — will denote the fum of all the produfts that arifc by com- 
bining them by twos; andf —1 will denote the fum of all the 

^rodufts that arife by. combining them by threes ; and fo on; 
"hen, by what is commonly taught concerning the coefEcientji 
of binomial produjfts in algebrji, the Terminus Generalise when 
developed and arranged according to the powers of jf , will become 

«+i . X «+l . V n+x . - 72-4-1 

rfc &c. the upper or lower fign taking place according as n is 
even or odd. 

If, now, each term in theferies that is equal to (i W- a)^ be 
expanded as we have juft been explaining, and if all the.terms be 
arranged according to the powers of jf, we (hall obtain, 

C • 3 4 5 

&C, &€• 

The Terminus Generalis of this fertes being 

-(\n-iy n \»-i/ w^i V« — 1-/ n-t-2 5^' 

Let T denote thevhyp. log. of i + a, then (i + af (confider- 
ed asafunftion of *J being e:^panded ip the ufyal manner, we get 



' r4 



[t+a]^ zz 1+—. jf + — .;r* + --^^.*^ + 



t ■ 1.2 ■ 1.2.3 " i«2»3.4 

+ &a. 
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n 



+ &c. the Terminus Geruralis beln^ — >f x 

But the coefficients of the fame powers of x in the two de* 
velopements mult be equal to one another ; therefore 

_J^ = te). i- JJL) . ^ +(^). f__-&c. 

1.2. 3.. ..n \n-i/ n Vn-i/ n+i V»— i/ « + ^ 

and confequently t^, or the n^^ power of the logarithm of 
(1 + ^). = 

1.2.3 «^i( )• ( )• — ; H )• — I — -*<?• 

^\«-i/ « \n-i/ n-hi ^« — I-' «-|-2^ 

If we make n =r 2, then becaufe the expreffions (x), f-r)* f^)f 
&c. denote the fums of one, two, and three, &c« of the quan- 
tities i.T>7»&c. we have the fquare of the logarithm of (i-^a)=: 

1.2 X J— —(14-1).^-+. (i4.^+^).„_ &c C 
And if we make « j= 3, then the cube of the logarithm of 

where the expreffions (i), (■$•), (i), &c. denote the fum of the 
produfts of the couplets of three, and four, and five, &c. of the 
quantities 1, t, -j, i, &c. 

And if we ra^ke n = 4, then the fourth power of the logarithm 
of (1 + ^) = 

where the expreffions (i), (i), (|), &c. denote the fum of the 
produfts of all the triplets of four, and five, and fix, &c. of the 
q«antitie« 1, t, 7> if t» *Scc, 

The method we have here ufed, will apply only when the 
index of the required power is a whole pofitive number. If the 
index be negative, or fraftional, we may then have recourfe to , 
the ordinary method ot affiiming a-feries with indeterminate 
coefficients. 



Th^ Rev, Mr. TopHs likewife an/weredit^ 
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XXII. QUESTION 172, iySEKZx. 

It is required to find the nature or equation of a curve fuch, 
that a¥iy fight line RQPbeirtg drawn through a gfven point P, to 
cm the curve in two points R and Q, and tangents frbm thefe 
points produced to interfeft each other in I, the angle QlR may 
Mways be of the fame conftaat magniiudie,. that is dtWteys equal} td 
a given angle ? 



First Solution, by Mr. Ivory. 

^'g- 78, pi. 4. Let RT and QS be perpendicular to 
fl fix:ed axis drawn through P ; put VP, the diftance of the point 
F from a given point V in the axis, = *, VT == jc, VS sz: *', 
TR = y, SQ zz: /. Let the tangents RI and QI meet the axis 
in H and K : and let a zz tangent of half the angle QIR (zr fum ^ 
of the angles RHT and QKS), and z = tangent of half the 
difference of the angles RHT and QKS : then tangent of 

ftHT = £jlf. a^a tangent of QKS = ^ 7^ ^ ^> But 
1 — az ° ^ 1-^ az 

^ ii= taflgent of RHT, and -^ := tangent of QKS. There^ 

fore -7— iz: and>T-7- =\ — . Agam, becaufe 

ay a + z ay a — 2 ^ 

I ^ X 

tlie triangles TPR and QP5 are equiangular, therefore 

^ If 

: and by laking fluxioifiii^, 



iiin ii m 



r 



> * ^ </;( > ) """ y ■ My y V 

jj X x* h 

Kence,. obferving that ^ 3=r -^^^^r — '# wc get 

(dy ^y' \ ^ — "^ — J^ J^ ^* dx^ 

-J - "y-j --^ - y "d^ y • :?/• 

/ H dy\ vf—b _ ^ dx _^ d:f 

\y Y^ ' y ~ ~T ' ^y >' * 4' 

pr, which is the fame thing, 
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a» 


-2» ' 


2(1 

a"' 


— 2» • 


z(t 


+ *»). 


a*- 


-?* ' 


2(1 


-4-«») 



/<fy tfy\ y^*_ fdif dt/\ (dK (f:^\ (dv d^\ fds d^f \ 

ay ay /»• — z^ ay dy or — z* 

therefore, if we put — =— + -^ = ( -^ — *-^ 1 >C «, wer 

fliall get 

b — X afi+z') . 2(1 -ha*) 

= — « X — T T" H ^ 

y cr — IS 

x'—h _ _ a(i + g*) 

>' " '^ ^ a» - 2» "^ 
whence, wedcrivCf 

I •'a* — zr ^ or — «• 

AqcI if we take the fluxions of thefe equaiioni, and fubflitut,e 

i& X ■ ' ^ ^ - for dx and A' x ^ ^^ for.^y ; then after 

having properly ordered the terms, we fliall get 

dy_du u (1 +a*)2zdz aM-i (a'+z'Vz ' 

y^x-u i««*(^ + 2»j(a»-2»j a ' {i-^u){i^z*)[a'-^^) .. 

A' -du u [i-i- a*)2zd^ a*+i (a*-f-2*)d^z 

Thet^ e^atio9^ ici^ntaan all the conditions of th« que#ion ; 
for ib$y include thje equation — ^-*- — ^ = « X ( — — —r\ 

^ y y \y /r 

and, by this means the fun£lion u is left indefinite or arbitrary* 
Bec^ule «', y and a, ^ are .co-ordinate* of the (amt curve, 
therefore the two former muft fatisfy the equation of the curve 
equally as ihe two latter do ; which requires that x' and y' be 
refpeSiveljr the fiwe fuiiftioiis of — z, that x aud y are of 4* z* 
For, when this is the cafe, it is obvious that, by exterminating 
z from the expr^Hipn^ x and y^, there will be obtained the fame 
equation between x' and y, as is obtained by exterminating z 
f^'om tbe expreflions x and y* This confideration re(lri£ls the 
nature x>f thefunSions of z that mufl be fubfliiuted for u: for 
only fuch fun&iom of z muft be fubftituted for « as will make the 

cxpreffionfi 
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expreffions for y and/ like funSions of + 2 and — z. Without 
entering into further detail it will be fufEcient to remark that 
the required conditions will be fulfilled ; that is, the expreflions 
for y and %f will be like functions of -+- 2 and — z ; if there be 
fubftituted for u, funftions of this form, viz. Kz -f- Bz' -+- Cz* 
+ &c.; or fuch funSions of z as, when expanded into feries, 
contain only the odd powers of z. Having thus afcertained the 
proper funftions of z to be fubftituted for w, we have only to 
confider the expreflions of y and x^ viz. 



a' — Z' ' ^' z 



2 .2 



In looking for the fimpleft curves that will fatisfythe queftion, 
we are naturally led to examine the cafe, when u •==. o. It is 
manifeft from what has been obferved, that this fuppofition is 



a^ 



peripitted. Now, when u zz o^ then — ? = — ^ "^ 

y a ^ 

(a*+ z^)dz A J u r 1 • 

("i+z»)(g*— z*) * ' ^ refolving into parts, to prepare 

for mtegraung. ____-._-. -__,__?^. ^^^ 



a» — 1 



by putting ot = — - — = a — - , and then integrating, 

log. jv = log. c - TO X <p + log. 1ZL£ where® = archwhofe 
tangent is z : therefore if e be the number whofe hyj). log. is i , 
then y = c . e~ ""^ X |— ?. But. when « = o, then 



X 



x = b-yx ^\:^_^y = ^_.(,-^^.J. -^?> 



^ ^1 + tf^) — m(p \^az 



denote the limit of <p, or the arch whofe tangent is a, and let c 
be determined, fo that x andy may vanifh together : then b = 

c {t Hr d^) ' ~ mr , , ^ , «. 

— . e ; and, by fubftitution, x = 

by 
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by changing I to denote — ^ • tf"" , the expreffions 

for the co-ordinates of the curve become, x = b — be ^ " t; 

>C 7— V— Tat and y =: — t — 3- . e ^ ^' X —r — ; - 
where ^ is the tangent of half the angle t naade by the tangents 
of the curve ; m zzz^ a ; tangent rzza\ tangent $ = Jf, 

the limits of (p being + r, and of z, i ^• 

If a = 1 (in which^cafe the angle made by the tangents is a. 
right-angle) then m^ o, and the expreffions of the co-ordinates 

become, x z=l b -^ b . -, — ^^ ■ and y -=. 2b , — -. — : therefore, 

in this cafe the curve is algebraical ; and if % be exterminated, 
we get y^ iz ^bx^ the equation of a conic parabola having the 
parameter of the axis =: 4^. The refuU of the analyfis, in this 
cafe, when expreffed in words, is this; "that tangents of a 
parabola drawn from the extremities of any line palling through 
the focus^ interfeft one another at right angles." 

The fuppofition, next to that of a = o, in point of fimplicity, 
IS to make u:z=ipz. This fubftitution being made in the ex- 

dv 
preffions of — ^ and x^ we get 

V 

dy p.dz , 1 + a^ {2paz^ — a^ — 2') . Jz 

y — t—pz "^ a • (1— /^zXi+JC^JC^* — z»j* 

(pa — 1 — a* -^ pa x z') « 
X —b +y X ^ '. ^a _ ^. . 

It would be eafy to examine if thefe new formulas comprehend 
any algebraic curves that deferve to be remarked on account of 
their fimplicity. But, waving this difcuflion, we fhall be content 

to notice the cafe, when pa =z i, ox p zi — \ x\it formulas then 

become, 

4y dz (1 4"fl') ^^ — -^adz zdz 

'~y " a - z ~ {a — z) (1 + iJ'^j "" 1 + »* 1 + ** 

X :=^ b — y X 2> 

And by integrating, log, y = log. b + ^ J\^ ^2 — ^<>i* 

y^(i + z") : and ifctangent (p =: -^; then^^^s i xe xfin.f. 
yx)L. II. Pa^t !• Q Whence 



Wbetif^e /r =:= 3 ~ i K *^ cof. ^. And if f denote PR, 
the dillance of the point of the curve, of which x and y are the 

co-ordinates from P, then f = J ^ + [h — *)• \ = i<r^^ ; 
the equation of the common logarithmic fpiraU 

Second Solution, by Mr. Wallace. 

Let QBR (fi^. 79, pi. 4.) be a curve having the property 
-required, and let us nature be expreffed by an equation ex pre fling 
the relation between PQ, a firaight line drawn from P to any 
point of the curve, and fome fun6tion of the angle contained by 
^Q, and PA, a line given by pofition. Put (p for the angle APQ, 
and as the angle PQI muft be expreflible in Tome way or other 
by the angle APQ, let tlie angk PQI be denoted hyfp, where by 
yip is meant a fun£lion of (p, of a determinate form, b«t as yet 
unknown. 

Now, if we fuppofe the angle PQI to revolve about the point 
P, (the line PR remaining at reft) till the point Q arrive at R, 
thien the tangent QI will coincide with RK, that is, with the 
tangent IR produced; and, as by fuch revolution, the angle 
APQ will have changed its value from $ to <t> 4- ^r, (here v i$ 
put for two right-airgles) while the angle PQI has changed it4 
value fo as to become PRK, it follows that whatever funfiioh 
the angle PQI is of J), the fame funftion will the angle PRK be 
of (p-^i- tt; therefore the angle PRK will bey ((p ^ w). Put a 
for the angle I. which by iha queftion is to be a conftant quan- 
tity, then, becaufe the angle I is the difi^nee of the ^ngleirPRK, 
jPQIj ^c have 

/(^ + ^) —/?> = «, 
m equation refolvablc by Ae theory of Jiniit differences, and 
which, employing the notation of that fnethpd, m^y bp othenvife 
«icfreded, thus ; 

A(/p) = «» 

Hence, taking the integral | ||nd obferving that A$ z= r, we have 

f(p zz — (p 4- F (fm. fif , cof. ft(p) 5 

where by F fCn. 2(p, cof. 2(p) is meant any funflion whatever ot 
•file fine and cofine of s^ ; let this arbitrary iunAioa be denoted 



a. 



by 4'» Acp, putting mi for «, fo that -— 'zr ?i, we bave 

4. PQI = /(p = «^ + >J,, 

Draw 



f 
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Draw P^ ind^finrtdy near to PQ and qs perpendcu?^ io PQ^ 
let PQ be denoted by r ; then, putting dr ana dip for the differ- 
entials or fluxions of r and 9, we have Qj = Hh dr^ and sq ni 

rip ; and fincc tan. JL PQI zr -j^, therefore tan. {np + 4) 

^ ^^ 

rdp 

=:: ' ' ;" , and hence 
:±: dr 

dr __ j^ <^ 

r "" tan. (np -^ ^^)* 

Now, before we Can integrate this equation we muft give ionM 
determinate form to the arbitrary fun£lion ^^ and tbi« being dons^ 
the refult will have thi$ form, 

dr . . 

— = *dp, 

where by fb is meant fome known funQion of (p^ and hence, 
by integrating, we (hall have an equation expreffing the nature 
01 the curve fought. And as there is no limit to the number 
of different forms which may be given to the arbitrary fun^ion 
>J^, and confequently to the number of correfpondinc forms of 
iht funfiion 4>, it ii evideiH that there are innumerable cuires 
having the property required by the quellion. 

ft In giving different forms to the funftion >}/, it may haj^pto 

that fome of them are fuch as to render the equation — = *^<P 

capable of having its integral expreffed in finite terms. This, 
however, will not be the cafe in general, and perhaps it may not 
be eafy to alTign fuch forms to the iun£kion ^^ aa ihall produce a 
finite integral. 

If we fuppose that 4* zs: j3» a given angle, then the fiuxienil 
equation becomes, 

» 

dr + dp ^ ± 1 cof. {ftp + g) dnp ^ 

r tan. {tip + /o) ^ n * fin. («(p4- /S) ' . 

and hence, by iniegratidg, and putting c for a coilstaitt quantiiy. 
We get 

r = r fin. » (»f + /3), 

an equation which expreffes the nature of an indefinite number 
of curves having the property required by the queftion. 
Let us fuppoie a to be a right.ai^le, and amnne |3 z: o, then, 

becaufe in this cafe » 1= — * z;= -J^, we have 

sr 

r zz c fin. \p* 



Qa If 
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. If we give the negative fign to the exponent, we have 

.2 fin.* -J-f 1 — cof. (p* 

an equation which is known to belong to a parabola (fig. 79}, 
having P for its focus, and PA for its axis. 

Ify again, we fuppofe the exponent to be pofitive, we have- 

r = c fin,*Y^ = — (1 — cof. ^). 

This equation belongs to an epcycloid PQBR (fig. 80, pi. 4.) 

geherated by a given point Q, in the circumference of a circle 

DQ, which revolves on the outfide of another circle PD of equal 

magnitude, the given point Q, in the revolving circle being 

fuppofed to depart from P, which is alfo the point of conta£l 

of the two circles at the beginning of the motion, and the 

diameter of each being equal to the condant quantity c. For 

fuppofe that Q is a point in the curve thus generated ; draw 

CDE through the centres of the circles and their point of con* 

taft, and draw QE, PF perpendicular to GD. Then, becaufe 

arch PD = arch QD, the ftraight line PQ is parallel to CE, 

and PQ z= FE =: 2FD. But becaufe CD zz CP, and CF = 

CP X cof. PCF zz PC >c - cof. APQ, therefore PQ z= CP 

c 
X (1 — cof. APQ), that is, r zz — (1 — cof. ip). 

If we refume the equation 

dr j^dp 



r tan. («{p-i-4/)* 

and fuppofe a =: o, that is, if we fuppofe the tangents at the 
extremities of the line QR to be parallel, then, as in this cafe, 

« =r — =: o, we have, (affuming %J/ z: a confiant angle, and 
putting m for Its tangent) 

.-_ = ±_-</^. 

hence, by integrating, and putting c for a coriftant quantity, 
we get 

log. r = f<p, 

an equation to the logarithmic fpiral. 



XXIII. QUESTION 173, ^v Mr. John Fletcher. 

If the magnitude of a circle is given ; it is required to find the 
pofition of a right line RS, and that of a point P in another line 

given 



I 
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I ' 

given in pofition, from whence.if PAB be drawn to cut the circle 
in A and B, and perpendiculars AR and BS are drawn to RS, 
their reftangle will be always a given magnitude ? 



Solution, hy Mr. Lowry. 

This problem is eafily refolved by means of the following 
lemma, which is the fame as prop, xviii. of Dr. Stewart's Propo* 
Otiones Geometricae. 

Fig. 81, 82, pi. 4* If two points C, P, betaken in the diameter 
£F of a circle, fo that the fquare of PC may be equal to the 
re£bingle ECF, and a line SGK be drawn perpendicular to PF ; 
then if any llraight line be drawn from P to meet the ci'^cle in 
A and B, and perpendiculars AR, 3S, be drawn to the line SK, 
the redangle of thoCe perpendiculars will be equal to the fquare 
of PC. 

Let PB meet SK in L,and draw LE to meet the circle in Q; 
then ALB = ELQ = CL** + ECF=: CL» + CP» = PL* ; 
and by fimilar triangles, 

AR : AL :: PC : PL, 
BS : LB :: PC : PL; 
' therefore AR-BS : ALB = PL* :: PC« : PL*, 
and AR-BS -PC*. 
This being premifed, let O be the centre of the circle, produce 
-the diameter FE till the reftangle ECF be equal to the given 
fpace, or to the fquare of the line n ; and then the diltance CO 
will be given. On FC produced take CP = to », and then 
the diftanceCP will be given : with this diflance and centre O, 
defcribe an arc to cut the giv^n line in P, and then SCK, drawn 
through C, perpendicular to PO, is the line req lired. 

For, by the lemma, the reftanglti AR'BS is always equal to 
PC* or to the given fpace n^. 



Mr* Cunliffe alfo anfwered this queftion. 



XXIV. QUESTION 174, /^ Amicus, 

If a given cone, fufpended by its vertex, be made to revolve 
with its axis in a vertical plane; it is required to determine the 
force exerted on the centre ol fufpenfion at any given poiition of 
the revolving body ? 

Solution, 



( t«6 y 



SoLVTioUy by Mr. LowmV. 

Inftead of confining the folution to the particular cafe of the 
cone, as propofed in the queftion, I (hall refolve the problem 
generally, when the body is any homogeneous folid formed by 
the revolution of a plane figure about an axis. 

Let ASB (fig, 83, pi. 4.) be a feftion of the body made by 
the vertical plane in which the axis SC ofcillatei or revolves ; 
alfo, let G be the centre of gravity, O the centre of ofcillatioit, 
and S the centre of fufpenfion of the body. Let p be the mea- 
fure of the angle (reckoned on the periphery cf a circle whofc 
xadius is 1 ) that the axi$ makes with the horizontal line SF, when 
the body is in any afligned portion ; and pi>t SG = tf , SO zz *, 
g = 32-J' feet, the meafure of the accderative force of gravity, 
and TV the weight of the body. 

Then the force of gravity (or weight w) may be rcfolved 
into two forceg, the one equal to fin. p >: w afting in thedi- 
ledion of the a?tig SC, and the other equal te ^of. p x tB ading 
perpendicularly to SC. Now the fo»r«e fia.^x «; afting ki thS 
dire6lion SC, can have no efTeft on the motion of the body, btrf 
is wholly exerted on the centre of fufpenfion, and, when reduced 
to the horizontal direftion SF, it is equal 10 fin, j^ x coL px tu. 

Again, the force cof. p x Wy aSing perpendicularly to SC, 
is that which accelerates the motion of the body about the centre, 
fuppofing the whole mafs of the body to be concentrated at O, 
tut the abfolute velocities produced at G and O being direftly 
Us the diftances a, by from the centre of motion, the velocity at 

C is only the -ppart of the velocity at O, and therefore th« 
force which is employed! at G, in accelerating the motion of tbs 
body is only the -r- part of the force cof. p X tVf therefore the 

remaining part of this force, or — -r~ cof. p x to^ is exerted on 

the axis of fufpenfion in a dire£lion perpendicular to SC. This 
part of the force, when reduced to the horizontal direftion FS^ 

is == to ~7" fin. p cof. p X Wy and as it d£ts in a contrary 
dire£lion to the other horizontal force fin. p co{.p x a;, we have 
{x — — T--J fin. ^cof./> X a>, or-T fin. p cof. p X w, {a 

the whole effect of gravity on the centre of fufpenfion in the 

borizonial dire£lion SF. 

But 
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But this IS not the wliole of the force that afls upon the centre 
of fufpenfion, for it is alfo affeffced by the centrifugal force of 
the body, and to compute the effect of this force, let ^^ be the 
centrifugal force of a particle at O, and v its velocity ; then the 
forces of an equal particle, at the di fiances d, d\ d!\ &c. from 

/ f f 

the axis of motion, are equal to -4~ X ^, V X d\ 4^. x d!' &c* 

therefore the centrifugal force of the whole body is equal to 

X- multiplied by the fum of the produ^s of each particle by 

its diftance from the axis of motion, or (by the property of the 

centre of gravity) =: to -^ multiplied by the mafs of the 

body. 

Now, by the nature of central forces, the force y is equal to 

—7-, and to eliminate t^, let a circle be defcribed about S with 
p 

the diilance SO, meeting the vertical line that pafles through 
S in I) arid E, and draw OI parallel to FS. Then, if the 
bod^' qpevolves about the centre S, let HE be taken equal to the 
height due to the velocity of the body at ihe loweft point E; 
but if the body only ofcillates through a part of the circle, as 
through the arc EK, then let KH be drawn parallel to FS meet«> 
ing the vertical line in H ; in either cafe HI will be the height 
due to the velocity of the body at O, or v^ will be equal to 
%g X HI, But SI is = h X hn. p^ and putting SH = ^, we 
have HI = 3 X fin. p±ic, and t/* ™ 2g {b fin. p ±:C) the up, 
per or lower fign taking place as the point H is above or belovr 

the centre ; therefore -=^ is =. 2g f 'f "^ ). But the 

weight of the body is equal to g multiplied by the mafs, there- 
fore "~ multiplied by the mafs is equal to a; >c -4t- (b fin. 

£ =!= O. the whole centrifugal fprce of the body in ihe direftion 
BO; which being reduced to the horizontal direction SF is 

2a cof. p ,. r A 

5= ty X - — TT— ^ (o fin« p^c). 

Let this force be added to the force of grairity foiuid aboveg 
and we have 

A ^ HA cof & • 

P X -J (fin. p coft p) + zu X W-l£- (J fin. p dz c), or 



( "8 ) 

■ 

to X. -, ^ (3 fin. )^ cof. />) =fc -7- cof. pi for the whole force 

requircfl, when eftimated in a horizontal d]re£lion. 

. To find the value*of the angle p when this force is the greateft, 
let the fluxion of the variable part of the above expreffion be 
taken, and we have 

3 fin* p cof. /» + 3 coL p fin^pdb -j— :cof. ^ =r: o ; 

• • • • 

fubfiitute for fin. p and cof. /?, their values p col. p and — p^ 

fin. ^, and divide by 3/?, . 

then cof.* p — fin.* p^ ~ fin. /» = o, 

or fim' p -±1 ^ fin. p = h 

I 

The force in the direftion SF, arifing from gravity being re- 
duced to the vertical direftion SE, is evidently equal to a; X -r- 
fin.' p ; and the centrifugal force, when reduced to the fame 
direftion, is equal to w X -g- fin. p {I fin. p ±z c] ; and 

therefore the whole force a£ltng on the centre of fufpenfion in 
tlie vertical direfiion SE, is 

=1 a; X 4- (3 fin-* P^^ ^'"' P)' 

When p 18 a quadrant, or the axis of the body coincides with 

the line SE, the force i%z=iw X —- (3 db —7—) ; and when 

the points G and O coincide (as in the cafe of a ball fufpended by 
a firing) and the body ofcillates through a aiiadrant, c is then n o, 
and the whole force z: 32^;, as determined in the folution to the 
io6th queftion. 

In the cafe of the cone, if d be the altitude, and r the radius 

of the bafc ; then a is zz |d?, and b = -A — - -T , as is 

yfdl known^^ and the e^prpffion for the horizontal force, is 

to X 



w 
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^5^^ ^ f^r^ * .^r . . toe J 



w 



the vertical force a. x ^(^#+;iJ (3 fi"-' ^ ± piT? *^"- f^' 

.f When the cone ofcillates only through the arc EK, then, 

thefe expreffions may be a little fimplified, for fince SH is the 

* cofine of the arc EK, if j^ be put for the meafure of the angle 

ESK (to the radius i), then SH or r is = ^ cof. j, and -^ = 
s cof. q, and the above expreffions for the forces become 

^ 4 (4^» -h r' ' } ^'3 fi"* P «of- ^ ± « cof. ^ cof. p), 

iCcP 

and w X j% \ — » fjfin.'^ + a cof. j fin.p). 



XXV. QUESTION 175, ^y Afr. Wallace, ILM.Coa^e. 

Suppofe a quadrilateral figure to be infcribed in anotber qaaw 
drilateral figure, agreeable to the conditions required in queilion 
120 of the New Series of the Repofitory» then theoj^fite fidto 
of the infcribed figure when produced, will interfe£l each other 
in the diagonals produced of the circumfcribed figure. Required 
the demonftration ? 



Solution, by Mr. William Simpson, Bolton^ . 

Let aicd{Bg,B^t pl. 4.} be a quadrilateral, tiifcribe4-in>ABCD 
agreeably to the conditions of the queftion, and tet the oppofite 
fides aCf bd meet in ^; join B^, Cg and draw the diagonal BC« 
Then it appears from the folution to queilion 120 that d& bifefls 
the angle bag^ that ^B hi re6)s the exterior angle ^j", that dfC 
bifefls the exterior angle f^M, and that Cc bifefls the exterior 
angle dcG\ therefore B^ bifeflsthe angle ^g^, and C^ bifefls 
the angle cgd^ as is pretty generally known (fee Emerfon^s 
Geometry 35, ii. V Therefore Bg and Cg bife£l the fatme angle 
and confequently coincide, and CB^ is a (Iraight line« It is pro* 
ved in the fame manner tha^t the other fides and diagonal when 
produced meet in a pointy 

VoL.II. Part L, .. , R Seconh 
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Sbconb Solution, ly Mr, J. Johnson. 

Let ahcd\ fig. 85,0!, 4.) be a quadrilateral infcrtbed in another 
quadrilateral, ABCD, agreeably to the conditions required in 
qjg.efti(jn, 12a, Then^ if the oppofitu fides ai, cd^ when produced, 
intcrfeft in the point H, it is to be proved that the diagonal AC, 
vhcn produced, will alfo pafs through that point. 

From A demit the perpendiculars AQ, AP, AR; then it 
appears irum the foluiion to quefiion isc, that> Ad bife£ls the 
angle FdQ, and that Aa bifefts the angle R^Q ; therefore tlie- 
right-angled triangles APd, AQd arejequiangular, and the fide 
Ad is common to each triangle, confequently they are equal in all 
refpetls, and AP = AQ. For a like reafon the triangles AR/x, 
AQa are equal in all refpetls, or AR ~ AQ ; therefore AP is 
= AR. 

Again if the perpendiculars CE, CF, CG, be drawn from 
C, it is proved in the fame way as above that CG is r= CF ; 
therefore CG : CF :: AP : AR ; and confequently the points 
H, A, Care in a ftraight line. 

It is proved in the fame manner that the diagonal BD will 
pafs through A, thie point whefe the oppofite fides ic, ad interfeQ: 
iA(beo produced. 

1 > 

TAe dcmonfirations Tec<xvedfrom M^Jfrs. Swale c^nd Whitley, 

arc littU differ entf ram thofe above. 



XXVI. QUESTION 176, /[y Marloviensis. 
It is well kriown that the fum of the feries 

* — ? -^ H- -^t "- T "+* "a ^"^ &c. ad infinitum, is cxr 

— 1 ^ 

preffecl hy the fluent of {x xxfl — ^3— ), or afea of atranf- 

tendient hyperbola. Under what circumftances can the fame 
fum be exhibited by the multiples or pp\yers of the arc of a prcle, 
ind how is this to be invefligated ? 



Solution, ^;^ Mr. lyoRy. 

The inveftigation of thefums of the powers of the reciprocal! 
of the natural numbers feems firft to have engaged the attention 
bf Ibej two brothers, James and John Betnoulli. In it Ihort 

jlfeatifc 
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treatifeon the fums of infinite fcries.writtert by ja'rhes Bernoulli; 
(*' Traftatus de feriebus wifinitis, &c." pubHfted with the " AA 
Conjeftandi'* of the fame author in one volume) we are informed 
(pnjp. 14) tl^at John BernduHi, firft of all deraonftrated that the 
ium of the infinite feries i -f 4. + ^-|- ^ ^- &c. is greater than any 
finite number. In the fame treatife^the fum of the infinite ferie9» 

1,1,1,1,0 1.1.1 



1.3^2.4^3.5^ 4. 6 ^^"--ii'-i^^^-i^^rrr 

-k- &c. is ihewn to be equal to -J : and from hence it follows 

chat the fum of the infinite feries —s — h t •+• — r + &c. is 

^3 4 

a finitte quantity lefs than f . But the fummation of the feries 

111 

1-4 J- + —5- + --J- + &c. was a problem for the folu- 

tion of which the artifices then known were infufficient : and 
James Bernoulli, fpeaking of this feries, ufes the following 
words, ** difficilior eft, quam quis expeflaverit, fummae mvefti- 
gatio; quam tamen finitam e(fe, ex altera, qua manifefto minor 
eft, colligimus : fi quis inveniat, nobisque communicet, quod 
induftnam elufit hsi£cien[us, magnas de nobis gratias feret." th^ 
further difcoveries of the Bernoullis, on this fubjefl, are confined 
to the demonftration of the following properties ; viz^ 

40IS 

« 3 4 a ^57 

4- &c. 

/ . 1 . 1 . 1 O N ^ " 1 1 « 1 1 

(l+_ + + -— 4-&C.)X =1 -+ 

» 3"! 4 a « 8"" 4 

*f"&c» 

The fummation of the feries 1 4 5- + — -- -f &c.was 

' . ^ 3 

accompliflied by Euler ; but the difcovery was too late to gratify 

the curiofity of James ficniOLflli, who was dead. The method 



of Euler extends to the general feries i + — 



1 1 



gSrt 'M 3« 



•+-,&c. where the index is anfy eVcn number: and it is derived 
from the expreflion obtained by refolving the feries for the fine 
of an arch into its binomial fafiors. I^et 2 be any ardfa^ and v the 
femi-circumfefence to the radius 1 ; then fin. 2 



*" "" ?*3 



R 2 and. 
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and* by taking the. fluxions of the logarithms of both fides of this 
equation and dividing by dz^ 

cof. z ^ t gg «z 22 ^ , cof.z 

ua. £ z «* — z' ^*3r* — z* g'/r* — z* fm. z 

cot. X = i — A^^* z — A^^^ z' — A^^^ r« -&c. the general 

term of the developement being — a^**^*' z** *; and let 
die leveral fraSions in the value of j—^— be developed 

into fcifes: then by equating the coefficients of the fame 
powers of z, on diflFerent fides of the equation, we obtain, 

a* 3* 4* 2 6 

111 A^^^ «-♦ 



3* 4* * 2 CO 

I I 1 t « A^*^ 'fi 7r« 

* + ^-*- ;:5 + :6 + «^c-= — .»* = - 



3" 4' a 945 

111 /v(»"0 

and, in general, * -h ^ '*"P "^ 4*^ + &c- =: -j- x ««•. 

From the value of the feries i + — — 4- — — -f — ■ 

* 3 4 

&C« we immediately derive, * 

t — --r — J 5- — — r + &c. =: — r 

2* 3 4 12 

Thefe J'ummations, firft obtained by Euler, have been in- 
ireftigated by other mathematicians in different ways ; and, par- 
ticularly^ by Mr« Landen in various parts of his writings. 

if we put sc = 1, in the feries propofed in the queftion, it 

becomes 1 ^ ^ + — r- — — -,- &c. the fum of which is 

2* 3 4 

-*-, a« we have feen ; and thus one cafe is obtained in which the 

12 

fum of that feries is expreffed by the fquareof an arc of a circle. 
But, if I miflake not, the ingdnuity of mathematicians has hither- 
to difcDvered no other cafe, that of jc rr 1 excepted, in which 

x^ x^ x^ 
tbe fum of th« feries AT i h --, 1- — z \- 8cc. caa 

.2 3 • 4 

be exhibited by means of arcs of a circle ^lone, without loga- 
' " ; rithms. 
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tkhms. . Mr. Landen, indeed^ has fucceeded in determining th;; 
fum of the feries x ^ + -^ &c. and the fums of 

the kindred ferieses ;i: + -5 + -^ + &c. and a; + ^ -f . -y +&c 

in fome other particvlar inftances by means of circular arcs 
amd logarithms ; and thefe cafes I (hall now proceed to notice, 
although they feem hardly to tall within thefcope of the queftion. 

For the fake of abridging language, I fhall ofe the following; 
notations: viz. 

the fymbol F [x) for the feries * + -^ + -rr + &c. 

X x^ 

the fynAol / [x) for the feries x — -^ + -^ ~ &t.' 

and the fymbol (p (a:) for the feries ^ h- — « H -^ +&£<. 

Since A$~ = «±^+-^ ±-^+&c. therefore 

Eormulas, which are alluded to in the queftion, belong to.D*. 

1 /* uX 

Lorgna: by putting log. - — x ^^^ jT^^ ^"^ ^og.it+x) 
£or /— ^ — , and attending to the meaning of tjhe fymbofe juftv 
explained, we get' ^ 

f^ log. — !— = F (;r) 
J X ^ i — x ^ ^ ,; „ 

J^ log. Ci + ^)=?/(-^) 
and, adding thefe expreflions, jti 

_ log. ^j— ^ = 2.PM. 

Now, let jf + 7 = 1 ; then^ = 1 — ^; and — / ^IT" )og^,>f"^ 
'— j^^ log, {1— :r)=: F(;c) : »» 'i^^e manner, -^ /- 

F {7); therefore, F^ + F(>)=— Aj^log.;. +-^log.A: 

~: C — log. ;ip x; log. y : to determine C, let ^ = o, then 

F (x) 



*dx 
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T\x) =: O, log. jrxlog.;^ := o,and F(>)=:F(i) z: i+ i.+ -— 

•4- &c. = -^ : therefore, 

FW + F(i— ;t) = -g log.A: x log.fi— ;t) (i;. 



1 .... . « ^* 



Again, Ict;^ = j^ : then -JL _ ^ _ _^^ and 

1 — *y =: — J — ' ; therefore— log. :p=s--^loj?. ( i ♦!- jc)~ ^-^ 

log. (t+x); and, by integrating F (y) ;=:/(;v) — i log.* (i +x), 

/(^) - ^{r^) - ^ >^S.' (i + *) ; • • .'•(*)• 

By the formula (i), wc get f(:j-~) + F (7^) = 



6 



t . . A? 



— * log. .^ ^ - X log. • : and by tomhMttg this d^KaHkhi 
with the fonihila (fi), we get 

Let A =: ; then a' -H tf = 1, and a = ^ : put 

t+a 2 '^ 

n for x in the formula (3), then 

/(a) + F (fl) = -g- - -I log.* «. 

Put a for ;r in the formula (2), and bccaufe a" = — ; — , 

therefore 

f{a) — F'fl») = \\og.^a. 

Bufc, from the nature of the lunftions ^"(fl) and F (a), Jt is 
obvious that we have F(a) — -I F (a*) :=zf{a) ; and thus three 
equations are obtained that are fitffident to dtirermine the quan- 
tities F(d),/(fl), and F U»); put i ?:f* gt; -^~|/.\ ; *knd 
wt thus get F (d() 



f «M ) 



»* . «» . « ■«« 



F(a) ;;: « +,-5- + -|r+ &c =—■ — log.** 



a* _ a* „ «■ 






b* . b^ .. m- 



where a rr ^ and h = . 3 ^^ ^ 

2 2 

Suppofe y = Y"^—: then — ^^ log. ;f =" J^ ^og* 

= 2^ (jf ) : and becaufe k = ^, therefore, in 

like manner, — y ~ log* Je =2(p fjy) : therefore. 



/; 



- log.^ + ^ log. x^ ==c-.llog,x X logjf : 

biac when x =: o, then (p (;if ) =s o, log. ar >r log. jf = o, and $(^) 
333<p(i.>xi3 1 +.-\ + A -t- &c. = -^ ==: c: therefore, 

let e 2= T" ■ ; then «* — 2^ ±: i.,. and ^ = y^ J* — i ; and 

by putting x zz e^ the formula (4) gives 

f W== ^ + 4^ + -V + &c. = A- — i log.» ^. 

3 5 *o 

Again, a being =: ^ ■ , we have obtained above, /(a) 

+ F (a) == -^ ^ 4 log." «^: but /(a) + F(a) = »<P(a); 
. thepefotQ, ■ 

0(a) 2= a -h — — + -r- 4- &c. = : -J log.* 41. 

Laftly, let flf zr — ^^^^^^ — = x/sT — 2 : then, by fubflituting 
the value of (p (a) juft obtained, in the formula (4), we obtain 

f{J)=:d+'^ +-rr+8tc, =:^ + |log.*a«41og*ax log.^* 

The 
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The formulas (2) and (3; deferve notice, becaufe the com. 
putation of F (x), when x is lefs than 1, is, by them, reduced 
to the computation of/{x), when x is lefs than 1. And, becaufe 

X ^^ , therefore log. * z: log. (1 +;r) — log. f 1 -f- - j : 



1 

X 



therefore — log. (1 — ;r) log, U +r ij = , — log. x : 

therefore y^(;e) +f{- ) = C + i log.* x : to determine C put 

* =: 1, then C ;;= 2/(1) zz — ; therefore, 

o 



By this formula, the computation of y (.t) when x is greater 
than 1, is reduced to the computation of f(x) when x is left 
iban 1. Thus the computation of F [x] when x is lefs than 1^ 
and oif{x) in all cafes whatfoever, is reduced to the computation 
ofy {x) when x is lefs than i. Now this may be accomplifted 
by a converging feries as follows: 

Let z = log. s/i^i-^-x) and let cbe the number whofe hyper- 
bolic logarithm is 1 : then c^^zz x '\^ xi there^re dx = 2dz Jc^*, 

X =z c2»— J, and -j^ log. (1 + ;:) = ?^^,_^ = 

^ = 2zdz + 2dz X • — '. Let — — = 

Cz — c* c^ — c^ c- — C-* 

) ^ 1« ^ .^^ &c. 

^^1 ' ^y'* l±M±^ be developed 

1 + 1 ^ — &c. 

1.2.3 1.2.3.4.5 1.2.3.4.56.7 

into a feries 1 + A^^ z» — A^^^z* + A^'^ z* — &c. then by 
fubftimting,. and taking the fluents, we get 

/ (;c) = z^ + 2 X W A^> .— - A^^^ ^ + A^« . ^'^ -&c. I . 



XXVII. QUESTION 177, fy Marloviensis. 

It is required to (hew a Ample pra^lcal method (capable of 
dcmonftration), of putting a globe or fphere into perfpeftive; 
fiavjng given th^ magnitude and fitv«atiod of the fphere, the heiglu 
oi the eye above the ground plane, and its diftance from the 

plane 



i 



r 
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plane of projeSion, which is, as ufual, fappofed to be perpen- 
dicular to the horizon, alfo to fhew what fituation the globe 
iiiuft have, that the contour of it$ perfpeftive may be any propofed 
conic feftion ? 

Solution, ij? Mr. LowRY. 

TTie rays proceeding from that part of the globe which is 
vifible to the eye, will evidently form a right cone whofe ver- 
tex is at the eye, and its bafe a circle made by the conta3 of 
the fphere wtth the vifual rays that form the conic furface; and 
the contour of the perfpeftive reprefentation of the globe, on the 
j pi£lure, will be the figure made by the interfeftion of the plane 
[ of the piflure with the conic furface ; and will be one or other 
i of the conic feftions according to the relative pofitions of the 
cone and plane. Conceive a plane to pafs through the eye in a 
direSion parallel to the plane of projeftion, or plane of the 
piSure : this plane is generally called the dire£iing plane : then^ 
when the globe is placed either on the contrary fide of the piQure 
to the eye, or between the piflure and the direfting plane, but 
fo as not to touch that plane, the cone of rays will be interfefted 
on all fides by the plane of the pidure, and the figure will be 
an ellipfe, except in that particular cafe when the bafe of the 
cone is parallel to the plane of the pifture, and then the figure 
will be a circle. Again, when the globe touches the dire&ihg 
plane on the fide next to the pi3ure, a fide of the cone will be 
in the direfting plane, and confequently will be parallel to the 
plane of the pi6lure, and the feftion will be a parabola: but 
when the globe is placed fo as to be cut by the direfting plane, 
it is evident that the part of the gk)be on the fide next to the 
pifture will only be vifible to the eye, and the figure will be a 
hyperbola. Hence, we fee, that the contour of the perfpeftive 
of the globe, will be an ellipfe, when the globe is placed without 
the dire£ling plane; a parabola wheif' it touches the direfting 
plane, on the fide next to the pifture ; and a l^perbola when the 
globe is cut by the direfting plane. 

Let £ (fig. 93, 94, pi. 4,) be the poGtion of the eye, ABa^ 
the plane of projeftion, or, as it is ufualiy ca'led, the plane of the 
pifl:ure,andHthe centre of the fphere. AHo, let EC be drawn per- 
pcndicular to the plane ABfii, andconceiveaplane to pafs through 
the eye, the centre of the pifture, and the centre of the fphere; 
or through the points E, C, H, meeting the plane of the pifture 
in the line CI, and the horizontal plane paffing through H in the 
line HI. Then, fince the relative pofitions of the globe, the eye, 
and the plane of the pifture are given; the diftances IH, IC, and 
EC are given. Let the rays EG, EF touch the circle FGW, 
which is the feftion of the fphere by the plane ECH, in G and F, 
^nd meet CI in gs^ndj, and join GF ; then GF is evidently the 
VoL# 11. Part I. S diameter 
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diameter of die bafe of the vifual cone, and ^/its per fpeSive rc- 
prefcntarion on the plane of the pifture. AY>d fince gf paffcs 
through the axis of the cone, and aifo through the point G, where 
a perpendicular from the vertex of the cone meets the interfe£t* 
ing plane, it is eafy to prove that when the cone is right, gf is 
one ot the axes of the feAion, namely, the greater axis when the 
figure i%an ellipfe, and the greater, or lefs. axis, according as the 
qone is acute or obiufe-angled, when the figure of the feflion is a 
hyperbola. It is alfo evident that the other axis of the feClion will 
^e parallel to the hafe oF the cone* 

Bifeft gf in S the centre of the ellipfe or hyperbola, and draw 
]^ISN parallel to GF, me-eting EG in N and EF in M ; and let 
PSQ, drawn perpendicular tog/, be the other Jixis; then the ppintg 
P> Q> N, M being in the conical fur face, and in a plane parallel 
to the bafe, they are in the circumfereiKe of a circle, and MS'SN 
•zz PSSQ z: IQ the fquare of the fejaai-axis SP or SQ. From 
hence we derive the following pra£tical confiruflion^ take ^ line 
4i=tpthe diAance BI, and with a diftauce equal ta the radius of 
the fphere, and centre A, dcfcribe.a circle. Make ic perpefvdicular 
to ik and equal to the di dance IC : and make u pierpendietti&r \» 
ic and z: to CE, the diflance of the eye from the pJane of the 
pi£lure: draw the tangents ^G', «F' meeting u in^'andy ; ihe« 
it i&evidfen* that the diftances y^', cgl are refpfeftivelyequai to Um 
diftanc^s I/i C^, ai\d therefore theasiis^ may be determmed by 
making IJizzz tf\ and C^ =z to cg'^ l^tf'g be bifeft^d in s, 
and thorough s draw mn parallel w F'G' ; ilaen ms, sn are re- 
fpe^liv^ly equal to MS, SN, and theretore the rettangle ms.sn n 
= to the fquare oi the femi-^xis: PS or SQ, hence if PS or SQ 
be taken each equal to a mean proportional between ms and sn, 
we have the two axes of the feftion andthe perfpeftive curve may 
be defcribed by knownmethods. 

The figure is drawn ouly for the cafe when the contour of tho 
peripeftive of the globe is an ellipfe, but the above coonlku^linn 
is equally applicable when the contour is an hyperbola, as w>U be 
very evident to anyone who will take the trouble to draw the figi*Fe, 

Infteadof finding the axis PQ, we might have found an ordi- 
nare OL, paffing through the point O where the axis^ meet& 
EH the axis of the cone. For if GF meet EH in K, it i& evident; 
(fince OL is parallel to the bafe ol the cone) that EO : LO :: 
EK : the radius of the bafe of the cone; and fiace EO, EK 
(or eo, eK') and the radius KF are giv^n; it ig evident that Lft 
is gjyen, and it may be found by drawing oi parallel to. &'F'^; 
for then OL is ==: oL This method of conAruaion is immedi. 
ately applicable when tl>e contour of the perfpeaive of the globe> 
if a paiaboMit 

XXVIIL 
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XXVIII. QUESTION 178, Z^yMecHANicus. 
If t^o given bodies, A and B, conne6led by a ftring, be (up* 
ported on an inditied plane, by means of the ftrinjr pafling 
through a ring at A, and any given force be impreffed on the 
body A, in a horijftcntal direftion ; it is required to determine 
the nattire of the curve defcribed by the body, and the circum* 
ilances of the motion ? 

Solution, 4y Mechanicus, the Propofer. 
Let CDEF (fig. i8l6, pi. 4.) be the inclined plane, n the fihfe 
of its inclmation to the horizon, R the pofition of the ring, or thfc 
point where the body A is placed at the commencement of thfe 
motion ; A and B the pofition of the bodies at the end of any 
indefinite time t, and R A/z a portion of the curve defcribed by 
the body A. Alfo let QR, parallel to the horizon, be the di- 
reftionof the impulfe which communicates motion to the bodies, 
and draw AQ perpendicular to RQ, or parallel to the firing 

Let Ka be an indefinitely fmall portion of the curve, draw atn 
per{>endicular to QAS, and join AR, aR ; with the diftance AR 
and centre R defcribe the fmall arc Aw and take ^b :=zzan. 
Pm / = the length of the string, 

g z=z 32-g- feet, the meafure of the accelerative force of 

gravity, 
X = AR, and then BR is n: / — *, 
V zzL the velocity in the curve at A, 
u z=: the velocity in the direftion AR, or the velocity 
tvith which the bodies approach to 01 recede fr<Hii 
the ring, 

^ = AQ, z =: RQ, s = Aj, X m <x« = B^, / z=zam. 

The impulfe given to the body A, when at R, caufes it to 

recede from the rmg and draw up the body B on the inclined 

plane in thedireftion BR : the motive force of A in the dire6Hon 

AS k :zz t/g X A, which being refolved into the direction RA 

is = »^ X A 4 ; and fince B a61s in oppofition to this force, 

PC 

its efre6t in the dirt- £lion of the firing muft be fubtrafted from 

11^ X A 4- to obt2ri«n the motive force, which* upon the whole, 

urges A or B towards the ring; but the motive force of B, or 
the force that urges it to defcend in the direflion BR is :_ «^ X 

B, therefore ng X (^ -• B] =: ng x { ~^~ — ^) is the 

motive force in. the diie£lion of the firing. And this force re- 
folved into the direftion Aa i$ — ng x {-^ — B} X -r- = ng 

^ /A7 "- J5Xj ^j^^ motive force in tb* direSion Aa of the 

S2 ' curve. 
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curve. Thefe forces divided by the inertia of the mafs movedi 
are equal to the refpeflive accelerative forces in the directions 
AR, ha. 

The inertia of B is evidently equal %o its own mafs B ; but 
fince A and B move with different velocities, or are differently 
accelerated, the inertia of A cannot be equal to its own fnafs but 
to fome other quantity. X^ei this quantity be M, that is, let M 
be a mafs fuch, that when placed at B, and the mafs A removed, 
it may refift the communipation of motion in the fame manner as 
the mafs A when it moves ip its proper path. 

Now the motive force of A, in the direftipnAfl, being 72|r x 

Ay — B^ 
^ ' ,. ), the accelerative force in that direftion is ng X 

/l2L- ) if A only b^ iponfidered as the mafs mov^ed ; ?ind 

^ jA 

the motive force of M (or B), in the direftipn BR, being ng 



Al ^^ gjj 

X (-— T ), the accelerative force in th?it dire3ion is ng 

^ / / , ^ ) if M only be conGd^red as the m?ifs moved : 

^ mx 

But A defcribes the fpace j with the velocity p, in the fam^ 
time that M defcribes the fpape x with the velocity a, and the 
accelerative force being equal to the fluxion of the velocity 
divided by the fluxion of the time, the accelerative forces of A 
and M will be as the fluxions of the velocities, tjiat is, 

Ay Bxv /Ay — Bx. • . r r 

^g X F~' ) • ^^ ^ ^-Ui — ^ ''• ^ ^ «; therefore 



As 



• • 



M :z—^ ; and B -h ^'tt- =: the whole inertia of the maf$. 

xu xu 

• • 

Confcjuently. ng y ( ^^ ~ "* ) ^(B + ^) =ng X 

[Ay ox) u .^ ^^^ accelerative force in the direftion AR or 
Bux + Avs 
Bb, which, by dynamics, is =: to -v-; therefore n^fA^—B^) 



• 



= Buu H —, or fince -r- = -— 

X X u 

^g (A^ — Bx) =z Buu + Ayv (t) 

and taking the fluents 

^ng {Ay - Bjc) = B«^ + Ar;* (2), 

Now, befides the force y^hich afts in the direfiion of the 
firing, there is another force which difttirbs the motion of the 
bodies by afting in | direftion perpendicular to the radius veftor 
RA, for the motive force of A in the direfiion QSA isng x A^ 

• which 
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vhich being refolved Into a force perpendicular to R A is ng ^ 
A X fin. QAR=z «^ X A x -^ = A X /(fuppofing ng x 

To compute the cffcft of this force on the motion of the 
Vodies ; let w be the velocity of A, in a dire6tion perpendicular 
to rhe radius veftor AR, and let p be the value of the perpendi- 
cular dra^n from R to the tangent to the curve at A : then the 
velocity in the direftion of the tangent, or element Aa of the 

curve, will be 7 — smr = — • This velocity would con^ 
' lin, rAR ft J ^ . 

tinue invariable, if the forces were to ceafQ to a6l on the body A« 

ZVX ""f* zux • 

and its fluxion — r would then be = o : or w would 

. f 

be = — • — ; but when the forces continue to ^&f the fluxioii 

• • Z09C 

of the velocity is w^ therefore w + — ** (or the excefs of the 

fluxion of the velocity when the forces aC|, above the fluxion of 
the velocity when the forces ceafe to aft,) will be equal to the 
fluxion of thje velocity generated or deftroyed by the a£lion of 
the motive force A x y only. Butthefluxionof the velocity 

isrz: to the element qf the time / (or — j multiplied by thp 

accelerative force, that is, 

• , tyx X J. r / • . ^i\ ti 

«» + - = - x/.or/= («+-) X ^, 

But it is evident that w is = \^(»* — <*')» therefore 

P — /( % 2 \ 5 ^"d putting thefe value* in the expieffio* 

for^i we have 

. r \ (vV UU) XU , ,, . ,. 

°'^'''^*(=/^)=1r7(i;n3;^+«/f"^-«) (8). 

From the equations (1) (2) {3), and recolleCling that / — 
t/(i* + 2*), ~r-/ = ---, and 2* = Of* — >*, we may determine 

X Ml 

^he circumftances of the motion, and alfo the relation between 
y su)d 2, the rectangular co-ordinates of the curve; but the ex- 
pr^0iops are too complicated to admit of any elegant conclufion. 

XXIX. 
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XXIK. (JUESTICMJ 179, ^^ Mr. WAtLACX, fl.irf. (T^e. 

Suppofe two particles of matter p and ^, to be coniie£leil by a 
firing )frA^, and to reft in equilibrio upon two inclined planes AB, 
AC, the ftiing being fuppofed to pafs over the common fe61:ioli 
of the planes at the point A; then, if a circle be defcribed through 
the points/^. A, ^, and the particles without changing their po- 
ikion are oifenga^d fr<om the Aring /^A^, and coiuietted by uio!> 
tlher pa4f^ which pailes over a peg laSicntii at any point a io the 
circumterence of the circk, the particles p and y wiJl diiii reil iji 
equilibrio upon the planes. Required the demon ftration ? 

Solution, by Mr. ThomasBazley, Bvltoa. 

Fig. 87, pi. 4. Draw the horizon lal line pQ cutting AC in 
Q ; theti, by the property of tlie inclined plane (when the ftrin^ 
pafles over the common fe61ion of the planes) rad. 1 : fin. A^Q 
M p I p X fin. ApQ -T the force fuftaining p, atod in 'like man* 
nev a x fin. AQp = the force fuftaining q; whence by the 
qiieftionfin. ApQ x p = fi^^. AQp x f. 

Now when the ftring paffes over a, we (hall ha\^, ^'by cor» 1. 
pj:op« J5, Emerlbn's Mechanics, 8vo.), cof.apA : fin. A^Q :: 
p : (fin. A^O -r- cof. apA ) xp zr the force of ^ in the direction 
op; and fofthe feme reafon, (fm. AQp -7. cof. Aqa) x f = the 
iorce of y in the direftion aq. But it was (hewn thaft fin. A^Q x 
p zi fe. AQp X y. a*>d, by the property of the circle, the angfe 

Aj^aiszztotheangle A Jd5; therefore -> — p^ X fi ^ — r — ^^ 

X qv confequently p and q fuftain each other at a. 

And thus the queflion was anfwertd by iWg/r<.Cunli&, Nicholfon, 
- and Sirapfon. 

'XXX. PRIZE QUESTION 180. *>/ Geometrigus. 
IfthfiTopfofite fides of a hexagon, infcrib^ in a circle, be 
produced till they meet, the three points of interfeflioii will be 
in the faiwe ftraigbt lifte. Re<jwired the demonftratjon ? 

First Solution, by the late Earl Sr ah hoPs. 
(From the Appendix to Schawb^s edition of Euclid's Data.) 

Fig. .88, pi. 4. Let the oppoike fides of the hexagon AFEDCB, 
when produced, meet in the points G, H, I. 

Draw BL parallel to EI, and FM parallel to CG 5 and 
tlw-oirtTh- F, B, draw LP, MN ; join PH, NH, and draw FC 
and BE. 

Becaufe, by conflruaion, BL is parallel to ED, the arc BCD 
;;;;:: LFE. aud the angle BCD z^;; LFE, and their fuppleioeiits 
or the angles PCH, PFH are eqna^ ; and finer the angle 
FQP sr CQH, the reniainiti^ angt^-s of tt>c triangles FQF, €QH 
are equal, or t?he angle CHQ = FTQ. Therefore theqwad^i^- 
lateral FCHP may be circum4eribcd by a circle. And m the 
fame manner it is proved that a circle will circumfcribe the 
quadrilateral BEHN. • ' 

Hence 
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Hence the angle CFH =: CPH : but the angles CFH', C0Sf 
»re equal ; therefore the angle CPH rr CDN. In like manner 
it is proved that the angle EDP:=r ENfT, therefore EI is parallel 
to PH, and DG to HN, and confctpiently DNHP i& a parajlelo- 
gram : therefore the angle QPH = RNH. 

Again, the angle AFM = AGC, and AFM = ABM, there- 
fore ABM = AGC. But bccaofe the angle ABM =r IBN, 
the angle IBN =: AGC. And in' the fame manner it is proved 
that the angle GFP =: BIN. Therefore the triangles FGP, 
BIN are equiangular ; €onfeqacntly the fupplement of the angle 
BNI or the angle BNR is equal to FPQ the tupplemcnt of FPG. 
And fince the angle QPH = RNH, tlierefore FPQ -H QPH or 
FPH = BNR 4- RNH, But HBN = HEN, and HEN = 
FHP. therefore the triangles BNH, FPH are fimilar. And be- 
caufe the triangles FGP, BIN are alfo fimilar, we hare 

GP : PF :: BN : NX ; and PH : PF :: BN : HN; 
therefore (tx cm. periurLj GP ; PH : : HN : Nl r 
whence (bj comp. )GP : PH ::GP4-HN(o»GD>: PH + NI orDi: 

therefore GHI is a ftraight line. 

SfiCOHD Solution, by Mr. Ivort. 

Fig. 89, pi. 4. Let the oppofite fides of the, hexagon meet 
ift the points G, H, I. 

^oin rwo of the oppofite angles ef the hexagon^ as A and D j 
about the triangte Al>I defcribe a circle, and let that circle nieeC 
GA and GD (or thefc lines produced) in K and L; and jom PC, 
KI, LI, KL. Becaufe the quadrilateral ADIK is in a circle^ 
therefore the angle AKI = AuE: and becaufe the quadrilateral 
FADE IB iiv a circle, therefore the angle AI>E =2 GFE : there- 
fore the angle AKI z= GFE, and KI is parallel to FH. In Hka 
manner, ®n account of the circles, the angle AIL n ADL r:? 
CBI ; and LI is parallel to HB. And, again, the angle KLD 
= DAF n FCD'; and KL i& paffaliel to FC. Becaufe FC i» 
parailel to KL, therefoare 

GF : FC :: XiK : KL. 

And,, becaufe the (ides af the triangle HFC have been (hewn to* 
beparailelto the fides oft be trianyle IKL, each to each, tliereJofe* 

FC : FH :: KL ; KL 
ThffFofore, f a: «f tf a, GF : FH :: GK : KL 
Therefore G, H, I are in one ftraight line. 

Third Solution, by Mr. Lowry. 

Lfet ABCDEEA (fig. 90, pi. 4.) be the infcribed he?eagon ; 
G the imerfiedirjon of the oppofite fides BC, EF; H the inter- 
fcaicMi oi the oppofite fides AB, DE; and I the interfetlion of 
the oppofite fide* CD, AF; then the points G, H, I are in » 
ftiaight line. 

Draw HK parallel to BC meeting CD produced in K, and 
GL paraikUo AB mecmnglFin L. Join AK, LC, AD and 
CF. Then, biecaufeHK is parallel to JiC;. the angle :aGt (or 

BAD — 
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BAD, Euc.iii.'22.j is zr to the angle HKD; therefore the points 
Ay D, K, H are in the circumference of the fame circle, and 
the angle ADH = to the angle AKH. 

Again, becaufe GL is parallel to BA, the ahgle GLF is r: 
to the angle HAF ot* f ibid. J to the angle BCF; therefore the 
points G, L, C, F are in the fame circle, and the angle GCL = 
the angle GFL m the angle ADH or AKH ; therefore LC is 
parallel to AK,and confequently the triangle ILC is equiangular 
to the triangle lAK, and the triangle GLC equiangular to the 
triangle HAK; therefore LG : AH : : LC : AK :: IL : lA; 
and fince the points I, L, A are in a ftraight line, it is. evident that 
the points I, G, H are alfo in a ftraight line. 

The piopofition may be enunciated more generally as follows : 
. Let two chords AB, D£ (fig. 91, pi* 4*) be infcribed in a 
circle, interfefting at H (either within or without the circle), 
and from" two of the terminations B, D (or B, E) let two flraight 
lines be infle£led to any point C in the circle, and from the 
other terminations A, £ (or A, D) let two other ftraight lines be 
infle£led to any point F in the circle, meeting the former in- 
fie6led lines in G and I; then the points G, H, I will be in 
a ftraight line. 

If any two of the points in the circle coincide, a tangent may 
be fubfiituted for the inflefied line, and the propofition will ftill 
be true, and the preceding dempnftration will hold good. 

The propofition thus generalized, is alfo true in any of the 
conic feftions,^ as was, 1 believe, firft difcovered by Maclaurin* 
It is alfo true when the figure is infcribed in a fmall circle on the 
furface of a fphere ; arches of great circles being fubftituted in 
place of ftraight lines. 

Fourth Solution, by Mr.RiciuNicnoLSOS, Liverpool. 
Let ABCDEFA (fig. 92, pi. 4.) beany irregular hexagon 
infcribed in a circle ; produce the fides AB, ED and BC, EF 
to interfe& in G and H ; draw GH, which produce to meet CD 
in I, and join IF, FA: then, if the propofition be true, FA is 
a continuation of IF. To demonftrate this, draw BK parallel to 
GI, and KL through F to meet GI in L ; join F, C and L, C : 
then, the angles GHB, KBH and LFC being equal, the poitai^ 
F, C, H, L are in a circle; therefore the angles HLC, HFC 
and GDC are equal and the points G^ C, D, L are in a circle ; 
wherefore the angles KFA, KBA and LGB are equal, and the 
points A, G^ L, F are alfo in a circle. . Now, if FA be not a 
continuation of IF let FM be a continuation of it meeting the 
circle in M ; then IG x ILzrIC >c ID - IM x IF, therefore the 
pointsG,F,L,M areinthe famecircleasG,L»F,A; therefore, joia- 
mg M, B ; M, G, the angle, MGA, is equal to the angle MFA, 
that is, to the ansle MBA, which is abfurd. Wherefore FA is 
a continuation 01 IF> and the propofition of Geometricus true. 

Jtfr.;^IvoRY is requejled to fend to Mr* GlendinMINO's fffr 
the Medal for folving the Prize Qjueflion. 
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ARTICLE lih 

Solutions to Questions proposed in Number VI. 

I. QUESTION 181. iy Yanto. 

Bacchus caught Silenus afleep by the fide of a full caflc, he 
feized the opportunity of drinking, which he continued for two*- 
thirds of the time that Silenus would have taken to ^mpty the 
.whole ca(k. After that, Silenus awakes, and drinks what Bacchus 
had left. Had they drank both together, it would have been 
emptied two hours fooner, and Bacchus would have drank only 
half of what he left for Silenus. Required the time in which 
they would empty the ca(k feparately ? 

Solution, 7|y Yanto, the Propo/ir, 

LfGi X denote the number of hours in which Bacchus alone 
would empty the cask, and y the number of hours in which 
Silenus would do the fame. Then if the content of the cask be 

.denoted by unity, ~ and — will exprefs the refpeSive quanti- 

X y 

,ties drank by Bacchus and Silenus in an hour ; and b^ the quef* 
tion, ^y is the time Bacchiis continued drinking while Silenus 
was afleep; therefore^ by the queftion, we fliall alfo have .r : 

^ : : 1 : ^ s=: the quantity drank by Bacchus whilft Silefttts 

fleot: and 1 — -^ = — = the quantity which Sile- 

^ 3^ 3* 

nug drank : and therefore, -i- : 1 : : ^ - ~ ^^ : -^ - '^^^ ^ 

y 3^ 3^ 

ss the time Silenus was drinking: confequently, ^y -j- 

y (3^ — y) _ 5^y_IZjyL will exprefc the whole time of 
3^ 3^ * 

dtinking the cask. Again, — .+ — : 1 : : 1 : J^ =s the 
o ' ' X y X "T' J' 

VoL.II. PartI. T tii6« 
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time In which both together-might empty the cask ; and there 
fore by the queftion, 

Alfo. — -H — : 1 : : — • — r— = Bacchus's share, had 

• X y X .X ^y 

they drank both together ; which, by the queftion, mufl; be equal 
to half of what was left for Silenus ; that is, 

2i-^=-S2' = -^]— or 3^» - s^y = 2/ : 

JjX Af -t" > 

Hence ;c — fty> or ^ y : but as the queftion does not admit 

3 
ofx or jy being negative, the only value of any use, is a? = a^, 

by means whereof, exterminate x out of the equation ^^ ^ - 

_. ^y + 2. and it becomes ^^ == ^ + 2 : whence j^zij 
jf + y 3 3 

and AT z: 2jy = 6. 

^«^ thui the Queftion was anfwered by M0rs. Amicus, Cunliffc^ 

d'Riordan, Toplis, and Vinofus. 

II. QUESTION 182, by Amlicus. 

Two given beams, or rods, loaded with weights, being placed 
on a horizontal plane, fo that their lower extremities may be op- 
pofed to each other, and the other extremities be fupported by two 
parallel vertical planes ; it is required to find their pofition whea 
ihey arein equilibrio, and theprelfure exerted againft each plane? 

First Solution, by Mr. Cunliffe, J?. M. College. 

Let AB, (fig. 96, pi. 5;) reprefent the horizontal plane upo« 
which the two beams or rods are placed ; AM and BP the two 
vertical planes 5 NM and NP the two rods or beams oppofed to 
each other at their lower ends N, and the other ends leaning 
againft the vertical planes AM and BP. 

Let G, £ reprefent the refpeaive centres of gravity of the beams 
NM'andNP: draw MR, PS parallel to AB.and RGH, S^L 
perpendicular thereto, and join RN, SN. Let w denote the 
weight of the beam NM, and a;' the weight of the beam NP, 

Then by the corollary to Prop. 63,. Emcrfon's Mechanics, 
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RH : HN :: TO : (HN -f- RH) x w =: the force exerted by 
the beam NM in the direflion AN: and for the fame reafon, 
(LN -4- SL) X w' = the force exerted by the beam NP in the 
direction BN : and these oppofite forces when the beams are in 
equilibrio, muft counteraft or be equal to each other j that is 

(HN ^ RH) X ^ = (LN — SL) x w\ 
QT HN x SL X a; = LN x RH x w. 

And by reafon of the parallels HG, AM; L^, BP, 
NG : NM ;; NH : NA = NM x NH -f- NG; 
N^ : NP : : NL : NB = NP X' NL -f- N^. 

Put NG =: fl, GM = b, N^ z= eg? = d, NH = a:, NL =: 
y, and AB = s. Then GH === /(a* — x^), and gL - 
V^(c*— y*), and from what has been deduced, NA = (^ + ^] jf-f-/z 
and NB zz (c + d) y ~ c. 

Again, becaufe of the parallels HG, AMi L^, BP, 
NG : NM :: HG : AM = (a + *j V^(^' — x^)^a= RH, 
N^:NP :: L^: BP=:(<: + d) \/(c^ — y^) -^ c ==SU by 
means of which, the equation HN X SL x ^. ^ LN x RH x a^' 
becomes 

wxic-h d) \/{c* — y*)^cz=:wy(a'^b) \/(a* — x") -h <«• 
also, NA 4- NB zz (a-^b) x ^ a -^ (f+d)y^c=:s. 

From the two preceding equations, x dnidy may be found, which 
will determine the pofition of the beams when in equilibrio. And 
the preffure oi each beam againft its refpeftive vertipal plane, is 
equal to that exerted by its lower end in an horizontal direSion, 
(cor. prop. 63, Emerfon's Mechanics), and therefore the pref- 
fure againft each of the vertical planes when the beams are in 
equilibrio, is expreffed by (HN -4- RH) x w. The preffure 
againft the horizontal plane is obvioufly equal to the weight of 
both beams or a; ■+- Zfj\ 

Second Solution, by the Rev. LToi? lis. 

Let AG, MP, (fig. 97, pi. 5,) reprefent the two vertical 
planes, GM the horizontal one, AH, PH the two beams, D 
and Q their centres of gravity : let DF and QS, perpendicular 
to the horizon, reprefent the refpeftive weights of the loaded 
beanrfs. From D draw DE perpendicular, and FE parallel to 
AH : then DF may be decompofed into the forces DE, EF. la 
like manner, let QR perpendicular, and RS parallel to PH, re- 
present the force QS, decompofed into thcfe direftions. Let 
AC perpendicular to AG, reprefent the re- action of the plane 
AG upon the beam AH, which re-aftion may be decompofed 
into two others, AB perpendicular, and BC parallel to AH. In 
like manner, PN may be decompofed into PT perpendicular, 
and TN parallel to PH. In the direftion of the beam AH, let 

T2 He 
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He be takea equal to BC -f- EF, and dccompofed mto cd aj|d 
rfH; then H^ reprefents the force which afls upon, the beam in 
the drreflion AH. Let Hdt be the force with which the be^ra 
AH preffes upon the plane GM, in a dire£lion perpendicul^ (o 
itfelf, which may be decompofed into the forces VLb parallel, and 
ha perpendicular to GH, Let H^ = TN •+■ RS repreftnt the 
force of the beam PH, in the direflion PH, which ra^y be de- 
compofed into mf parallel, and fe perpendicular to GM ; alfo 
the preffure Wg, of the end of the beam PH, may be decempofed 
into the forces HA parallel, and kg perpendicular to'OM* 

If AB= HD X DJE-f-AH, cH= BC -f- EF, Ha -AD 
^ DE-f- AH, PT = QR x QH ^ PH,<fH = TN + RS. 
H^= QR X QP 4- PH, and Hd— Ub — H/— HA, it is 
evident, from the known principles of Mechanics, that the 
beams will be in equilibrio. 

To calculate this pofition, we may eafily perceive that the 
right-angled triangles AGH, ABC, D EF, H^rf and H^iA have 
the angles GAH, BAC, EFD, He d 7mA. *Htf equal, therefore 
the triangles are fimilar. Alfo the right-angled triangles PTN^ 
PHM, QRS, H<?/and H^A are similar, for the angles NPT, 
HPM, QSR,yeH, and^HA are evidently equal. 

Put /. GHA. =:;r, Z. PHM = y, DF = a, the weight of 
the beam AH; DA = ^, DH=:^, AH z=:zb'{-e =2 rf, QS 
= m, the weight of the beam PH ; QH =: A, QP n k, PH = 
A.-f- i zz./^ GM =: g ; then BE — a cof. x, and EP = d fin. 9c^ 

AB = HD X DE-f.AH = ~cof.;c,andBC= ^° 



(an. iC 
therefore Hf = BC + EF = ^ . t^l^^ ^ aye 



^ .52£JL; therefore H. = BC + EF = ^ . SEL^ 
a tan* x a tan. x 



fin. x^ and Hdf rn He . cof. x = -7 • '• — "+■ a fin. x cof. j^. 

a tan* x 

Alfo Ha = AD X DE ^ AH = ^ cof. *, and HB = Ha 

X fin. * = ^ cof. * fin. * ; therefore H</ — H3 = ^ . SS^H 
a d tafi.x 

+ (« — ^j ^°^- x^n. x; but (a — ^ j cof. * fin. m sr= 

|.cof.*fin,* = 5 .-^j hence H^ ^ m = ^ 

/cof.* a: 4- fin.' x\ ac , , . , , 

( tan..» ' ) ^ d^^^' ^y wlculatwg the forces 

H/, HA, b a fimilar way, we find W^ HA = .^ . and 

fince 
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fijice H^--^^H* is =• H/— HA, we have 

ac mk J ,y 

■ I ■ » ■■ - •' 'f «••••••••• «»«»'«»i» (li 

a tan. x f tan. y ^ 

Alfo, GH - AH cof. X -d eof. a;, and HM = PH cof.> 
tzftQ{,y*y therefore 

d cof. X + / eof. ^ zi ^ (2) 

And from the equations 1 and 2, we may eafily . determine the 
angles x and v, and then the pofition of the besans is known. 

AB 
To find the preffure againft the planes, we have AC r: ~p 

II n« X 

dc cof. 1^ etc ' " 

== — jp — — = -z — : — , the preffurei againft the, plane GA ; 
^nn.i^ u tan. x 

PT mk 

and PN zr-^ ^=z -^ — -^ — .the preffure againft the plane MP. 

lin.jv J tan. y ° ^ 

V . , rr r ^^ Cof. X fiu, X _ . 

Again, cd, zz cH fm. x zz --. . + a fin.* x^ and 

d tan. X 

al zz: dH cof, x tzzz -j cof.' x, and cd + ai 2= -^x 

" d 

^^- ^ ^"' ^ + a fin.* ;. + ^^of.^;.; but /^^^ ^ ^^"' ^ 
tan. X d tan. a: 

zz cof.* ;v; therefore cd -\- ab zz a [ — -^ cof.* x -+- 

-^ fin.* jvj z: a, the preffure of the beam AH againft the 

plane GM ; aiid by a fimilar calculation, we find <?/ + gh '±=: 
»», the preffure of the beam PH againft the plane GM, or the 
whole preffure of the beams againft the horizontal plane, is equal 
to the fum of their weights. 

Third Solution, by Amicus, tka Propofer. 

Let GA and MP, (fig. 98, pi. ^,) be the vmical planes, AH, 
PH the given beams placed in the required pofition, D the cen- 
tre of gravity of the beam AH, and W its weight; and Q the cen- 
tre of gravity of the beam PH, and w Its weight. JoIiTdQ, and 
m^ke X>L : LQ :: W : m\ tli^i^ X. i^ tbe comrwn centra pi 
gravity of the beams : and wheij an equilibrium takes place, this 
centre muft be at the loweft point, or at the leaft diftance from 
the hpri^ontalplane GM ; that is^ if LX be perpendicular to 
CM. then IX muft be a mmimJW- -Dr^w DI, jQK perpeodi- 
, cular to GM, and put a - pH, i i;:;^: AH, m ;= QH, n zz 

PH 
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PH, p = GM, x=: Z. GHA, and y = z. PHM ; then DI 
= a fin. X, and QK = m fin. y. Draw QV parallel to GM, 
meeting LX in Y, and DI in V ; then LX zr QK + LY, and 
DV = DI - QK, and LQ : QD : : LY : DV, or LY = 

VD X ^% == (ID - QK) — %r, = "^ ,v, X 

(tffin.jt — m(in. y); therefore QK -+- LY = m fin. y 4- 

-- — r — ;^ fa fin, jf — ,m fin. y) z= ; — ^- ftf fin. x) + 

Wm 
— -7— Hr ^^"' y = a minimum. Take the fluxion, then 

wa . r I Wot . - 

— . v.y X col. X + — ; — yTj y col. y 1Z t:^^ 

wax oof. * 
•^ W/» cof. y ' 

Again, GH zz AH cof. x :=. b cof. jf, HM n « cof. y, and 
i cof. ;v + « cof.^ — pt a conftant quantity, therefore its flux- 

hx fin. X 

ion» or — bx fin. at — wy fin. v ~ o, and y == '-^ — '—-^ : 

* ^ :f » ^ « fin. y 

G'^ X' cof. X h X fin. X wa cof. a: _ ^ fin. x 

W7/1 cof. y n fiji. J/ ' W«» cof. y ~' n fin^ y* 

« fin. y i fin. j: « J 

or c«r ^F-~ = r — » o^ xTt — *an. y =; — tan.af,an<l 

Wffz cof.j^ t^« cof. X \Nm ^ wa ' 

from this equation, and the equation h Cof» x + n coLy zzzp^we 
may dttermine x and^. 

A folution was alfo received from Dr. O'Riordan, 

III. QUESTION 183, by Quidam. 

Given all the four fides, and the diflerence of the parts int# 
which one of the angles is divided by a diagonal; to conftruft 
the trapezium and point out the limits. 

Solution,-^;' Dr. Michael Stuart O'Riordan, Car^ 

low^ Ireland* 

Suppofe It done, and let ABCD, (fig. 98. pi. 5,) be the tra- 
pezium required, in which the four fides and the difference of the 
angles DCA, BCA, (made by one of the diagonals AC) arc 

given 
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given. Let the triangle AOC be made equal to the triangle 
ADC, and join BO; that is, let OC be made = to CD, and 
AO = to AD, and then the angle AC O will be equal to the 
angle ACD, and the angle BCO will be equal to the diflPerencc 
of the angles DCA, BC A : hence the fpllowing 

Construction. With the given fides CB, CO (CD), 
and given difference of the angles make the triangle CBO, and 
with the given diftances OA (AD), BA, and centres O, B, de* 
fcribe arcs to interfeSat A j make the triangle ACD = to AOC, 
and it is done. 

It is evident, that BO muft not be lefs than the difference, nor 
greater than the fum of OA, BA; and when BO is equal to the 
difference of AO, BA the angle BCO, or the difference of the 
angles DCA, BCA is a minimum. 

Mejfrs. Amicus and Cunliffe, anfwercdit. 

IV. QUESTION 184, by Mr. ]oiiy^^O}^, Birmingham. 

A given quantity of gold is to be made into a cup in the 
form of a fegment of a fphere, and n tenths of an inch in 
thicknefs: what are the dimensions of the cup when it is made 
«9 as to contain the greatest quantity poffible ? 

Solution, by Mr. Cunliffe. 

Let r denote the radius of the interior fphere, or that which 
confiitutes the hollow part of the cup, and let x denote the depth 
thereof, or the verfed fine of the fegment: then will r-|-n de- 
note the radius of the exterior fphere, and x -{- n will denote 
the verfed fine of its fegment. And by a well known theorem « 
f X (^^* — i^')» wi'^ exprefs the content of the hollow part, 

where/» = 3-i4x6; and/^ x ^(r+ n)(n + x]*—^ x (n + xy^ 
will exprefs the content of the fegment of the exterior fphere. 
Alft the difference of the foregoing expreffions, viz. p xi (r+«) 
{n + xf — rx^ I - tA X (« 4- «)' + Tpx^ will exprefs the 

quantity of gold in the cup, which fut z=zpq*n. 

Now the content of the hollow part, viz. p x {rx^ — i*'} i« 
to be a maximum by the queilion, or rx* — l-^* is to be a maxi* 

mum; putting its fluxion =: o, gives rx^ -+- 2rxi — ** * 

zzo; whence r =: — x (ar — x) ^ ;r. 
Turthermore, the expreffion for the quanticy of metal being 

conftam, 
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«onfiaat, its duxion will b« = o, jor r (rt + «)* •+■ -ix (r + n) 
(n 4- *) — * rx^ -u 2rxx —x(n-h x)" + x^xzztr (»* + 2nA;) 

+ x (n* + 2r«) 3==30, or r =-t- x ^ — f— - 5 theiefc 



ore 
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£= ^-^ — whith equation, when properly reduced, gires 

x:r:zr» And hence it apj:)ears, that the required fegtnent. is art 
hemifphere. Haviog now determined that the retjorred fegmem 
is an hemifphere, it will be eafy to find the radius of the fpnete ; 
for^ by a well known theorem, 

by the queftion : whence, after proper reduftion, completing 
the fquare, &c. We fhall have r n^ |- y/{iS(f -»- 3«^) — |-/i. 

^his queftion was anf wired by Meffrs. O'Rigrdan ^w^TopIis. 

V. QUESTION 185, by Quid am. 

Let one end of a firing of a given length be fattened to a point 
A in the circumference of a circle, ani laid tightly upon the 
^circumference, and brought with the other end T to meet the 
.diameter AB in T : what muft be the diameter of the circle that 
fthe fpace BTP included by the right lines TP, TB, and the arc 
3P may be the greateft poffible, TP being a tangent at T ? 

Solution, /^y ^r.CuNLiFFE. 

Draw the radius CP, (fig. 99, pi. 5O then PT x "ICP == 
4hc area of the triangle TPC, and arc BP x tCP = area of the 
fe£tor BPC, and their difiFerence, viz. (PT— arc BP) x \Cf 
r= the fpace BTP included by the right lines TP, TB and the 

»^ BP. 

Now let q denote the quadrantal arc of a.circle, whofe radius 
is 1 ; and let a denote the length ot the ftrfng APT ; then arc 
AP H- PT =: 2q X CP — are BP + PT = tf, whence PT — 
arc BP = a — fi? X CP, and hence the fpace BTP r= (PT ~ 
arc BP) X -|CP = (a - 2y x CP) x ^CP=r: y X (a -i- g^r -*. 
CP> X CP = a maximum, or {a ^ 2q -«- CP) X CP a niaxi. 

mum. 

The problem is therefore now evidently reduced to the dividing 
of aline of a given length into two fuch parts, th^t their reftangle 
may be a maximum, whicb.is known to be the cafe when the given 

line 



/ 
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line IS bisected; liencc we shall have CP =: a -^ 4^, or AB r=: 
aCP z=za^2q. 0. E.L 

From the preceding conclusions. It is easily perceived, that 
having given the length of the string APT, we may determine 
the radius CP, so that the area BPT may b^ equal to a given 
space, by means of a quadratic equation. 

Or which amounts to the same thing, the solution of the fol- 
lowing question may be eflfected by a quadratic equation. 

Let a string, TPAP*, of a given length, having its ends fasten- 
ed together, be laid upon the periphery of a circle, and stretched 
to point T, in the plane of the circle ; to determine the radius so 
that the area PTP', included by the tangents TP, TP, and th«L 
intercepted arc PP' may be equal to a given space. 

u4n ingenious solution was received from Dr. O'Riordan. 

VI. QUESTION i86, by Mr. John Whitley. 

If an ellipfe be circumfcribed by a triangle, and lines be drawn 
from the angles of the triangle to the points of contact, meeting 
the ellipfe again in three points; tangents drawn to the curve «t 
thefe points will interfeft each other in the faid lines produced. 
Alfo, if the faid tangents and the fides of the triangle be produced 
till they meet, the three points of interfection will be in the fame 
ftraigbt line. Required the demon ftration ? 

Solution, by Mr* Low^ry, R.M. College. 

The demonstration of this proposition will be greatly simplified 
by premising the following Lemma. 

Let three straight lines, AB, BC, AC, (fig. loo, pi. 5,) 
touch a conic section in the points P, Qr R, and meet each 
other in A, B, C; then, if straight lines AQ, BR, CP be 
drawn from the ptJints A, B, C, to the points of contact Q, R, P, 
meeting the curve in a, b^ c\ they will intersect each other in 
the same point K, 

Let the line which joins the points Q, R, meet AB in Z, 
and CP in N, and let K be the intersection of the lines AQ, 
BR; then if PC does not pas& through K, let PK be 'drawn 
to meet QR in some point n different from N ; then (Hamilton's 
Conic Sections, Prop. IV. B. V.) the line AZ is harmonically 
divided in the points A, P, B, Z; therefore the lines AC, PC, 
BC, are harmonicals with respect to the point Z ; and the lines 
AQ, P«, BR, drawn through K, are also harmonickU with re- 
spect to the said point Z : wherefore the line ZR, which meetg 
both sets of harmonicals, is harmonically divided in the pointy 
Q, N, R, Z, and also in the points Q, n, R, Z, which is im-i 
possible, except the points U and n coincide ; therefore PC 
must pass through K. 
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When KQ i< parallel to AB, it is bisected in N, and ABls 
<hert bisected in P, and the truth of the lemma is evident. 

Cor. a tangent to the Curve at r, passes through tbe^point Z; 
• ind the points' tf, 4, Z are in a straight line. 

For if TjC is not a tanjrent to the curve, let Z^ touch the curve 

^at d^ and draw Vd meeting RO in w. ; then RZ is harmonically 

divided in the points R, m, Q, Z (Ham. P. III. B. V.) and 

also in the points R, N, Q, Z (as is proved above,) which is 

' impossible; therefore m coincides with N, and d with c, and Zc 

is a tangent at c. 

Again, if the points a, b^ Z, are not in a straight line, let Uf 
be produced to meet the curve in M, and the lines CP, AQ in 
I and L; then because of the harmonicals, LZ is harmonically 
divided in the points L, I, ^, Z ; and (Ham. P. III. B. V, ) it is 
also harmonically divided in the points M, I, h^ 7j\ which is 
impossible, except L and M coincide with the point «, (Ham, 
B. V. Def. 2, and Cors.); therefore the points a^ b^ Z, areia 
a straight line. 

Hence it appears, that the lines RQ, ab^ and the tangents to 
the curve at P and c, intersect each other in the same point Z. 

Demonstration of the Proposition. Fig. loi, pi. ^. 
Let the figure be drawn as before, and let the tangents at the 
points <i, ^, ^, intersect in E, F, and G. Then, ist. the pro- 
position affirms that the intersections E, F, G, are in the lines 
AQ. BR, CP produced. Now. (Ham. P. VHI. B. V.) the 
intersection A of the tangents R A, PA ; the intersection E of 
the tangents ^E, cE ; and the intersection K, of the lines Ri, 
cP, are in a straight line; but it has been shewn in the lemma, 
dial the intersection K, is in the line AQ, and therefore the in- 
tersection E is in the line AQ produced. In the very same way 
it may be shewn, that the pomt F i« in the line BR produced, 
and that the point G is in the line CP produced. 

It is manifest, (Ham. ibid.) that the lines Re, P^, will inter- 
sect in AE produced : that the lines P^, Qr, will intersect in 
""BR produced ; and finally, that the lines Ra, Q^, will intersea 

• in GO produced, 

adly. Let the tangents at «, b and r, (fig, loa, pi, 5,) meet 
the tangents at Q, R, and P, in X, Y, and Z; then, by the 
proposition last cited^ the intersection X of the tangents aX» 

* QX; the intersection Y of the tangents bY; RY; and the inter- 
section of the lines RQ, ub^ are in a straight line. But it has 

• been proved, in the cor. to the lemma^ that the lines RQ, ab, 
intersect in'the point Z, where the tangents PZ, cZ, intersect, 
and th<^refore, the points X, Y, Z, are in a straight line. 

The last part of the question is only a particular case of <be 
' ' jgeaeral proposition enunciated at p^ge 144 of the last number of 
the Repository, when applied to the conic sections. 
Dr. O'Riordail aho answered this q$usttanf 
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Vn. QUESTION 187, by Laputiensm. 

Let two fpherical balls given in magnitude and weight, and ^ 
having their furfaces perfectly polifhed, be but into a fpherical 
veflci of a given diameter* whofe internal furtace is alfo perfeQly 
polifhed : required the di dances of the points of contaft from 
(be lowed point of the veflelg when the balls reft in equilibrio 7. 

Solution, by the Rev. I. Toplis. 

L^ OEFitf (fig. 103, pi. 5,) be a section of the vessel and 
apherical balls, perpendicular to the horizon, and passing through 
their centres ; Q the centre of the vessel, OF a vertical line* 
OAE, and Oae^ lines passing through the centres of the balls tp 
Ae vessel, KlAa a line joining their centres. Let AD perpen* 
dicular to the horizon, represent the weight of the ball AEMf 
and DE be drawn parallel, and AC meeting it, perpendicular. 
to OAE ; then the force AD may be supposed to be decomposed 
into the forces AC, which accelerates the sphere down the side?, 
of the vessel, and CD, which acts against the surface of itho 
vessel at £, As Aa joins tt^e centres of the sphered, it passes'* 
tlu'ough. their point of contact M, and the force which opposeiv 
the descent of the sphere AEM, acts in the direction MA : le^ 
BA represent this force which may be decoi^posed into two 
Others, one parallel to OAE, and the other perpendicular to it; 
the force parallel to 0£, is opposed by the surface £F, and that; 
perpendicular to it, ought to be equaho AC, in the case of an equi* 
librium; therefore these forces may be represented by BC and 
CA. If in the sphere M^a, ad is taken perj^endicular tp the ho* 
rizon, and in the same ratio to AD, as the weight of the half 
YAea is to that of MEA, and deb is drawn parallel, and ac per- 
pendicular to Off, the force represeoted by ad^ may be decom* 
posed into cd^ which is opposed by the re* action of the vessel^ 
^nd ac which accelerates the sphere down the vessel* As th6 
force which opposes the rolling oi the ball, acts in the direction 
M^i, let it be represented by ba^ which, in the case of an equili- 
brium, is equal to BA ; then ba^ when decomposed into twd 
forces, onie parallel, and the other perpendicular to Oae^ that 
perpendicular to it, must evidently be represented by ca* As 
|he lines QE» AE, and a^are given, their sums and differences 
lure given, thierefore OA, Oa^ and Aa, s^nd consequently the 
Iriangle OAtf.are.given, '/. 

Put Aa zz a, AD = W, ad =1 a;, and x = AG ; then aG 
es=^ ^ •»• and, by similar triangles, OG ; AG :: AP : Al^ 
zz xSlff^Of^i ^iw>. OG : aQ : : ad : ab zz (a-r^\w -4- OG, 
and siace Afi =a^i we h^ye ;c W ^ QG sz; ($(— f j y^ -7- ^^* 
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•r xW z=t [a^- x) w; therefore x = /i -f- ( W + w\ And 
as in the triangle OAG, AO, AG and Z-OAG are known the 
remiiiiing sides and angles maybe easily found, and in a similar 
manner the sides and angles of the triangle OO^i ar« known : but 
the angles EOF and FO^ give the distances of the points of con- 
tact itom the lowest point F. Join FM and in the triangle FGM 
we know MG,— AM — AG, GF = OF — OG and iLMGP 
== ZAGO, from which we may find MF, or the distance of 
M from the lowest point. 

Second Solution, i^ I?r. O'Rior dan.. 

LetOEF^ (fig. 103, pL 5,) represent a vertical section of the 
balls and vessel ; A and a the centres of the balls; E and e the 
points of contact with the interna! superficies of the vessel: 
draw Afl, which will manifestly be eqnal to the sum of the semi- 
• diameters of the two balls, and therefore given ; also produce the 
!radii EA, ea, till they meet, which will be in O, the centre of 
the vessel. Now the common centre of gravity of the two balls, 
will be a given point in Aa, which suppose G; then through O 
and G, draw the right line OGF = the radius EO, and joia 

EF, ef. 

When the balls are in equilibrio, the line OGF must be per- 
pendicular to the horizon, and F will be the lowest point of the 
vessel, and EF, ^F, the required distances of the points of con- 
tact of the balls from the lowest point. 

The calculation will be very easy : AOa is a given triangle, 
and G a given point in the base Aa ; whence we find Z. AOG 
»— /.FOE; there is also given EO = FO, whence ive may 
easily find EF. And in the same manner ^F may be found. 
Solutions were alfo received Jrom Messrs. Amicus and Cunlifie. 

VIII. QUESTION 188, /|y Mr. Ivory. 

Two points being given in the fame vertipal plane, but not 
*« one horizontal line; it is required to determine the pofition 
of two inclined planes fuch, that the time of defcent from the 
higher point to the lower, on thefe two planes, (hall be lefs than 
on any other two inclined planes whatfocver ? 

Solution, by Mr. Ivory, the Proposer. 

Let A and B, (fig. 104, pi. 5,) be the two points, and AG, 
GB, the two inclined planes required : draw the horizonttfl lines 
AF and GE, and the vertical lines GD and BF: draw*also AH 
perpendicular to BG. 

Let g srr 32v feet, the accelerating power of gravity : Then 
the time of descent on the inclined plane> AG will be =s 
(AG -r- GD) X /(BD^ |^) = t : . 



m 
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The velocity acquired by the fall 7^:1 y/fa^ X DG): 

The velocity, in the direction ot the plane GB, 35s {GH~ 

GA) X \/{^g xDG- =V. 

Let t' he the time of descent on the inclined plane GB, tbe« 

V X t' -^.(BE-f.BG) X igr^zzzBGi hence 

^/ig:=|^{ /(BE^g^I . DG) -g5>/DG|.Thereror. 

(. + ,') V{g^^{ •(BE + g^. DO-gl-t/DG } +^*^GD, 

If we put AF = *, BF = a, GD = x, and AD = y, tlie 
expression for (t •+• t') \/t^, which is to be a miaimutti, wii} 
become a function of x and^, for which we may writey^(;if,^) : 
then the equations for determining x and jf, in the case of a mW 
nimum, will he had by putting the partial fluxions of jT {^. %* 
(the variables being x and^) separately :^ o: that is thee^uatiQn« 

^But as the precedingexpressionfor the whole timeofthe Tall seemf 
to be somewhat complicated, in order to simplify it, we shall «iif* 
pose that the falling body passes from theupperplahe to the lower, 
vrhhout any loss of velocity, as in the case of a continued curvn- 
ture ; for this purpose, we have only U> write 1 in place t){ 
GH -f- GA in the preceding expression, and we obtain^ (jf, y] 

=5 1BG ^ BE) (v/BF - v'GD) + (BA ^ GD) v/GET*. 
And if we put, = BA = /(*» -(-/),?' = BG = y^Ui-y^' 

T*-(a — ■ *)•?, then/(*, y) = -i—-. (/a_.y^it)+L /»; 

And remarking thatf JiEi_'\ - - tnJ!,_I^ . (^^\ 

\ dy J f' a—x ' \ 4x J 

i 



df{x,y) '^ __ _ 6 — y /a — y^jf j^ j/« __ 



we shall b^ve according to the method noticed above 

whence 
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%irh>ence ■ T ^ . — ^ — ^--« = -^ 



a — X f ^a-\-y/x X i ^ a^x x' 

I^t f and %}/ denote the angles which the planes AG and GB,. 



I) — y cos >J/ y cos ^ 



make with the horizon ; then ^ zzz ^-t — r, -^ =:= — - — ^t 

a — X sin \J/ X 8in (p 



>J/, -2^ = cos (pt. 



cos 



a — X 91X1-4^* X sin 9' ^ i 

we have cos 4^ X ; r = cos (p, 

«in4/ t/a + v'Jip sinip ^ smx}/ »in(p* 

And if we exterminate V^-r- {^^ + v'^)* ^^ ^^^''^ ^^^*' 
ficos (p Xsin ((p — 4^)=:sin (p—sinx^: this equation seems to require, 
^ = >}/, which being inconsistent with the equation, cos -J/ X 
V* -^ (^<»-i-t/*) = cos (p, will give no solution: but re- 
marking that siti >J/ = sin ((p — ((p — \|/)) = sin (p cos (<p — Np) 
m^ cos ^ sin ((p — %]/), we get by substitution, cos (p sin (<p — •4/} 

=: sintpft — * cos (<p — \I/)); whence -» — ^ = tan © =s3 
*^ ^* ^^ T^^-'f cos ^ 

>-^^^^^r^^,. = tan (90- - ^-=^3 r therefore 3? 
I — cos ((p — 4') ^^ a ' ^^ 

— %!/ = 1 8o*, arid cos >}/ s= — cos 3^, sin -J/ = — sin 3>^ : or 
cos '4'= 3 cos<p — 4 co8^(p, and sin^^ r= 4 sin* (p— '3sin ^ : 

^_ cos %j/ a ^ ^ l/a + Vx 

Hence, = 3 — 4 cos' (p zz i — 2 cos a(p = 7 

^ cos (p ^ ^ ^ ^ yx 

put 2; = cos 2f , then — 22 = V(a -f- ;v)y and jf = « -f- 4x'« 

A • ATN-^cos^p ir-r (fl— a:)cos>J/ cos ?> 
Again, AD = - j^-^, and GE = 3i^ ^ = IHT? ^ 

(^_^)(3 4Cos»9j . ^j^^^^f^^^ 

4 sin* (p — 3 

cos (p . . {« — Jf) (3— 4 cos* (p). '- A J 1- 

-r— S^ X Ix + ' --^'r — -) = * I And because 

»in (p ^ 4Sl^^P—3 

jr == •— r ; ^ = V — r~- i * cos' f) = 1 -in, a- sin* A 

' -*• 42* ^ cos (p •^ I -i- i5 ' ^ 



s=r 1 -— ^9 we get by substituting and reducing 

(1 ~ 2z4- 2z')' (1 4- z) = ^(iz^ — 4^') 

ivbence the problem may be resolved by finding t]^e value of Tf 
or cos 2f^ in an equation of the ^th degree. 



IX. QUESTION 189, By Mr. CuNLirrE. 
Required the fum of the infinite feries 

i-i>c(i)+ix{i+iKx(i+i+i)+ix(i+H-i+f}-&ci 

Solution, iy Dr. O'Riordan. 

* 3 4 

Take the fluxions and divide by i, then 

z « 
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Multiply by l + x^ and takex* from both sides of the equa- 

z x^ x^ x^ 

iion,then-r (1 + *) — x* zz x :: + • +&C, 

• ^ V a 3 4 * 

X* jc' 

Let f be the hyp. log. of t 4- ;r, then (p = ;if -^ — -j 

* S 

4* < . • 

~ ^— + &c. and $ = , and by substitution, -^ — ;«• 

4 » + * ?> 

szn ^, or i = 99 4- a" ^ 

And taking the fluents, z =: i?* +-9 — * + !■«*» whieh needs 
no correction. Let *■ be taken zz 1, then 9 is the log. of 2, and 
^ = I-9" -i- (p — V^te sum required. 

r X ' 

Mr. Cunlifle, the proposer, by assuming / x (jf— «*• 

-^ h^ — f;c4 + &c.) = lAj'-iP^c' + iQ^* — jRx^ H- &€• 
and proceeding as in his solution to question 160, (pa» 87 of the 
present vol.) obtains the same result as above. 

The sum of the series may also be immediately found from 
Mr. Ivory's solution on page 1 17 of the present vol. ; for if a be 
taken =:= 1, then 4 the square of the log. of st iszr^. — (t+4) . y 
-*-(i"Hi + T)- i — (i + i + T + ^).i+&c. zztothc 
series in the question, together with the series —- 4 4- ^ — ^ -j- 
^ — &c. ' But this last series is evidently =; to i -^ log. 2, 

Mi 



( »6o ) 

and therefore the sum of the given series is rr f log.* 2 — 
(I- — log. 2,) as before. / 

T%e next four Q^ueflions are fele&edfrom the Cambridge Univirjky 

Calendar for 1806. 

X. QUESTION i^o^from the Camb, Um. Cal. 

A given cyliadric vefTel is fupplied with water by a cock 
' lit a given rate. Then fuppofe, when the veffel is full, that an 
^jiperture of a given area is made in its bottom ; what is the 
lowed point to which the fiirface of the water in the veffel will 
•Jefcend, and alfo the time of its dcfcent ; the inOux of the water 
by the coclc. being fuppofed flower than the cffflux when the 
veffel 15 full ? 

Solution, by Afr« Conliffe. 

Let k denote the height, and d the diameter of the vessel; A 
the area of the aperture or hole made in the bottom. Also let x 
xlenote any variabie height of the water in the vessel whilst run- 
ning, ^ zr i6yV; 2ind suppose the velocity of the effluent water 
io be the same as would be generated by gravity in a heavy body 
falling freely from tlie height of the surface of the water abo\'e 
I he aperture in the bottom, and put^ zz '7854. Then ^^gx 
^•^iH express the velocity of the effluent water per second, when 
the surface is al the height x above the hole in the bottom : and, 
therefore, zhgx will express the quantity of water issuiilg per se- 
cond, when at the height x. Let 2A« denote the quantity oi water 
per second, supplied by the cock, and then iK\/gx — 2A«.-=:2 A 
X {^/gx — n) will express the rate of evacuation of the vessel 
per second^ when the water is at the height x above the aperture; 

and therefore . , , — — — ^, will express the fluxion of the 

^K[^gx — n) ^ 

time of evacuation. The fluent of this expreffion, viz^ 

"^ X k. !.<•.« -»,-^:^^. 

expresses the time of evacuating to the height x above the hole 
B ut this expression ought to vanish when x-zih^ therefore the cor- 
rect expresi^ion for the time of evacuating to the height x^ will 
be 

Again 
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Agaia It IS evident, that the surface of the water ^n the vessel 
cannot sink below the point ivheje the rates of the influx and 
efflux per second, are equal to each other; that is, where 2 A« 
V {gx — n) zz o, or where x r: n* -^ ^, in which circumstance 
the preceding correct expression for the time becomes 

-j^ X [Vgh-n) ± ^-^ X h. 1. 21^- , 

which IS infinite. 

Whence it appears, that the surface of the water in the vessel 
can never arrive at the point, where the rates of influx and efflu]^ 
are equal to each other. 

Dr. O'Riordan ansrufircd this question. 

XI. QUESTION igiy from the Camb. Un. Cal. 

To this question toe have received no answer. 

XII. QUESTION 1^2, from the Camb.Un. Cal. 

A perfeftly flexible chain is wound round a cylinder fupported 
with its axis parallel to the horizon. Then, if the weight and 
dimenGons of the cylinder be given, and alfo the length and 
weight of the chain ; it is required to determine the time in 
which the chain, impelled by the force of gravity, will unwind 
itfelf ; a given length being unwound at the commencement of 
the motion ? 

SotUTiON, by Mr. Cunliffe. 

The solution of the following problem will greatly facilitate the 
answer to the question. 

Suppose a cylinder of uniform matter of given dimensions and 
weight, to be at liberty to turn freely about its axis : it is requir- 
ed to determine what weight must be placed at a point upon the 
surface of an hollow cylinder of equal dimensions, so as equally 
to resist the communication of motion by any equal forces act- 
ing at the surfaces of the two cylinders, in directions at right 
'angles to^the radii. 

Let SRC (fig. 105, pi. 5,) represent a section of the cylinder 
^fiX right angles to its^axis, SC a radius thereof; Sa A a circle con- 
centrical to SRC. Put SC q= r, .SA = z, and c= 3'i4i6; 
and let 2B denote the weight of the cylinder. Then 2cz =z:the 
circumference of the circle Stf A, and 2czz = the fluxion of (he 
space SaA. And we shall manifestly have r^c ; tczz : ; 2B : 
Vol. II.Pa}it L X 4z 
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4siB-f- f'=:tlic fluxion of the weight of the circle or cylin- 
der SaA, and the last expression being written for A in the ex- 
pression, art. 39^, page 398, vol. ii, last line but two, Dalby's 
Course; the expression there becomes 4z'z B -f- r*, which 
is the fluxion of the weight to be placed at C : taking the fluents. 
we have x*B -f- r*, which when z z=z r becomes B. Hence 
It appears, that half the given weight of the cylinder being placed 
at a point in the surface, would equally resist the communica* 
tion of motion by any force acting at a point C, in a directioa 
CP, at right angles to SC, as the cylinder itself would. 

Solution of the question. 

Let 2B denote the weight of the cylinder, / the length of the 
chain, and w its weight; and let a denote the length of the pan 
of the chain depending from the cylinder at the commencement 
of the motion, and let CP:r a:, denote a variable part of the chain 
depending iiom the cylinder whilst in motion, and let v denote 
the corresponding velocity of the end P. 

Then we shall obviously have I \ x v\ w \ wx J^l — the 
weight of the part x^ and therefore 2gzvx -J- / expresses tne mo-» 
live foroe urging the system, when the length. ;;v of thei chain 
bangs from the cylinder. But it appears from the preceding 
problem, that B +.«; expresses the whole inertia of the system; 
ikorefore zgwx -f- / (B + &^) ^iH express the accelerativc 
l^ice* when the length x Qf the chain depends from the cylinder. 

Then, by a well known theorem, ; ^ = z^r; taking th^ 

correct fluents, by making the resulting expression to vanish 

when X zzza. we shall have »* =:^ i - .ri" . r-^- 

* (B +a;) 

Again, « = - = ^(_i_— -0 ._-_j--^= the flux.cJb 
of the time of unwinding to the length x. And the correct flu- 
ents being tAken, gives t = y/ifJ^JLUll) x h.l. "^V^^"?!:^' 

where writing /for x^ it becomes ^[— —^3 x h.1. 

— ^! — ■■ ■■*■■■ ^ which expresses the time of unwinding the? 

chsum 

A soluticn W4S also nceived/rom Dr. O'Riordan. 

XIII. 
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XlII. QUESTION tg2, from the Camb^ Un. Cal. 

A cylinHrical veifTel, whofe height is equal to its diameter, 
ii filled with water ; with what velocity muft it be whirled 
round its axis, that half the water may be thrown out ? 

Solution, by Mr. Cun£.iffi. 

I shall first solve the following problem; fcy means of which^ 
an answer to the question will be readily obtained. 

To find the nature of the curve, which the surface of a fluid 
contained in a cylindrjical vessel acquires, whilst the vessel re* 
volves about its axis with an uniform vflocity. 

Let ABCD, (fig. io6, pi. ,5,) represent a section of the cy- 
lindrical vessel, by a plane passing through the axis £F ; AVB 
a section of the curved surface which the fluid acquires by the 
circular motion about EF. Draw the perpendicular ordinate 
HG, and through the vertex V, draw VR parallel thereto, m^ct^'- 
ing HR parallel to EF in R. 

Put EB :;=: r, r = the angular velocity per second, at the 
distance r, from the axis EF; VR -GH==y, VG ~RH=x, and 
g =L i6t-5:; then r \ y : : c : ry -7- r = the angular velocity at 
R : and hence ^y -f- r* = the centrifugal forte urging a particU 
ef the fluid at R, and c^yy -^ r* r: the fluxion of the aggregate 
of the forces of all the particles in the line VR; the fluent where* 
of is r'y* -f- 2r*, which, from the principles of hydrostatics, 
must be eqiial to the pressure of all the particles in the line HR j 
that is, ^"y^-i- 2r* = s^;f, or \r^gx -^ (^ '=^y^ ^ an equation 
expressing the nature of the curve AVHB; and which, fronj 
ihea^d appears to be the common parabola. 

Solution of the question, 

« 

It has just been proved, that the hollow part of the cylinder 
of water, caused by the \Yhirling motion round the axis, is in the 
form of a conic paraboloid ; and the content of a conic parabo* 
Jk>id is known to be one half of its circumscribing cylinder. 

Moreover the equation of the curve was found to be ^f^gx ~ 
^*=i:j'*, the quantities x^ y, &c. being as specified, and wheti 
^ becomes zr 2r, and y zz r, th^n c* n 8r^, or c =: 2V{2rg)^ 
That is, the velocity per second, with which a point of the cy- 
lindrical surface must be whirled about the axis, 4n the specified 
case, must be equal to that which an heavy body would acquire^ 
by despendin? freely from rest by the force of gravity, the whole 
height of the cylinder, Q. £.Xm 

Dr. O'Riordan answered ii, 

X« XIV 
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XIV, QUESTION 194, by Amicus. 

Of all the ellipfes that can beinfcribed in the fame given quad^ 
rilateral, required that which approaches the neareft to a circle ? 

SotTuTiON, by Mr. Lowry. 

Let ACES, (fig. 107, pi. 5,) be the given quadrilateral, 'Rabi 
the inscribed ellipse, O its centre, BOH a diameter drawn 
from the point of contact B, and OL a semi-diameter parallel to 
BA, and which will be conjugate to BH. L,et p be the semi- 
transverse, and q the semi-conjugate axis, then when the ellipse 
approaches the nearest to a circle, P^q must be a minimum. 
Now/>' + 9*=BO*-+-OL"irm*, (Emerson on the Ellipse, p. 34, 

^nd pq^BO . OL. sin LOB=;:n* (Ibid. p. 37,) , 
or putting p '^ q':rzr^ we have ;&* == r'^r* ; 
and r*y* + ^* zi w', or y* = wi* -r (r* + 1), 
and rf zn »*, or 9' == n* -r r ; 
therefore, »i* -r (r* + 1) = «* -f- r, or rm^ = a'r*-i- «*, 

and r =r -^^ =.- — r* + v^( — r~ "^ *)> which is to be 
q s,n an* 

a nunimum. 

. Produce AS, CE, till they meet in V, and draw IF to touch 

the ellipse at H, the extremity of the diaipeter BH, meetmgAS 

in I, DS in G, and CV in F; then IF is parallel to AC. 

Put AC =: a, AD = A, AV = c, AS = </. SV = ^ AB 

t:^ X, and IV zzy; then AB.IH = 0L« = BC.HF, ibid, p. 

47; or ABj BC :: HF : IH, and by composition, AC : BC 

IF : IH r= IF X (^-r-^) -^ a- Alsp, AB.IH zi OL* s== 






BD.IG, or AB : BD. :: IG : IH ; and, by composition, AQ 
: BD : : IG : IH = IG x (b — x'j-i-b; therefore, IF X 
(a — x) -^ a zn IG X [b — x) -ir b. But by similar triangles, 

AV : AC : : IV : IF = a^ -T- c, 
, and AS : AP :: IS ; IG =s= b{y — c) -r 4{ 

therefore {a — x) — = {b — ^)v^^ — }i 

Draw IW parallel to BH, then IH being zi (a — .;if ) y -i- ^ 
AW is = AB -- IH =: X - (a — ;c) y -^ c. 
' Put s rr the sine, and / zz the cosine of the given angle I AW, 
thpn by trigonometry, IW?(r: BH*) =: Ai« -f AW^— 2^. 

AI.AWj but AV=(c^y)\ AW^ = J*-^(^-;c)>-rc j*« 

S/.AI.IW=:2/ (c -J/) ^;tf— (fl — a:);^-7-c^,40L'=:4AB 
X IHirz 4A: {a — x) y-^c^ and collecting the terms, we have 

' Blj[»+40L*=4m»=(c--^)»+ j a:+ {a^),y-r-e \ ^— $><(c-.^) 5 a:-(a— x)y-^ c) i • 

Aga-i^, 
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Again, the sine of the angle AWI, or of BOL, is zzs (c^y) 
-7- IW rz^s (c—y) -f- OB ; theretore BCOL.sin Z. BOL = 

Is (c — v) V \(a ^-^ x] yx -i- cl zz n' : these values of m^ and 

«* bein? substituted in the equation — — = — r+ Vf — z — i)- 

we have an expression ior p -z- q in terms of x, y, and known 
quantities. By making the fluxion of this expression =: to o^ 
we obtain a value oi x -ir y ; and by taking the fluxion of the 
equation (^ — x) y -i" c zz {b — x) [y— e) ^ d, we get another 
value oi X 'T' y^ which being equated with the former value, we 
obtain an equation expressing the relation o( x and^, and elimi^ 
natin^ x ory, by means of the equation {a — x) y -r c= {b — x\ 
(y — ^) -r dy we finally get the Values of x and y in known quan« 
tities, and then the ellipse may easily be described by known me-, 
tbods, 

XV. QUESTION t95, by Mr. I. R. 

A parabola, and a point within it, being given in pofition, h 
IS required to defcribe another parabola, that ftiall pafs through 
the gjven point, touch the given parabola in a given pointy 
#nd have its, axis parallel to the axis of the given parabola. 

Solution, by Mr. Lowry, 

Let ABC, (fig. 108, pi. 5,) be the given parabola, P the givea 
point within it, and PDQ the required parabola, passing through ' 
J*, touching the given parabola in the given point Q, and having 
its axis parallel to the axis of the given par^abola. Bisect PQ in 
I9 and draw IE parallel to the axes of the parabolas meet- 
ing the curve in D, and the common tangent to the parabolas 
at Q in E; then, since I is a given point, and the tangent QE 
is given by position, the line IE is given in magnitude; and, 
therefore, ID (=r DE, Em. Par. 20,) is also given in magni- 
tude: Hence the ordinate PQ, and the diameter ID, are givea 
to describe the parabola. 

Or we may determine the focus and directrix of the parabola, 
by the following method : let/ be the focus, join P/, Q^^ and 
PE, and draw the diameters PB, QF ; then EP is a tangent to 
the parabola at P, (Em/Par. 20, Cor. 2,) and bisects the angle EPf 
(36;; also the tangent QE bisects the angle PQj^; therefore if Pf 
and Qy^be drawn to make the angles EP/, EQ/ equal to the given 
angles BPE, EQF respectively, their intersection will deter- 
mine the pointy; and then, if PL be taken equal to Pf^ a line 
prawn through L perpendicular to PL, will be the directrix. 

When 



When P is the focus of the given parabola, (fig. lOQ.pI. 5,) 
smd B the vertex, EP bisects the angle BPQ, and EQ bisects 
the angle PQF, (Em. Par. 8, Cor. 3;) therefore the pointy is in 
the line P^, and may be determined by drawing E/^perpendicu- 
cular to PQ. 

Let the tangent at the vertex of the diameter ID, meet PE in 
H ; draw HK parallel to PB, and join HB, BE ; then PH == 
HE (20,) and because HK is parallel to PB, the angle PKH is 
= BPH = HPK ; therefore the triangle PHK is isosceles, and 
PK == HK zi ID. Again, because PE bisects the angle BPQ, 
BE is a tangent to the parabola at B, (36), and therefore perpen- 
dicular to PB ; and since EP is bisected in H, the point H is the 
centre of a circle passing through the points P, B, E; therefore 
the angle BHE is =: to twice the angle BPH or = to the angle 
BPQ. From hence we may infer, that if FQ be drawn from the 
focus, to any point Q, in the parabola ABC, and PE bisect the 
angle BPQ, and BH be drawn to make the angle BHE =: BPQ, 
and HK be parallel to PB ; then PQ is = to four times PK, or 
to four times. ID; and the p^abola described with the diameter 
ID, and ordinate PQ, will touch the parabola ABC at Q. 

This conclusion immediately leads to the solution of the fol- 
lowing problem: To determine the curve that touches all the 
parabolas described by a projectile from the same point, with 
the same 'initial velocity at different angles of elevation in th^ 
same vertical plane. 

Let P be the initial position of the projectile, PE its direction, 
and PB the impetus, qt the height to which the projectile would 
ascend in a vertical direction, with the given initial velocity. 

Draw BH to make the angle BHE z= BPQ, and draw HK 
parallel to PB ; then it is shewn, by the writers on projectiles, 
(see Dalby's Course of Mathematics, Vol. 2, Art. 335,) that 
the parabola described by the projectile, will meet the line PQ, 
at a distance from P equal to four times PK : but it is proved 
above, that four times PK is equal to PQ, therefore the parabola 
described by the projectile, meets PQ in the point Q, where 
that line meets the parabola ABC. Also the greatest height of 
the projectile, or the diameter ID, is equal to HK, (ibid ;} there- 
lore the parabola described by tl^e projectile, is the same as the 
parabola PiD^Q described above, and consequently the projectile 
will touch the parabola ABC at Q. And as a like point pf con- 
tact may be found for any other angle of elevation, it is obvious 
that each parabola described by the projectile, will touch the pa- 
rabola ABC; and, consequently, the curve required is the para- 
bola ABC, whosQ Jatus rectum is z= to four times the im- 
petus. 

Cor. I. The triangles BPE, PE/i are evidently equal in 

^very 
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every respect ; therefore, Vf rs PB^ and BE is the. <Ere<5trix ef 
all the parabolas described by the projectile* 

Cor, 2. A circle described with the centre P, and radms 
PB, or (P/",) will be the locus of the foci of all thest para- 
bolas. . ^ 

Cor. 3. If we conceive the parabola ABC, to revolve 
round the axis PB, so as to generate a parabolic stiperficies,' it 
is obvious that this superficies will touch all the parabolas that 
can possibly be described by the projectile from P, with the 
given impetus, and in any direction whatever : and the locus of 
the foci will then be a spherical superficies, 
g^lutions*wer€ also rtctivtdfrom Messrs, Cunliffe S3 O'Riordaiu 

XVI. QUESTION 1^6,' by Mr. William Slender. 

* 

Let there be a right line and a point given by pofition m the 
fame vertical plane : and fuppofe a flexible firing of a given 
length, confidered as without weight, to be fallened at one 
end to the given point, and a fmall heavy body or bead t» 
Aide freely thereon ; required the lociis of the bead, whiJft the 
o^her end of the ftring is carried flowly along the right iioe 
given by pofition ? 

Solution, by Mr. Cunlifje* 

Let P,ffig. ilo, pi. 5,) be the given point to which onccrti 
•f the string PQR is fastened; SR the right line given by po- 
sition, in the same vertical plane with P, and along which the 
other end R of the string, is slowly carried: also, let Q be the 
place of the bead corresponding with the point R. 

Produce RS to meet PA, parallel to the horizon, in A, an3 draw 
PS perpendicular to PA, cutting RS in S. Produce PQ to r, 
so that Qr r= QR, and draw the lines «r, NQ, and mR, paraU 
le) to PA, and terminating in PS in the points n, N, and m re- 
spectively ; also, join Rr, and produce NQ to meet it in v* 

Now the end R of the string is, by the question supposed to 
move very slowly along SR, and consequently, the bead Q will 
slide slowly along the string ; ther^ore the bead Q may be im^^ 
gined to be in equilibrio at every corresponding point R, upon 
the line SIL In the last mentioned circumstance it is weU 
known, that /*PQN r: l^rQv = ^RQv, therefore Qr; alwayf 
bisects^, and is perpendicular to Rr, and consequently fir is pa* 
rallel to PSN. 

Put PS = tf , PA == b, the kngth of the string PQR =^ Pr 
s= A PQ=^« tang, ^NPQs3c/, to radius u then its secant= 
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t 

^{t -^ '*)» ^n<I by tlie principles of trigonometry, 
-/(t + Z*) : t :: I \ lt~\/{\ -+- O = «r zr wiR, /< 1+ i«) 
: 1 ::/:/ -r Vd + /*)==: P« ; aUo, v/(i 4- /') : l :: r i r rr 
y^(i -^ /») r: PN. And because Ny bisects Rr, or Nm =: N«; 
Vm = 2PN — Pn, and therefore, S»i zz 2PN — P« — PS = 

(2r— /)-r v/(i + — fl= J 2r — /— aV(i+<') J ^ 

V(i + /*). Again, by reason of similar triangles, APS, KmS^ 
PA : PS :: mK : Sw, or 

liai: //^y'(n-/«) : 1 2r— /— aV'fi+O ^ -7-/( H-^*) ; whence 

r=:|tf/if-f- i + ifl /(! + /*) + 4/=iii («/-f.v/(H-^'))4-4/, or 

where n =: / -f- A. 

When/ = o, r = ^(/ + fl), which determines the point 
wheVe the curve cuts PS. 

From the preceding equation of the curve, an equation ex- 

fressed in terms of its own co-ordinates, with respect to the line 
'SN, as an axis may be easily derived. In order to this end, put 
PN z:*;r, and NQ zzr^, then r =: •(ac* -i->*j, and we shall 
very evidently have 

Now by means of these exterminating r and t out- of the said 
equation, and it becomes i/(je?+>') = ^(— H ^ ^ ) 

pf. ,— J whence [2X — a) ^[x^ +>*) = fl«y + ^-^i which is an 

IS 

.equation for a line of the fourth order. • 

The area may be determined as follows: 

Let z denote the circular arc, radius 1, and centre P, inter- 
cepted between PS and PQ; then we shall have 1 : r :: z : ri 
=1 the fluxion of the circular arc, radius r, and centre P, inter- 



2^ ^« 



cepted between PS and PQ,'and hence r . -- = =s -^ 

1 + * 4 1 -f- ^ 

/* t 

X(«^+l/(i + '*) + -o- • '■ . .a = ^be fluxion of the area of 

the space comprehended within the lines PS, PQ, and the 
curve; and the correct fluent of this expression is 

When. 
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When iz=:an =: al^^rri^ the quantity g >C «, will 

manifestly disappear out of the general expression for the areii, 
which indicates, that when the line SR makes an angle of 45^ 
with the horizon, the area is expressible independent of circu- 
it arcs; that is, the area in that case will be expressed by alge* 
braic quantities and hyperbolic logarithms. 

Solutions to this qi^estion were also received from Messrs » 

O'Riordan and Swale. 

XVII, QUESTION %97,by Mr. Ivory. 

If there be two concentric ellipses, similar to ope another, i^d 
similarly posited, the proportion of the axes being that of V^2.to 
1 ; then, if from any point in the periphery of the inner ellipse, 
any right line be drawn to terminate in the periphery of the outer 
ellipse, the rectapgle under the segments of that line, is equal to 
the square of that semi-diameter ofthe inner ellipse, which is pa* 
rallel to the right line. Required the demonstration ? 

Solution, by Mr. I. H. Swale. 

When the axes of the ellipses have the proportion in the ques^ 
tion, the outer ellipse will be the locus of the angles of the pa- 
rallelogram, formed by drawing tangents at the extremities of 
any two conjugate diameters of the inner ellipse, as is shewn at 
page s 37, vol. 1. Hence, if any line CPD, (fig. 111, pi. 5») 
foe drawn to touch the inner ellipse at P, and meet the outer one 
in C and D, and the dia^ieter AB, of the inner ellipse^ be 
drawn parallel to CD $ then AB will be = CD, and AQ = QB 
= CP :?= DP. 

Now let any line be drawn through P« to meet the outer ellipse 
in K and L, and let QR be the semi -diameter, parallel to KL: 
Then, by a well known property of the sections, the rectangle 
CP.PD is to the rectangle KP.PL, as the square of the semi- 
diameter of the outer ellipse parallel to CD, to the square ofthe 
semi-diameter of the same ellipse parallel to KL; that is, be- 
cause ofthe similarity of the ellipses, as AQ* tp QR*: but CP, 
PD is = to AQ*, therefore KP.PL is = to QR*. 

This property is remarkable fpr it§ analogy tp a property of 
the asymptotes of a hyperbola; for as the outer ellipse is the Io« 
cus of the angles of all the parallelograms circumscribing the in* 
ner ellipse ; so (he asymptotes of a hyperbola are the loci of the 
angles or all the parallelograms formed by tangents drawn to the 
opposite and conjugate hyperbolas : And if any line be drawa 
through a point P in a hyperbola, to meet the asymptotes in K 

VoLilI. Part I, Y and 
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and L^ the rectangle KP.PL is equal to the square qf the lemif 
diameter parallel to CL, as in the ellipse. 

li was also answered by Dr. O- Riordan. . 

XVIII. QUESTION 198, by Mechanicus. 

Required the nature of the curve along whiph a heavy bodj^ 
defcending by the force of gravity,^ with a given initial celerity, 
shall prefs upon the curve at any point with a force reciprocally 
proportional to the radius of curvature at that poii;t ? 

Solution, by Mr. Lowry. 

Sujtpose that ABC, (fig. J12, pi. 5,) is the curve required^ 
and that the body begins to descend from B, with the same velo- 
icity that it would haye acquired by falling through the vertical 
lieightFB. 

Let C be any point in the curve, and draw BD perpei^dicul^ 
to the vertical line CD. Put BD = ;r, DC = y^ arch BC =3 
^, FB = fl, the radius of curvature at C = r, the velocity- of 
the body at C = t;, and the accelerative force of gravity 5= g. 

Then the whole pressure on the curve at C^ (the mass of the 

* < • 

body being unit,) hg ^ ~ — h '^9 the parj ^ X -r bcin^ 

jthe normal pressure arising from gravity, and thjc part — ^ the 

r 

pressure arising from the centrifugal force ; but since the velo- 
city of the body at C, is the same as would be acquired by de« 
scending through the height BF + CD of a +>s therefore z/'=3 

x ^Ca "^ v^ 
tg (a + yX and the whole pressure = ^ (-r- + — ^^ =^). 

s ^ 

6ut by the question^ the pressure i^ always reciprocally pro«< 

portional to the radius of curvature, or = to -^, where n is 



1 r r ^ t ^(a 4- v) n 

. a constant quantity 3 therefore^ (-r + -^--^) = — ., 



or 



putting 2(1 — ^ = 2^, m=n -f- g ; and multiplying by r, we 
^ave r X 4- + 2{i +>) = o. 



No^y when s is constant^ the general egression for the radiu 

o 



} 



» i 
of curvature^ is -^, whlth bdilg put in this last equation instead 



of r, we have 4?^ + il(* +» =r o, or i> + ii(* 4. y) x zz •; 

i? 

and dividing by 2(5 4-)f)», we havfe 

Take the fluents, supposing^ to be constant, and then [t+y] x 

2r= A^j^, where- A ^ is a constant quantity necessary for coih« 
pleting the integral^ and which must be-<letermined frcrni the 
particular data of the problem. • 

Let the last equation be divided by [b + y)^y and the flueiit 

taken, then x s= 2A'^ (^ + >) + C, an equation to the com- 
mon parabola* 

In this equation^ when ^ =: o, ;c is s=: 2 A^ li^ -f^ C, biit 

X should then be =: b, therefore C is = — 2A^ l^^ and x mZ 

2A^[(* + >)*— i^|, or (x + 2A^*V= 4A {i+y). 

Hence it is manifest, that if 4A be the parameter to the axis AE^ 
and BH be taken = to £, the line HA drawn parallel to C£, 
will meet the parabola at A, the vertex of the axis. 

To determine the value of the parameter, let AI be taken on 
the axis =: to HF or |»i; then it is obvious that the velocity, 
(and consequently the pressure) at any point of the curve, will 
be the same, whether the body begins to descend from A, with 
the velocity due to the height AI, or from B, with the velocity 

due to the height FB. / 

• 
Now 4- is=:the sine of theangle which thetangent makes with 
s 

the axis of the curve, and therefore at the vertex of the paarabola 

•7- is = 1^ and the normal pressure r=: g. Alsp the radius of 
s 

curvature at the vertex» is equal to half the parameter or f^, and 

1 r 1 f ^* ^g X AI 2£m . 

the centrifugal force = — = ^ . . "- ^ = ^^l wtsmce 

Yt the 
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fixt centre of curvature is on the contrary side of th^ curve with 

the body, ft is evident that the cienirifUgal pressure is opposed to 

^ the normal pressure, and consequently the whole preftsure at A, 

is ^ — -~-t which by the question iszzto — = - — ; there- 

fore ^ is = \m» 

The truth of this conclusion may easily be verified by a 
synthetical process; for let the abscissa A£, be put z=^ v^ 

J. . 

and the ordinate CE = u ; then u* is z= pv, u =r-^^— ^» s = 

T 

•i W'4£±i:, and i- = __£l_ rr P^ Uv 4- p) . 
But (Simpson's Fluxions, pa. 76, vol. 1.)-'^^- .-^^ = ^J 



2/r^ 



u 4P -4- ^ 



therefore^ — = ^^ ^» and the normal pressure is 



tliLJLi: Also the centrifugal force- = ^^ ^^ "^ ^^^ 
ar ^ r r 

«■»■ f^ ^4^ "T! — !^; therefore the whole pressure is = 

g (41; + j&) _ g (4^^ + 2m) __ g (p — g»t) j;« 

2r 2f 2r r * 

It is evident from hence, that if the body begins to descend 
from A, with any given velocity, the pressure at any point of the 
parabola, will be equal to a certain quantity divided by the ra- 
dius of curvature at that point. 

Messrs* O'Riordan and Swale answered this questi0n. 

XIX. QUESTION 199, by Mr. Cunlifpe. 

Find a feries of numbers, every one of which is divifible 
into three fuch parts, that if to the fquare of each part the pro- 
daft of the other two be added, the three fums thence arifing 
ihall all be rational fquares? 

S0LVTION5 by Mr. Cv stiff Ef the Proposer. 

. Let n^Glenote a number capable of being divided according to 
the coadtti^ni of the question; and let Xf y^ and z^ denote the 

required 
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required parts thereof, Theaby the question, yt^n^^ ^24-y*, 
and xy-^:? are all to be rational squares : put 2=:4(;c+)')»andtheii 

yz 4- *•=:=:«' +• \xy + ^y^ = (^ -i- Sty)' =: a square, 
jcz -4- y* = \x^ -4- /^xy 4- y* =i= [7.x + jy)' = a square, 
A:jf H- z* = i6;c« + 33Jfy 4- i6;r* = a square. 
Assume \Ty — \x^ for the root of the last square, that w, 
put i6;c* + 33a?y + i6y* = (4ry — 4*)* = i6ry — 3«rxy "*- 
i6;c*, which gives * = l6y (r* — 1) -4- (32r 4- 33), and z == 
4('*+>) =4y(i6r*+- 32^+ i7)-f-(32^+ 33)5 algojf4-/ 
4- z zz 5 («4-;^) = by (ifi*^* + 32^ + 7)4- {32^ + 83)» 
which put = n : whence 
^ = « (32r + 33) 4- 5 (iCf* 4- 32r 4- 17), 
jf = i67(r*- 1) 4- (3^^+33)= *6« {'•'—0 4-;5(»6^V32»'+i7)» 
and z = 4y f i6r* h^ 32r + \^) 4- {32^ -*- 83) =f ^w- 

Hence it appears, that any number whatever, is capable of 
being divided according to the conditions of the question, an4 
consequently« any series of numbers may be so divided, which 
' shews the question to be very unlimited indeed. But if we 
confine our attention to such a series of numbers as are capable of 
being divided into three integral parts of the kind mentioned, we 
shall find the scope of the question more circumscribed. Num- 
bers of the last mentioned kind are contained in the form n =r 
5 (i6r* 4-82r 4-17), where r is any whole number at pleasure ; 
and the three required parts of this number are jp = 16 (r'— 1), 
y = Sar 4- 33, and z = 4(i6r' -»- Q2r -H 17), the reasoo 
of which is obvious from barely inspecting the foregoiog con« 

elusions. 

Dr. O'Riordan alsif answered this question. 

XX. QUESTION 200, By Hypatia. 

Required the nature of the curve, that- is, the locus of 
the point in which a perpendicular from the centre of an ellipfe 
meets a tangent to the ellipfe. Required alfo the reSification 
«f the curve and its quadrature ? 

Solution, 6y Mr. Lowky. 

Let AB, (fig. 113, pK 5,) be the transverse, and DH the 
conjugate axis, C the centre, ?nd F one of the foci of the el- 
lipse. Also let P be the point where a perpendicular from the 
centre, meets a tangent drawn to the ellipse, at any point Q, 
Through the focus F, draw FE perpendicular to the tangent, 
meeting it in E; complete the rectangle CPEG, and draw CE; 
then CE is equal to the semi-transverse CB. (Emerson's Conic 
Sections, B. L ?• 20. Cor. 2.) 

Put 
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PlH CB t: fl, CF = If, CP =: y, the angle BCP, (or lU 
measure, the arc ON, reckoned on the circle whose radius CN 
is 1,) == x^ and the area of the space BCPB =: s. 

Then because CP is parallel to GE, the angle CFG is equal 
to the angle BCPr=:*; therefore CG :=Cr sin jf^n^ sin ;c, 
and EG (CP) = v^(CE«— CG^)=: l/(«« — e^ sin* x), 

ox y •=. y^(fl' -**«^ sin* a:), 

the equation bf the curve expressed in term« of the variable line 
CP, and the variable angle BCP^ 

From this equation it appears, that xvhen x is either n:= to o, or 
to two right angled, y is = to «, and when x is either a right 
angle, or three right angles, sitt*\» is ~ i, and^ =: v^(fll— d') 
r= CD or CH. Therefore It is evident that the curve will touch 
the eHipse in the points B^ P, A, H» and that it will consist of 
four quadrantal spaces, equal and similar to the space CDPB. 

Let ^ be a point in the curve, indefinitely near to P, and draw 
. C/', meeting the circle, whose radius is CN in n : also draw p\ 
perpendicular to CP, 

Then because On is the fluxion of the angle BCP, or z=2. i, p\ 
is =s PC X ^ ; therefore the triangle C/>P (== IPC.j&I) or the 
ftixion of the area BCPB is = IPC x ^ = ly'x z=t ii^'-^*X 

«n* ;c) X ; that is j z= \a^x — \^ sin* xk^ and taking the fluents, 
we have . * 

$ r=: \c^ X — \^x — ^t? sin \x^ 
which needs no correction. 

And when ^ is a right angle, s is == I /^(a*— i«^), p being the 
fiMirth part of the periphery of a circle whose radius is i, there- 
fece the whole area, or four times the space CDPB is 

= ^p{a? — 2d*}. 

Again, let the arc PB be denoted by z, and then 2 is = 
y(f P-+-IP') : But p\ is = yx^ky/{a'—€' sin* x)= x (a*— 
«» sin* ;c) -7* v^(/i*— -«*sin* a:), and IP =/ = ^ («* sin x cos ;if) 
^ y'(A* — ^sin* x)\ and substituting these values olp\ and 
9kA IP in the expression for z, we have^ after proper reduction, 

y^(a* — tf* sin* x) 
«rputtingjr=:^j4-f.(2a*-<?')<j%/^ =fl*-f.^%andr*= 2a*-.e* 

rx\/{q — sin'^jp) 
^ ^ V<P — sin'jfj * 
The fliant of this expression, may» in some particular cases, 
be expressed by elliptic arcs, but in gener^ it is included in the 
fesmuia H, ^ the third and most complex species of elliptic 
tiaiiscendenUls, as will easily appear by making the proper 
transformation according to the method of Le Gendre, 

If 
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Jf w be put s=s f *-— s'ln^ x, the expression for i becomes 



1 



—rrr \- Or since sin x = V{9 — ^)> co* ^ = 

, . J , flux, sin ;c — zt> 
V{t — 9 + tv)^ and ;« r= =: r j, 

we have 

This last expression agrees with foFmula 55, table 12, of 
Landen's Appendix, where the ingenious author has shew^ hovr 
it may be resolved into other expressions that are more simple ; 
but the integration by this method is 'exceedingly troublesome. 
Perhaps the easiest way of computing the fluent is at once to re- 
solve the expression into a series without having recourse to any 
particular mode of transformation. 

Messrs. CunlifFe, O'Riprdan, and Swale, also answered it* 

XXI, QUESTION 201, hy Mr. Ivory, 

If straight lines be inflected from the extremities of the trans« 
verse axis of an ellipse, or hyperbola, to any point in the curve, 
and perpendiculars, drawn to the inflected lines from the same 
point, be produced to cut the same axis, the part of the axis in- 
tercepted by the perpendiculars, will be constantly of the same 
paagijitude. Required t\\c demonstration ? 

Solution, iy Mr> L H. Swale. 

fig. iiij, 1 J5, pi. 5. Let AB be the transverse axis ol the ellipse 
pr hyperbola, and let the lines AP, BP be inflected to any 
point P in tlie curve. Draw PE perpendicular to AP, and PD 
perpendicular to BP, then by thp question, ED is a constant 
paagnitude. 

Draw PC perpendicular to AB, then (Euc. VI. 8.) 
PC= = AC.CE = BC.CD, therefore AC : BC :: CD : CE, 
and by composition or division, according as the curve is an 
ellipse or hyperbola, AB : BC :: ED : CE; 
or AB I'ED :: BC : CE :: AC.BC : PC (AC.CE). 
But by a well known property of the sections, 

AB : latus rectum :: AC.BC : PC^ 
Therefore DE is equal to the latus rectum. 

A 
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A similar property belongs to the parabola; for if a line be 
drawn from the vertex A, to any point P in the curve, and PE 
be drawn perpendicular to AP^ and PD perpendicular to the dia- 
meter at P; then the distance ED» on the axis, is equal to the 
latus rectum of the parabola. 

If the lines are drawn from the. extremities of the conjugate 
dxis, to any point of the ellipse, or conjugate hyperbolas ; then 
D£ wilk still be a constant magnitude, being equal to a third 
proportional to the conjugate and transverse axes; and the demon- 
ftration of this case will be precisely the same as the preceding. 

This question was also ansztftrediy Dr. O'Riordan. 

XXII. QUESTION 202, by Mr. Wallace, R.M. CofUge. 

Find the length of a curve, th^ nature of whi^h is ex- 
prefled by the equation 

e — 1 

vihtrc X and y denote the co-ordinates, ^d § the number of 
which the hyperboUp logarithm is unity ? 



Solution, by Mr. Ivory, 

X 



Put« 



/, then e^=l-±-i = l-±-* : therefore jt 



X 

e — X 



=: log. %y and jy =: log. ■■ _ ; or, it we put u = ^ ^ » 

then (2 — 1) (tt — 1) = 2, and » =r log. z, and y = log. u. 
When z increases from 1 to 00, it is obvious that n decreases 
from 00 to 1 : therefore when x^ or log. z, increases from o to 
00, it follows that y, or log. u, decreases from 00 to o. 
Hence it is manifest, that the curve has two as)^mptotes, AB 
and AC, (fig. 116, pi. 5,) passing through the origin of the co- 
ordinates, and parallel to them. In the case when z = tt, we 
havez = tt = V'2+ i,arfd xz=zy = log. {V^+x); which de* 
termines the point D w^iere the curve quts the line AD that bi- 
sects the angle of the asymptotes. And because z and u are ip- 
terchangeable in the equation (z — i) [u — 1) = 2, therefore the 
two branches of the curve, on opposite sides of this line, ajre si» 
milar and equal. 

If, in the equation (z r— iH^ — 1) = 2, z be taken less 
than 1, (in which case x, or log^ z, would be negative), then 
u would be negative, and so y^ or log. u would , be the logarithm 

of 
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of a negative quantity, which is an absurd expression : therefore* 
although iour curves, all similar and equal, may be described . 
in the four angles of the asymptotes, yet these four curves 
are not connected by the law of continuity as two opposite 
hyperbolas are. For the equation that applies to one of 
the four curves, does not apply to any of the rest, by giving 
to the variable quantities ot the equation all possible values from 
.0 to •h'QO on one hand, and from o to — oo on the other hand, 
while the origin of these variable quantities remains fixt. 
The area ABMN, or cur,vilineal space between the asymp- 

tote and the ordinate MN, or y^ z=zfydx z= / log. 

Z 

+ Sec.) : where C = if i + ^-^^ + i- + -i + &c.). 

^ 8 5 7 

The whole curvilineal space between the curve and the two 

asymptotes, iszrC 1=2(1 + -,+—; + — 5-+ &c.): there-' 

/! 3 :, 5 - - 7 

fore half this space, or the space ^BND, bounded by the line 
that bisects the angle of the asymptotes, either asymptote aiTid 

the corresponding branch of the curve, is ^ \C z^z 1 + — j- 

3 

+ -J + -« + ^c. to this let the area of the right-angled 
5 7 

triangle ADE, comprehended by the co-ordinates that corres- 
pond to the middle point of the curve, or"|log.'* (y/fl + ijj b'e 
added, and th^ whole area, between the asymptote? and the or- 
dinate DE, drawn parallel to the asymptote from the middle 
point of the curve, is z: |C + |log.* (-/fi +'i): but when 

2 z: \/2 +1, 'len — = ^.2 — . 1 = ^j ^d-the. arcs^ ABDJ& 



z 



^z^ C — 2(a+ ~5 + -^ + &c.): therefore, by equating 

3 5 

the two values of the area ABDE, we get, 1 + — 5- + — g- 

3 5 



a» . a' 



4- &c. = 8(a 4- -J + ^-*- &c.) 4- flog.' (/«H^ '»). 

(Vide Landen's Memoirs, pages 116, 117). 
Vol. II. Part I. Z Tk« _ 
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The length of an arch of the curve, as ND, 3C=/ s/ijix^'^df) 

=y V C-p- H- j:p-__ jja) ===y — dz . ^a _ — » (because 
the arch DN increases when z decreases) == — Idz 4- /. > • 



uZ ^^ « iK T" 1 J' 

= C — z -^ log. = v/« 4- 1 — loir. J 

1 

(1/2 +1) — ^ + J^- Hence the difference of the ordinate 
MN, (or y,) and the arch ND zr ^^2 + 1 — log. (y^2 + 1) 

*^\z rm v^a + 1 — log. (1/2 + 1) — . ^ : and the excess of 
the whole curve D» above the asymptote AB, both continued 
indefinitely, = y^2 + 1 — log. (y/'2'-j- 1) — 1 rzr y/2 — log. 

If we take 2 = /2 + 1 — log. (/2 -f- i), or ;c = log. 
1^2+1 —log. (\/2 + 0|. a point will be determined in 
the curve such, that the ^rch DN = ordinate NM. 
Messrs. O'Riordan and TopHs sent solutions to this question, 

* 

XXIII. QUESTION 203, by Mr. Conliife. 

To- find three numbers fuch, that the fum of every tw* 
(kail- be a biquadratic, and the fum of all the three a fquare 
numbef? 

V 

'^ SoLUTiO^, by Mr.' CuNLiFPE, the Proposer. 

Let X, y^ and z, denote the three numbers, and by the qucs*. 
tion*^ put « + y ;=,^*, Af + z = ^*, and^ + z zz c^ ; half 
i^he sum of these equations is ;if + jy -+- z = ^a^ -h ^* •+• c^) 
, which is to be a square by the question. Let each of the assum- 
,^d equations be subtracted from the preceding, and there will 
be had 

i:£=i(fl*+**— e*), y=i(a'-^c''^b% and zz=i(r^f iJ^— flO; 
whence it appears, that the question is reduced to finding thrc* 
biquadratic numbers, half the sum of which sliaU he a square. 
And that the required numbers may be all positive, it is neces- 
•iry t|;iat the sum of any two of the three biquadratic numbers 
inust¥e greater than the remaining one. Now m^h n,fn and «. 
are t}ie roots of three biquadratic numbers, half the sum of which 
.will-bc a square, viz. (wi* + ;»<i -+-«*)'. But the sum of the 
two lait^ viz. m"* + «% is manifestly less than the remaining 

.• ' one 







^ 






It 



\ 
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one, VlsTr C*! + «)*r=: fn* + 4w'« -4- 6w'«* + 4W11' + »♦, and 
therefore positive numbers to answer the conditions of the que«* 
tion cannot from thence be had. 

In order to obtain positive numbers^ put m + n -f-fi/= a, 
mit- rv zz b, and n •+• » (r + *) =z c: then 

ac («i* + wi + «»)» + 2r X J ('« + «)^ X j -I- iwV -*- «' X (r 4- *) J 

+ 3o« X {{w +«)• X 4* + wV + n» X (r + 5)*| 

+ar'' X ] {m+nj X I'+^r ^-^n x (^4-^} ' | +i'* X (r'+r5 + ^* )•, 

which is to be a square by the question. In order to abridge the 
calculation, put m* -f- «r« + «* = A ; (w + n)' >c J + »»• r 
+ «' X (^-t-j) = B;{;»+ »)* X 5'-h;«V*+«»x (r+ij 
,= C; f»» + ») X j' + wr*-t-» X (r-+-5;'= D;andr*-:h 
rj •+- J* = A'; by means whereof, the foregoing expression to 
be made a square becomes 

A^ + 2Bt; + 3Cr;* + zDv^ 4- A'» i;*. 

Assume A + (B -f- A) t/ + AV for its root, that is, put 
A»4-2Bi; + 3Cz;«+2Dt;'+A'»z/'» = (A + (B-t-A)t;4-AV)* 
!=A^ + 2B1/ + (B* ^ A^)i/*+ AAV + (2A'B~ A) i/«+ A^^i^* . 

^. ^ . B* + A'A' — qA'C 

which gives t; = ^ X (A»D - aVb)' 

And by writing — A' for A', we shall have 

B' — A^A' — 3A'C 

^ ~ 2 X IA*D 4- AA'B) ' 

which is another value for v. 

Two other values for v might be found by assuming A^p* + 
(P -f- A')v + A for the root of the preceding general expression 
to be naade a square* 

A solution was also rtcdvtdfrom Dr. O'Riordan* 

XXJV. QUESTION 204, hy Mr. Lowry. 

Of all jfemi-parabolas having the fame area, required that 
along which a heavy body will defcend, by the for-ce of gravity, 
in the leail time poilible / 

Solution, ly Mr. Lovtry, the Proposer. 

i.To find a general expression for the time of descent through an 
arc AB, (fig. 117, pi* 6,) of a parabola having its axis in the ver- 
tical line C^. Put BC = a, the height CD fallen through in 

Za - th# 
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the time /= X, DE =;^, the parameters: 4^, theardi) AErri, 
the velocity acquired in descending through the arch AE, or 
through the height CD, = v, and g = i6tV *eet the space fallen 
through from rest in one secon«l. 

Then i -i- ^ =: «; = 2 \^gx, or ^ = i -f^ fi \/gx. But by the 
nature of the curve, / z= 4/^ [a — x), oxy - 2y/p{ar-x), and 

^ — xk/P -r )/[a — x) ; therefore s = /(^c* + i*) == 

•^^(1 +/>li-.(« — x)) = ^v'f(/^ + ^ — ^)4-(a- J^)), and 

Put ;»: ::=£ a2:% then x = 2aziy and ;)J -i- 2y^A: = ii'£,there- 






2 



fore, by substitution, t = —^^ — a — az- ^^ T^ 

5' . ^^ 



42* 



p^ a-^az^ ^ ^iL+f X V- ^^. the flu- 

ent to be taken between the limits 2 ==: o, and i =?: 1. 

Let c* =: a -f- (/? + fl), and E =; the quadrant of an ellipse, 
ot which e is the excentricity, and 1 the semi-transverse axis ; 



1 — 



a 2* 



then E is = /z 1/- ^ *! ^ , taken from. 2 =p, to z t= 1, 

^ 1 — z 

and ^ = ^{{p + ^) -r «) xE, the time of descent through the 
arcAB. ^ 

2. We have now to determine the particular values of ji& and tf. 
so that the areci ACB may be a constant quantity, and the. time ot 
descent through the arch AB a minimum, or, which is the same 
thing, that the time may be a constant quantity and the area ACB 
a minimuQi. 

Now t is = /-^-^ X E = V'^-^'^J^ /l^T^a 



1 3. 



and the area ACB =z= ip^ a^ ; 

and taking the fluxion of the first equation, we have (p + a)E 

^ 2^(p + fl) + E X y/(p + a) zz o. But to find E, or the 
fluxion of the integral /? \/((i — f^ 2*) -r (i — z*))» where e 
and z are variable, we must have recourse to the method of dif- 
ferenring de curva in curvam invented by Leibnitz, This me- 
thod c, iisists in finding the fluxion of such expressions asyPz, 
where P is a function of c and z, the quantity e denoting the pa- 

rameter. 



( »8i: y 

•inieter, excentricity, &c. of a curve ;- and. which is supposed 
io be constant in the course of the same curve, but- to vary m 
passing from that curve to another which is immediately con- 
iigjious. The general expression for the fluxion oifPz, when 

found by this method, is Pz + i/i (?-), where F is taken on 

the supposition that e only Is variable. . 

t — d*2* 

In the above expression, P is= v'- ^ ^a-» P£=zX 



t — i?«z» an^ p - ^If! i-r-, ; therefore 



/p • r ^^^* 



— ^« X 






ir— — ' TT : but since E is the quadrant of the 

ellipse, or the whole fluent of i \/ r from « = o, to 

2 = 1 , it is evident that the first part of the expression for E is=to 

o, and therefore E is =— <^y ^U—z^\ (i gVV ^"^^^^ 

from z iz o, to z ==:: i). 

Therefore -t;^^y.Y.^V{p^ayeJ^^^__^,^^^_^,^,y.<>, 
or(> + J) >C E - 2ip^a) iej ^^-^--^^y^^^ 



And taking the fluxion of the second equation, we have 

(p^^p^),d^ ^'^a'p'-a-o, or apzz-^^pa, and/^z:— (3/^^^)^; 

therefore /> + i=: (1 — 3/^ -4- «) « But since «* is = ii -r 
{a i- /^)» 1 -r e* is = 1 -t-/> -f- tf. or 4 — 3 -^^ €* = 1 — 3/^ 

^/7, and /^ + a =(4 — 3-7-^') ^. Also 1 — ^' = /^-~- 
(rt + p), and ^tf = (^Z'— ap) ^ 2{a +py = 2ap ~ (a +/')% 
therefore ii{p + a) ec = 4/'a -r- (a + /^) = 4(1 — «'j fl,and by 
substitution, 

(4- 
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or (4.'-3) E - 4(1 - '') ^ /^(, _ ^'^ - ^^V = *** 

^'2^ Z 



But 



;T-il/ 



i~^V 



therefore (4d»-3) E-4(i-^») ></^7^»] '(^^^»^a )+4(^-g';E=o, 

. or E = 4{t - ^') x /.^^ _ .a f^T^Z-^)- 

That is. in series. i-.i.,d*~ .l^^—l .1 .|/_8cc/ 

^ ' ^ a' 2' 4* 2 4^ 6* 



•r3 



(3— 2»^^ ^2»^? 4«^ 2* • 4»S* r*^^ ^ 



4 3 



or 3=—,^ +^. — ^ + ^..^.j;r^ ^2"^'i^'6*-8^'^^''- 

And by reverting the scries, we may determine the value of e^ 
and then fl and /> become known, when either the time or area is 
given. 

The series for e may "be found rather differently as follows : 
Let»be= 3'i4i59> &c* 

ThenEiszz ^ (1 — A^'-f. • ^2^ — K -K-A^"-^^- 

2 2 2' 4* 2' 4* 0* 



ft 



= ^ (1 — Ac* 
2 



- Be* — Cif^ — &c.) 

and/= y/{(.a+p)^g) x |« (1 — A<r*— Be* — C<j« — &c.) 
Taking the fluxion, we have 

O = i(p+a) -r- 2/(/>+fl)) X (1 — Ac* — Be*— Ce*— &c.) 
+ V{p'^a)ei x-(— aA — 4B<r' — 6Ce*— 8De«— &c.) 

and substituting for p-^d^ and ee, their values, as found above, 
we have 

o = (4^' — 3)(i — Ae^'— Be* — Ce* — &cO 
4-4(1 — e^) (— 2Ae' — 4Be* — 6Ce* — &c.) 

or 3 = 4 / 4- 8 A) .4- 16B) 

+ 3 A> e* + - 4 A( e4 4- _ 4 B( ^ 
~8 A^ + 3 BC +3 C(^+^^- 

~ i6B) — 340) . 

That is, 3 =5 (4 — 5 A) <5^ + (4A— 13 B)e^ + (12B— 2iC;e# 



( »«3 ) 

the same as before. 

The problem may be resolved in a similar way, when the arch 
' AP, or any function of a and p is given ; and the process will 
not be materially different whatever die nature of the curve may 
be. ' In a circle, for example, if the length of the arch be given^ 
! W€ may find the radius so that the time of descent through the 

given arc, shall be a minimum. Or, which is the same thing, if 
a pendulum vibrates through a circular arch of a given length, 
we may find the length ol the pendulum, so that the vibrations 
' may be made in the least time. 

' Put r for the radius CD, (fig. 118, pi. 6,) or the length of the 
pendulum, BD = half the given arch, a zz DE, and ;c*z: DI; 
then ' the time of descent through BD, is equal to the 



i I 



ji 



, between the limits x zza^ and ;r =0; 



aad the arch BD zr /-rr ^v between the same limits, 

J ^[irx — * J 

By making the fluxions of these expressions zz to o, we may 
after proper reduction, obtain the value of r in a series ; 

or;5ince^^^^^X { i+a^^+Ji4)^^,+(H•i)^^&c J 



fl» 



ajid the arch DB = t/ (^ra) x C I + i-f 5^+ H-h^i + 144-f '2^3 *<^-> 

we may find r by taking the fluxions of these series and extermi- 
nating a, as we nave done in the example above, but the process 
will be a little tedious. 

XXV. QUESTION 205, by Ursa Minor- 

Suppofe a right cone to be cut by a plane, and the curved 
Turface of the part cut off to be extended into a plane furface. 
Requi« red the nature of the pla.ie curve, formed by the 
co'tafimon fcftion of the cone and cutting plane? 

Solution, by Mr. Wallace, R.M. College. 

• ft 
Let V, (fig. 119, pi. 6,) be the vertex of the cone, APB its 
.jsection by the plane, VC its axis meeting the section in C, AVB 
a section of the cone through its axis, and perpendicular to the 
section APB, ACB the common section of the two planes AVB 
and APB. Draw VP in the surface of the cone to P any point in 
the curve APB, and join CP/ Let EQF be a section of the cone, 
pcrpcfljlicular to its axis, (which section will of course be a circle,) 

and 
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and let FV (the distance of its circumference from the vertex,) 
be unity. Let this circle meet VB, VP in F and Q, and draw 
FD.QDto its centre. Put VC=^, the angle CVB or CVP =: 
a, theangle BCV"= ^. Also put the indeterminate, line VP zz 
r, and the indeterminate arch FQ = (p. Tl^en because FD = 
gin a, theangle FDQ, (that is the angle contained by the planes 
BCV, PCV) will be (p -r- sin a =: «:p, (putting w = i -r sin ipj. 
Now, considering the three planes VCB, BCP, VCP as 
forming a solid angle at C, and that the plane VCB is perpendi- 
cular to BCP, we have by spherics, tan VCP = tan VCB 4- cos 
FDQ = tan /3 -f. cos n(p. Draw PG perpendicular to VC; 
then in the right-angled triangle VPG, we have PG = VP x 
sin PVG = r sin «, and VG = VP x cos PVG = r cos a. 
And in the right-angled triangle PGCj we have CG = PG x 
(i4-tanVCP)=r sin « cos ii?)^. tan /S. But VG -f- GC= VC 
=: d; therefore r cot a+r sin a cos n(p -r- tan /3 = d, and hence 

tan /3 . 

r == -r-- : X tf| 

cos X tan p -+- Sm a cos nf 
or putting sin /S -f- cos ^ instead of tan /?, 

sin /? 



r = 



cos a sin /3 + sin a cos /3 cos np 



X d* 



Conceive now the surface of the cone to be c\it along the line 
VA, and extended into. a plane, as in fig. 120, pi. 6. Then the 
surface will form the figure AVAPB, and the circle EFQ in fig, 
119, will become an arc EFQE, in fig. 120, having its radius 
ac= 1. Therefore in the plane figure AVA, fig. 120, the nature 
of the curve BPA, is defined by the equation 

sin jS , 

r = : T -. r —; X rf, 

cos asm ^ -^ sm a cos ^ cos n(p 

where a and /3 denote given angles, d a given line, and where p 
denotes the indeterminate angle BVP, (VB beinpr supposed 
given by position), and r the indeterminate line VP. 

Because d=z (sin (« 4./S) -r- sin /3) X VB, the equation may 
be otherwise expressed thus 

r ^ "" (^ -^ ^) X VB, 

cos et sin /3 4- sin a cos /8 cos np 

which again may be transformed to 

tan jS H- tan a. 



VB. 



tan ^ +■ tan » cos (p ' 

If the section be a parabola, then (pa r=: ^9 and the equation 
becomes simply, 

r = — r-^ X VB. 

1 -r cos i?(p ^ 
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XXVI. QUESTION ao6\ ty Mr. P. R. 

v. 

Two magnctical poles being given in polition ; the force o{ 
each of which is (uppofed to be as the mth. power of the diftance 
from it reciprocally ; it is required to find a curve, in any p6int 
of which a needle (indefinitely f&ort) being placed, its dicefilon^ 
when at reft, may be a tangent to the curve ? 

The following Solution to this <iue$tioQj is tak^n from th^ 
Supplement to the Encyclopedia Britannica, Art. Magnetism, 
written by Dr. Robison, who there informs us that he received 
it from Mr. Play fair, of the University of Edinburgh. , 

1. Let A and B, (fig. 121, pi. 6 J be the poles of a magnet, 
C any point in the cur v« required ; then we may suppose the on« 
of these poles to act on the needle only by repulsion, and the 
Qther only hy attraction, and the direction of the needle, when at 
f^, will be the diagonal of a parallelogram, the sides of which 
represent these forces* Therefore, having joined AC and BC, 






AC: 



Ut AD be drawn parallel to BC, and make ■ : 

AC"" BG 

AD ; join CD, then CDF will toiich the curve in C. 
. 2. Hence jan expression for AF maybe obtained. For^ by 



the construction, AD 



AC 



m+ 1 



, and since BC ; AD 



BC 



BF : FA, and BC — AD : AD : : AB : AF, we l\avp Af 
AB X AC ^ 



BC 



> + 1 



AC 



« + r 



3. A fluxionary expression for AF may also be fotind in terms 
of the angles CAB; ABC. In CF take the ind^nitely gmaU 
part CH, draw AH, *BH, and from C draw CL perpendicular 
to AH and CK to BH : Draw also BG and AM at right angles 
to FH. Let the angles C A« = (p, and CBA «= 4' ; then CAH 

^.ip, andCBH = — 4^; also, CL=;=AC x f, and CK = 

AC* X 9 



^ BC X 4. Now HC : CL : : AC : AM 

BC* 



and for the same reason, BG =1^: — 
Vat. IL Fart I, »A 






2Ur. 



Thcnefore, 



^tmce 
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since AF : FB :; AM : BG, AF : FB :: ^^^ - g ? : -^ 
-^un "^ t *"* AF : AB : : sin 4/«(p : — sin >J/»(p— sin $*n^ ; 

wkerefore, if AB = a, AF = i — : ^ ^—^ . 

\J/ sin $* + ^ sin \J/* 

4. If this value of AF be put equal to that already found, a 
fluxionary equation will be obtained, by the integration of which 

«! + i 

the curve may be constructed. Because AF = — ^^ ^q^^ 

BC -AC 

J . .r^ a sin vj/ ^„ 1 T5P ^ si" <P 

and since AC = — « — tt — ; — n» ^^^ ^^ = ,,• /^ , — n» 

sin (9 + xp) sm ((p + 4/) 

t . • AW tf Sin %}/ 
we have, by substitution, Ar s= jj-^;-j "^ m^ ' i ^^ 

sin 9 -**- sin \J/ 

_ ^^?^"^/ . Hence, sin ?)« x 4^ sin ^J/'" "*" ^ -+- 

4/ sin ^* + ^ sin x^* 

• . w + 3 ... • . w+i . . w + 3 

f sin>|/ cr: — sm %}/• X $ sm ?> +9 **^ ^ •^'^^ 

therefore, %!/ sin^'' = — ip sm <p ; and also 

yV^ sinj/ +/<{> sm ^ =: C. 

^. These fluent? arc easily found, when m is any whole posi- 
tive number. • 
If /»=i» we have x^ + ^P ^ o; and ^ + 4/ = C, 

w=2, we have %J/ sin%|/+f sin <p=iO; and cos^ + cos >{/ =C ; 

&c. 

The first of above equations belongs to a segment of a circle 
described upon: AB, which therefore would be the curve re- 
quired if the magnetical force were inversely as the distances. 
' If the magnetical force be inversely as the square of the distan- 
ce, that is, if » = a, cos (p + cos 4' is equal to a constant 
quantity. Hence, if, beside the points A and B, any other 
point be given in the curve, the whole may be described. For 
jlnstance, let the point E, (fig. laa, pi. 6,) be given in the curve, 
and iji the line DE which bisects Afe at right angles. Describe 
from the centre A, a circle through E, viz. QER; then AD 
being the cosine of DAE to the radius AE, the sum of the co- 
sines of $ and >i/ will be every where (to the same radius j =2 AD 
5= AB. Therefore to find E', the point in which any other line 
AN, making a riyctt Jingle with AB, meets the curve, draw from 
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N« the point in whieh it meets the circumference of the circle 
QER, NO, perpendicular to AB» so that AO may be the co« 
«ine of NAO, and from O toward A take OP == AB, then AP 
-will be the cosinQ of the angle ABE'; so to find BE', draw PQ 
perpendicular to AP, meeting the circle in Q ; join AQ, and 
draw B£^ parallel to AQ, meeting AE' in E', the point E' is in 
the curve. In this way the other points of the curve may be 
found. 

XXVII. QUESTION207, by Mr,V/ALLACE,R.M.College, 

Shew that the reflification of the curve called the line of 
^nes depends upon that of an ellipfe, without employing the 
fluxionary calculus, or in any other way comparing the inde- 
£nitely little increments of the curves ? 

Solution^ by Jifr. Wallace, the Proposer. 

Let AEB, (fig. 123, pi. 6,) be half the base of a cylinder, and 
AFB a section of the cylinder througfi C the centre of its base, 
making with it an angle of 45®, and which will be a semi-ellipse: 
L.et CEF be a plane perpendicular to AB. Froip P, any point 
in APEB,the semi-circumference of the base, draw PQinthe 
surface of the cylinder perpendicular to the base, and meeting 
the ellipse AFB in Q.* Through PQ, draw a plane perpendicu. 
Jar to AB, meeting the base in PD, and the plane AFB in QD. 
Then it is easy to see that DP =PQ, and consequently, that PQ 
is the ^ne of the arch AP* Hence it follows, that the portion of 
the cylindric surface contained between the semi-circle AEB, and 
semi-ellipse AFB would, it expanded into a plane^ form a figure 
of sines, having for its base AEB^ the semi-circui^ferenjc^Qtthc 
of the cylinder. Now if it be remarked thajt CF : CA :: |/a 
^ 1 ; it will be evident froi^ vhat has been said, that the length 
of the line of sines is equal to half the perimeter of an ellipse 
whose axes are to one another as v^2 to 1, and whose coxijugate 
axis is equal to the diameter of the circle from which the fine of 
sines is conceived to be generated. 

From what has been shewn, it is also easy to see that we can 
always express any arch of the line of sines by a corre$pon4ing 
arch of the s^me dlipse. 

XXVIIT. QUESTION 208, By Mr. Ivory. 

Two points being given in a vertical plane, but not in the same 
horizontal line ; i^t is required to determine the position of three 
inclined planes, such, that (supposing the body to pass from one 
plane to another, wijthout any Joss ot velocity,) the time of des. 

2 A 2 cent 
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c^nt may be lest than the time on any other three planes, ^f hen 
the line of descent is of a given length ? 

Solution, by Mr. Ivory, the 'Proposer. 

As the solution of this question seems to require complicated 
calculations, I shall be content with pointing out the method 
to be pursued. For the greater simplicity, the number of planes 
may be supposed to be two in place of three : then, preserving 

the notation in question 188, the time of the fall i$ * — £- — ^ 

(^tf — |/ap) H — v^Af, which is to be a minimum; and the 

line of descent, is ^ + /, which is to be of a given length, ot 
equal to a given quantity, A. Let m be an indeterminate quan. 
tity, and having multiplied f-f / by «^, let the product be^dded 
to the function which is to be a minimum, and denote the ^um 

fcy/ (^'Sji ^^3kt is. let f(x,y) =; —^ZT^ X (Va^ /j^] 

+ tH^ •+- ~ )/x + mf. The co-ordinates x and y, are next 
to be determined so a$ to make the function jT (;r, y) a mini- 
mum: and, for this chd, the equations ( ^ S * ) — p, an4 

i i* ) = o» i^ust be re$.alycd. (scp question 188). The 

values of x^niy, thus found, be^id^s involving the quantities 
given in th^ problem, will likewise fiontain the indeterminate 
quantity m: and being substituted in the equation ^-i- f^" = A^ 
or /U* + /) + v/((« ^ x)y+\b ^ yf) = A,, there will 
be obtained an equation which must be satisfied by taking m. 
of a proper value. 

If there be three inclined plane$, the function which is to be 
made a minimum, will contain four variable co-ordinates; and 
a like number of equations for determining these will be obtained 
by taking the partial fluxions in that function; in othe^ inspects 
the same method of solution is to bp pursued as shewn in the^ 
case of iyio inclined plants. 

' XXj;^. QUESTION 2Q9, by Curios us. 

Find the shortest distance between two given points on the 
surface ipf a spheriod ? 

7> this question we hav€ received n$ answer. 
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XXX. PRIZE QUESTION 210, iy Mr. Lowry^ . 

In a given ellipfe to infcribe a polygon of a given number 
of fides, fo that each fide may pafs through a given point ? 

Solution, h/ Mu Lowry, the Proposer^ 

Lemma. Let a, h^ (fig. 124^ pi. 6.) be two points in an 
ellipse, and let a circle be described on the conjugate axis XY; 
draw al, ^K parallel to the transverse axis meeting the circle ia, 
A and B, and XY in land K. Join ah^ AB, and from any 
point /?, in ab^ draw pm parallel to a\ or iK, meeting AB in P^ 
and XY in m ; then^;^, is to Vm^ as the transverse axis to the 
conjugate axis. 

For aV :bK^:: XI.IY = lA* : XK.KY = KB*; 
therefore al : iK : : lA : KB, 

or al : I A : : iK : KB : : pm : Pm ; 
thertfoTcpm^: Pm*: : al* : IA*= XI.IY : : square of the trans<p 
verse : the square of the conjugate, or pm is to Pm^ as the trans- 
verse axis to the conjugate axis. 

No\y let abcde, &c. (fig. 125, pi. 6,) be the polygon inscribed 
in the given ellipse, so that the sides ab, be, cd, de, &c. may pass 
through the given points p, q^ r, j, /, &c. respectively ; and let 
a circle be described on the conjugate axis XY. Draw aA, ^B| 
fC, ^/D, cE, &c. parallel to the transverse axis of the ellipse 
meeting the circle in the points A, B, C, D, E, &c; and join 
AB, BC, CD, DE, EF, &c. Draw pP, yQ, rR, jS, ^T, &c. 
trom the given points p^ q^ r^ s, /, &c. parallel to the transverse 
aixis, meeting the lines AB, BC, CD, DE, EF, &c. in P, Q, 
Jl,S, T, &c.and produce /t'P to meet XYinm. Thcnby thelem-^ 
fn^, pn^ is to Pm, as the transverse axis to the conjugate axis ; and 
l^ince p is ^ given pointy the distance pm is given; therefore Pnt 
is given, and P is a given point. And in a similar way it i« 
shewn that Q, R, S, T, &c. are given points. Wherefore it is 
pvidcnt that if a polygon ABCDEF, &c. be insciibed in thecir«. 
fie, so that its sides AB, BC, CD, DE, EF, &c. may pass 
through the given points P, Q, R, S, T, &c. thepoints^, b, c^ d, 
f, &c. in the ellipse, may be found by drawing lines from 
the angular points of the polygon inscribed in the circle, parallel 
to the transverse axis of the ellipse. 

To inscribe a ipolygon in a circle i^o that its sides shall pasft 
through given points, is a problem that has been often resolved ; 
and the solution that I shall give here is not materially different 
from others that have appeared before, but I shall endeavour t9 
put it in rather a simpler point of view. 

And first to inscribe a triangle ABC (fig. 126, 127, pi. 6,) in 
a given circle, so that its sides AB, BC, AC shall pass through 
^he given points P, Q, R« 
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Join PQ, and ihake the rectangle HQP equal to the given 
rectangle COB, and draw HC to meet the circle in K and join 
AK; then H is a given point, and the points B, C, H, P are 
in the circumference of the same circle j therefore the angle 
QHC is = CBP r= AKH in fig. 126, or its supplement irt 
fig. 127 (22.3), and AK is parallel to PQ. To the centre O, 
draw HO meeting the circle in N, and AK in I, and join CN. 
Make the rectangle HO.OP' =: to the squareof the semi-diame- 
ter of the circle, and draw CP'to meet the circle in G, and join 
KG; then F is a given point, and (Playfair's Euclid VI. P. F.' 
Cor.) CN bisects the angle GCK; therefore the arcs KN, NG 
are equal, and consequently KG is perpendicular to HO: there- 
fore the angle ACP', or IKG, is the complement of the angle 
KIH, or equal to the difference between the given angle PHO 
and aright angle. Hence we have this 

Construction: Find the points H and P'as in the ana- 
lysis, and on FR describe a segment of a circle to contain an 
angle equal to the difference between the angle PHO and a right 
angle^andlet it meet the given circle in C ; draw QCB, CRA 
to meet the circle in B and A, then the line which joins the points 
B, A will pass through the given point P. 

Demonstration.- Draw CH,CP' to njeetthe circle in 
K and G, and join AK, KG and CN j then because HO..OP' is 
;= ON*, KG is perpendicular to OH as is shewn in the analysis, 
and therefore the angle IKG or ACP" is the complement ot 
KIH. But by construction the angle ACP is the complement 
vi PHO, therefore the angle HIK is equal to the angle PHO, 
and AK is parallel to PQ; therefore the angle QHC is ?= HKI 
= CBA. But because the rectangle HQP is ==: to the rectan* 
gle CQB, tlie points B, C, H, P are in the circumfefence of the 
same circle, therefore the angle QHC is= CBP,and consequently 
the angle CBA is = to the angle CBP; therefore tl^e Un^ 3A 
passes tbrbugh P* 

The S4>lution of this particular case, immediately leads to the 
solution oi tb^ general problem, when the polygon has any num^ 
ber of sides whatever. 

Let the points HP' (fig. 128, pi. 6,) be found as before for the 
given points P, Q; and join PR, (the point R being that through 
which the side CD is to pass). On PR, produced if necessary, 
find the point H , so that the rectangle PRH'may be equa{ 
to the given rectangle DRC, and produce OH' to P'', so that 
the rectangle P 'OH' may be equal to the square of the semi- 
diameter, and join P D meeting the circle in m; then H' and 
P" are given points, and because the construction for the ppints 
H', P' as related to the points P' R; is the same as the can^truc*' 
tion for the points H, P' as related to tbe points P, Q; it is evi- 
dent from the preceding analysis that the angle ^DG is the 

. difference 
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difference between the, angle P"H'P' and a right angle, and is 
therefore given ; and it is shewn in the preceding case, that the 
angle AC G or ADG is given; therefore the 'angle AD;w, or 
or ADP" is given. Hence, when the number of sides of the 
polygon is four, or AD passes through a given point S', a circle 
described on P 'S', to contain an angle equal to the given one, 
will intersect the circle in D, and the construction will then 
be obvious. 

If the polygon has more sides than four, join P"S (S being the 
point through which the side DE is to pass), and find the ppint 
H" in PS, so that the rectangle P"SH" may be equal to the 
given rectangle DSE, and in H"0 produced take the point P"', 
so that the rectangle H"OP'' may be equal to the square of the 
semi-diameter, and join P'E meeting the circle in n: then H* 
and P'' are given points, and by the foregoing analysis the angle 
P'^Ewi is given, being equal to the difference between the angle 
OH'T" and a right angle; therefore the angle mE« is given, 
and the angle AEm or ADP has been shewn to be given; there- 
fore the angle AEn is given : and, if A£ be the last side of the 
polygon, a circle described through the points P'"T to contaia 
the given angle will intersect the given circle in E. And ia 
the «ame manner we may proceed for any polygon whatever, by 
joining the point last found, . and the point thtough which the 
next side of the polygon is to pass, and making a similar coh« 
struction to that which we have made jabove. 

Jfr.LowRY is requested to sendto Mr.GLE,iiDiiiiiiHG*s/Qr tic 

Medal Jar solving the Prize Question^ 
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Since the preceding sheets were printed off, we have received 
the folloMring solution to question XL (191). 

XL QUESTION tgufrcm the Camb. Un-^ Cal. 

Bradley obferved that every ftar palTed the meridian fartheft 
fouth when it came about fix in the morning, whatever were 
its pofition with refpeCl to the cardinal points of the ecliptic. 
Suppofe then the place of -a ftar to be given ; on what day will 
it pafs the meridian of London fartheft to the fouth i and ai 
l^hat hour will it pafs it on that day ? 

Solution, by Astronomicus. 

The greatest agparent distance of a star from the north pol^, 
arising from aberration and nutation together, is when the sun's 
longitude, and also that of the moon's ascending node, are three 
signs before the star, reckoning according to the order of the 
nigns; and that apparent distance will be greatest of all when 
the star is in the solstitial colure; but it does not appear, that the 
period can be accurately determined when silch an event will 
take place^ for any proposed star. We can, however, caiciw 
late the time which seems to be required by the question^ if it 
falls within the limits of some proposed revolution of the moon's 
nodes, or if it is restricted to a given year : Thus, for example, 
let the year be 1809, and suppose tlie star's right ascension =: 
108^, and its declination =: 60^ north. Let a great circle be 
drawn, (to the eastward), from the star, perpendicular to the hour 
circle or meridian passing through the star, and it will meet the 
ecliptic in 25° 41' of libra^ which is the sun's place, when the 
aberration in declination southward is a maximum^ (the obliquity 
of the ecliptic being 23° 27' 44",) this answers to Oct. 19, at 
London ; on that day the star comes to the meridian at 22f min^ 
before 6 in the morning. The longitude of the moon's node at 
that time is 6s. 23^ 45', and that of the sun 6s. 25® 26' ; the 
star therefore, is very nearly at its maximum distance from the 
noith pole, which distance will not sensibly vary during 3 or 4 
days at that time. 
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NOTICES 

RELATING TO MATHEMATICS. 

I. Mathematicians lately deceased* 



On the 7th of April, 1807, M. D. Lalande, the celcbratcA 
French Astronomer, aged 75. He was the Aothor of many 
Memoirs connected with his favourite Science. His most valu* 
lable and best known work, however, is his Astronomie in 3 vols* 
Quarto, of which the third edition was published in 1792* 

In July, 1807, George Atwood, Esq. M. A. and F. R- S- 
aged 62. He was for some time Tutor, and many years Fellow 
of Trinity College, Cambridge^ and was highly distinguished 
for his Mathematical Acquirements. In 1784, he published in 
one volume, pctavo, •' A Treatise on the Rectilinear Motion, anA 
Rotation Of Bodies, with a description of original Experiments 
relative to the subject." At the same time he published, " An 
Analysis of a Course of Lectures, on the Principles of Natural 
Philosophy, read in the University of Cambridge.** In 1801^ 
he published a ** Dissertation on the Construction and Properties 
of Arches,*' and in the course of that year, he also published a 
Supplement to it. Mr. Atwood also, at different times, contri- 
buted several valuable Memoirs to the Transactions of the Royal 
Society of London. 

II. Another New Planet, 

On the 29th of March, 1807, Dr. Olbers, at Bremen^ dis- 
covered another new planet, to which he has given the name of 
Vesta, being the second which we owe to the observations of this 
learned and indefatigable astronomer. It resembles a star of the 
sixth magnitude, and is very like in its appearance to the Georgium 
Sidus. This planet is found in the same region b.eiween Mars 
and Jupiter, in which Ceres, Pallas, and Juno, perform their re* 
volutions round the Sun. Its place^ as observed by Mr. Fir- 
minger at the Royal Observatory, Greenwich^ on the 2 2d of 
June, 1807, 10*. 29W. 48*. mean time was 

App. A. R. App.Dec.N. Longitude. Lat N, 

6'. 4^ 23'. 30" — 6^ 36'. 3 ' — 6^ i\ 23'. 18" ~ 7^ 47'. o'*. 

in. Transactions of the Royal Societies of 
^ London and Edinburgh. ' 

We propose, in future, to give the titles of the papers relating to Mathe- 
matics, contained iu the Transactions of the Royal Society of London, as 
they appear. And we shall, at present, enumerate all those wi«ich have 
been published in that work, since the commencemc^nt of tlie present cen- 
tury. 

The Vol. for 1800 contains, 1. On the method of determining from the 
wal probabilities of life, the nature of contingent reversions, in which three 
lives are involved in the survivorship. By' VVm. Morgan, Esq. F.tt.S. 
2. On the power of penetrating into space by telescopes, Ac. By Dr« 
Herschell. 3. A second appendix to the improved solution of a probloia 
in physical astronomy, inserted in the philosophical transactions (or 17i>«. 
By the Uev.< John Hellins, B. D. F. R. S. 4. Outlines of experiments and 
inquiries respecting sound. By Thomas Young, M. D. F. R. S. 3. On 
double images, caused by atmospherical refraction. By VVm. Hyde, Wol- 
ia^ton, M. I). F. R S. tf. Investigation of the powers of the prismatic co- 
Jours to heat and illuminate objects : with remarks that prove the ditferent 
refrangibility of radient heat. By Dr. Herschell. 7. Experiments on the 
refrangibi/lity of the invisible rays of the sun. By Dr. Herschell. 8. Ex- 
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By Dr. Herschell.' 9. An account of tlie tn^on6metric«i1 s'jrvey, carried 
oi) m the years 1797, 179S, aud 1799. fiy Captain Wm. Mudge, of the 
Boval Artillery. 

The V^ol. for 1801 contains, 1 . The Bakerian Lecture. On the mecha- 
nism of tiie eye. By Dr. Young. 2. On the necessary truth of certain 
conclusions, obtained by means of imaginai7 quantities. By Robert 
Woodhouse, A, M* 3* Demonstration oC sl theorem by which such por- 
tions of the solidity of a sphere are assigned as admit of an algebraic exprc£- 
iion. By Mr, Woodhouse. 4. Observat!()ns tending to investigate the 
nature or the sun, &c. By Dr. Herschell. 5. On an improved reflecting 
circle. By Joseph de Mendoza Uios, Esq. F. R.J^. 

The^VoL for I S02 contains, I. The Bakerian Lecture. On the tlieory 
of light and colours. By Dr. Young. 2. On the inclq)cndenee of the ana- 
lytical and geometrical methods of investigation, and on the advantages to 
be derived Trom their separation. By Mr. Woodhousft. 3. Observations 
on the two lately discovered celestial bodies. By Dr. Herschell. 4. A method 
iiT examining refracting and dispersive powers, by prismatic reflection. 
By Dr. Wollaston. 5. On the oblique refraction of Iceland crystal. By 
Dr. Wollaston. 6. An account of some cases of the production of colours 
»ot hitherto described. By Dr. Young. 7. Of the rectification of the 
coiiic sections. By the Kev, Mr. Hellins. 

The Vol. for 1803 contains, I. The Bakerian Lecture. Ob- 
jiervations on the quantity of horizontal refraction ; with a 
method of measuring the dip at sea. By Dr. Wollaston. 2. 
Observations on the transit of Mercury over the disk of the sun» 
&c. By Dr. Herschell. 3. Account of the changes that have 
happened during the last twenty.five years, in the relative situa- 
tion of double stars, &c. By Dr. Herschell. 4. Account of 
the measurement of an arc of the meridian^ extending from Dun* 
nose, in the Isle of Wight, to Clifton, in Yorkshire, in course 
of the operations carried on for the trigonometrical survey of 
England in the years i8oo, 1801, and 1802, By Major 
Mudge. 

The Vol. for 1804 contains, 1. The Bakerian Lecture. 
Experiments and calculations relative to physical optics. By 
Dr. Young. 2. On the integration of certain differential ex- 
pressions, with which problems in physical astronomy are con- 
nected, &c. By Mr. Woodhouse. 3. Continuation of an 
account of the changes that have happened in the relative situa- 
tion of double stars. By Dr. Herschell. 

The Vol. for 1805 contains, 1. Experiments for ascertain- 
ing how far telescopes will enable us to determine very small 
angles, &c. with an application of the icsultof these experiments 
to a series of observatiojis on the nature and magnitude of Mr. 
Harding's lately discovered star. By Dr. Herschell. 2. An 
essay on the cohesion of fluids. By Dr. Young. 3. On the 
direction and velocity of the motion of the sun and solar system. 
By Dr. Herschell, 4. Observations on the singular figure of 
the planet Saturn. By Dr. Herschell. 

The Vol. for 1806 contains, 1 . The Bakerian Lecture. On 
the force of percussion. By Dr. Wollaston. 2. Me moire sur 
les qiiantii^s imaginare. Par M. Buee. 3. The application of 
a method of differences to the species of series whose sums arf 
obtained by Mr. Landen, by the help of impossible quantities, 
By.Mr. Benj. Gompertz. 4. On the quantity and velocity of 
the solar motion. By Dr. Herschell. ^. A new demonstration 
of the binomial theorem, when the exponent is a positive or nc- 
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gatlve fraction. By the Rev. Abram Robertson, A. M. F, R. 

5. Savilian Professor of Geometry in the University of Oxford* 

6. New method of computing logarithms. By Thomas Man- 

ning, Esq. 7. On the declination of some of the principal fixed 

stars : with a description of an astronomical circle. By, John 

Pond, Esq. 8. Observations and remarks on the figure, the 

climate, and the atmosphere^ of Saturn and its ring. By Dr. 

Herschell. 

The Vol. for 1807 contains, 1. On the precession of the equinoxes. By 
the Rev. Abram Kol^ertson. 2, An invcstication of the general term of an 
important series in the inverse method of finite differences. By the Rev, 
John Brinkley, D. D. F. R. S. and Andrew's Professor of Astronomy in the 
University of Dublin, 3. Experiments for investigating the cause of the 
coloured concentric rings, discovered by Sir Isaac Newton, between two 
object glasses laid one upon another. By Dr. Herschell. 4. Observations' 
and measurements of the planet Vesta. By Mr. Schroeter, 5. Observa- 
tions on the nature of the new celestial body, discovered by Dr. Olbers, 
and of the comet which was expected to appear last January, on its return 
from the sun. By Dr. Herschell. 

The first part of the sixth vol. of the Transactions of the Royal 
Society of Edinburgh is now published. As it, perhaps, may 
be agreeable to our readers to have a list of the memoirs relating 
to mathematical subjects contained ill this work from its com- 
mencement, we shall enumerate them as follows. 

Vol. I. contains, i. Biographical account of Dr. Matthew 
Stewart. By Mr. Professor Playfair. 2. On the'causes which 
affect the accuracy of barometrical measurements. By Mr. 
Playfair. 3. On the use of negative quantities in the solution of 
problems. By Mr. Wm. Greenfield. 4. An improvement of 
the method of correcting the observed distance of the moon from 
the sun or from a fixed star. By the Rev. Thomas Elliott. 
5. Orbit and motion of the Georgium Sidus, determined directly 
from observations. By Mr. John Robison, Professor of Natural 
Philosophy in the University of Edinburgh. 

Vol. II. contains, i* Abstract of experiments made to de- 
termine the true resistance of the air to the surfaces of bodies. 
By Dr. Charles Hutton, of the Royal Military Academy, Wool- 
wich. 2- Observations on the places of the Georgium Sidus, 
made at Edinburgh with an equatorial instrument. By Profes- 
sor Robison. 3. On the motion of light, as affected by refracting 
and reflecting substances, which are also in motion. By Professor 
Robison. 4. Demonstrations of some of Dr. Stewart's general 
theorems. By the Rev. Dr. Small. ' 5. Remarks on the astro- 
nomy of the Brahmins. By Mr. Playfair. 6. On the resolution 
of indeterminate problems. By Mr. John Leslie. 

Vol. III. contains, 1. Experiments and observations on the 
unequal refrangibility of light. By Dr. Robert Blair, Ppfessor 
of Practical Astronomy in thd University of Edinburgh. 2. On 
the origin and investigation of Porisms. By Mr. Playfair./ 

Vol. IV. contains, 1. Four, theorems for resolvjng all the 
cases of plane and spherical triangles. By the Rev. Mr. Fisher. 
ft. On the principles of the antecedental calculus. , By James 
Glenie, Esq. 3. Observations on the trigonoriietrical tables of 
the Brahmins. By Mr. Playfair. 4. Some geometrical po-* 
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longitude of Aberdeen* By Dr. Andrew Mackay. 6. A new 
series for the recttitcation of the ellipsis, with observations of the 

evolution of the formula (a* 4- ^* — 2at cos. f )". By James 
Ivory, A. M. 

Vol. V, contains, i. Investigation of certain theorems re- 
lating to the figure of the earth. By Mr. Play fair. 2. New 
method of resolving cubic equations. By Mr. Ivory. 3. A 
new and universal solution of Kepler's problem. By Mr. Ivory. 
4. A new method of expressing the coefficients otthe develop- 
ment of the algebraic formula (a* + b* — 2ai cos. (p)", by 
means of the perimeters of two ellipses ; with an appendix, con- 
taining an investigation of a formula for the rectification of any 
arch of an ellipse. By Mr. Wallace. 5, Rule for reducing a 
tquare root to a continued fraction. By Mr. Ivory. 

Vol. VI. Part I. contains a geometrical investigation 
of some curious and interesting properties of the circle, &c. By 
Mr. Glenie. 

IV. Mathematical Wokks lately Published. 

Scriptorcs Logarithmiciy VoL VI. ^tc. By Francis Maseres, 
Esq. F* R. S. Cursitor Baron of the Exchequer. 

An EUnuntary Treatise on Natural Pkilosopkym Translated 
from the French of M. if. /. Hauy^ Professor 0/ Mineralogy at 
the Museum of Natural History ^ &c. By Olinthus Gregory, 
A. M. of the Royal Military Academy^ Woolwich, fi Vols, 
81/^. zvitn plates. A second Edition of the original French Work has 
jdsobeen lately published^ and Mr » Grtgpry has availed himself 
of it in his Translation. 

A Reply to a critical and monthly Reviewer^ in which is insert^ 
ed Euler's Demonstration of the Binomial Theorem. By Abram 
Robertson, D. D. F. R* S. Savilian Professor of Geomctrym 

Foreign Books. 

Journal De VEcloe Polytechnique, 1 3M Cahier. The gth and 
toth Cahiers^ containing the remainder of the Muhanique Philo^^ 
tophique^ by Prony ; and the i^th Cahier are in the Pre^s. 

Application De L Analyse A La Geometric^ par Monge and 
Hacnette, « Parts in Quarto. 

Correspondence sur Le Ecole Polytechnijne^ 6 Numeros in 
Octavo. 

Essai De Geometrie Analjtique applique aux Courbes et aux 
Surfaces du Second Ordre. Par I. B. Biot. Second Edition. 

A French Translation of the Disquisitiones Arithmetics of 
Mr* Gaus has appeared. It is in 1 Vol. Ato. and is called 
Recherches Arithmetiques. Our readers will recollect that we 
have already noticed the original work at page 77 of Vol. I of the 
Mathematical Repository ^ where we have given hisjormula for the 
calctilation of the side of a regular polygon of ij sides, inscribed 
in a circle. , 

NouvelleMSthode pour la Risolution des Equations Numiriques 
d*un degri quelconque; D'apres laquelle tout le calcul exigi pou^ 
cette Resolution se reduit a lemplot des deux premieres regies dc 
PArithmetique. Par F. D. Budan. 

^£i^^:^M *».,.p /« .rml/tH/in /aui pMitt/t SntiT^.s A».c distances ds dno 
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ARTICLE IV, 



Solutions to Questions proposed in Number VIL 



I. QUESTION 211, from the Bija Gon;^ta, ^r Hindoo 

ALGEB&iU 

Find two inte^rer fquare nuihbers whofe fum and dlSere^c^ 
diminiihed by i mall both be fquares ? 

^ Vf The S^jaGonefii was written in Sanscrit by Bhasker Acharij, a 
famous Hindoo Mathematician and Astronomer, who lived about the bew 

fi»»»ng.ofthel3tb century of the C/fnV^Vin era: and was traoslated into 
ersiaffio 1^4." ..--t ^ -^ . 



First $OLvrioStJrom ike Bija Goneta, or Hindoo 

Algebra. 

Assume 4X' and gx* s-f- i for the two squares : 

Then4;rH-5«*-|;- 1 — ingx'asquare: And5;r* + i — 4JC'— t =:;c* 
a square; 

T^refore we have to make 5^? 4- 1 a square : Now if we as- 
sutne * =4, then gx 16 -J- j = 81, and 4 X 16 = 64, are 
the two squares:' rdr &i -4^ 64 — 1 =x 144 ^ square; and 
8{ r- 64 •— J ;=^; 1^ a squafe. And if ^ ;s:; 78> the twosq^i^e^ 
will be 25921 aBd20736, 

/ 

. We shall subjoi.11 the three following Questions, with the me- 
ithods j>{ spiution from tl^e $aiBe work, ' (the Bij^ GoneUi*) 

1. What two intieger numb^p are those (^ and 6 excepted,) 
that when 3 is added to twice th.e difference of their squares, and 
also to ^ times that difierence, the tw6' results shall be. square 
DU^ibers? 

Let x= the difTerence of tlie squares. Then «a:-|-3z:^* (a square) ; 

And 3Jf -+-3=:^* (a square); 

Since 2f + 3 =?y, * ==.^2LZ:J, and 3* + 3 = ^^^ = «*» 

whence gy* = 6z^ + 9, and gy =: (62* •+- 9)*. If z be as- 
fumed =: 6, th/en %y zzz t^, and y =5: 5, ^d ;i: s^ 1 1, and the 
two numbers are 5 and 6, which, by the question, are excepted. 
Now let z = 60; then gy = 147, and y 25= 49, wheacc 
Vol. II, Part I. 2C x 
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4r = 1 1 99 the difference of the two squares. Let m and n be tht 
required numbers, or roots of the squares ; then {m -4- n) (j»— n) 
S3 1 xgg : assume m — n z=: i ; then 2m z: 1200, and »» =: 600 
one pfthe required numbers, and nzzz 599 the other. 

2* To find X and y in whole numbers, when x +y and x^+ y* 
are both squares ? 

Assume ^l=l2 = x, iheR(^!^^^)*+y^=: ^*'^^^^'^^ ' 
a square, its root being ^ — --^. Arfd since x z:^ % * 

» ,+ ;^ js = -^I ^ : Let -JLltJ — a\ theny*-»-jf = 2a\ 

or 4>' + 4^ = 8a*, and ^y* 4- ^y 4- t ;:::=: 8a*' -V- 1. whence 

i 
ty 4- 1 — (8a* -^ 1)*. If a = 6, thcnjf zi 8, andx =; 28« 

which numbers answer the question. And if a z^z SS* ^^ 8^ 
49 and 1 176 for the two numbers. 

3. To find X and jyr, when x* + xy -+• y^ and xy {x +>) + I 
are both integer squares ? 

First, (at' -f- a:;^ +/*} x 36. ..... • = 36jif " + ^6xy + 36y» 

Assume the square (6;^^ -f- 3^)* ;p= gSjc" + 364fy + gy' 

difference 27^' 

Now ^-^ = 27j«,and 27^^ — j/ = fiiSy, and — ^=: 137. Make 

the root 

6je + 3y = i3y, then ^ — ^, jc 4 ^ = JI, and ;ty = ^ : 

3 3 ^ S • 

^ ' 9 3 '^ 9 8 

Ijext. 22^ X ^= «. andi^4- , or 5^>1±^ is to 
3 3 9 9 .9 

be a square: Put 5-^ 2 ^z a*,then/(^6y* + 9)*zr3a» Now 

iiy =6, then a = 15^ whence ;if = 10; therefore, 10 and 6 
are the values of x and jr. 

Remark by the transcriber. The method of making ;e*+*)rf-^* 
a rational sauare, appears not to be general; for any square, (in- 
stead of 36,) will not answer the purpose. Nor is there any ob- 
' vious step in the process which leads to the reason for adopting 

th« 



t >». 
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■ t 

the root — instead of M- (or xy) in rendering the expression 

*y (* 4->) + 1 a rational iiquare: For the same value of y 

will result if we use ^ ; thus let ^^ X ^ + i = ^? (a 

square); then 40^' + 9 = gi^; and the .expression 40^'+ 9 is 
a square when y = 1 , or 6> 



Second Solution, by Mr. Cui^iliffe, R.M. College. 

Let a' + 2ab + b^ and d* denote the two squares : Then bjr 
the question 

2a' + 2ab + b^ — 1 =± c*, 
and 2a3 + ^' — 1 = d^. 

The sum and difference of these equations, give 
2a* + ^ab -4-2^* — 2 =: c* + flf*, 
and 2a* m: c* — afi : 

Whence a* 4- 2a^ + ** = (a + ^)^ = |(c» + ^') + 1, 
andtf*=:i(c*-^i*). 
Put d + » = f ; then a« = |(r» — ^*) = in* + ^/a = r»ii«; 

whence n == --^, c;rrf+ « = rf + _£^=^^^ 

2f*-^ 1' 2r*— 1 2r* — 1 • 

and by means of these 1 H := 1 + — ^^-5 / , 

' ^ 2 2r*— 1 V 

Puti = j(2r»— 1); then 1 + ^^^ "^ ^^ = i+5'(4f^+t) 

2/ 

= a square = (^5 + 1)*=/* j*+2/i + 1 : whence j =r—-T — 

^ ' ' 4r*4,i.— /* 

where r and t must be so related as to give s a whole number. 
Take i zz 2r*, then s zz ^r\ d= s (2r* — 1) = 4r*(ar*— 1), 

n=2i/*f-(2r*— 1) = 8r% <: = ^/-4-n =:4r*(2r*-hi),a*=: 

i(c»— rf*)=64r^and(a^-*)*=|(c»^-rf*^-2)==64r«+l6r*+l, 

which are the two required squares, where r may be taken at * 
pleasure. ' . 

Taker =j= 1, then the two squares are 81 and 64. 
Take r = 2* and the two squares are 16641 and 4096. 
This question was also answered by Dr. O'Riordan. 

'2C2 
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II, QUESTION 219, by Investigator* 

What fum fliould A, aged 30, pay on the event of his furvi- 
ving B, a^d 6 j, for ^n annuity of looo/. daring their joint 
lives, ufing the Northampton table of the probable duration of 
fife, ^d alloiving ^ per cent« intereft of money ? 

Solution, ^jf Investigator, theProposer. 

• 

As this question contains in fact two distinct questions, viz. 
itt. To find what the present value isof an annuity of <£tooOj to 
continue during the joint lives of A and B ; and adly. What 
sum is equivalent tp that presem value, if deferred till the death 
of B, and limited also to the restriction of A*s being then alive; 
so the complete solution may naturally be divided into two 
parts, each of which we shall consider in order. 

1. Takings, ^, r, d^ e, &c. to denote the number of the liv- 
ing at the age of A, aiidat the end of the 1st, &d, 3d, 4th, &c. 
sucteeding year; and^, q^ r, s^ /, &c* the number of the Hv« 
ing corresponding to the age of B, to B's ^t +1, + ft, -|~ St 
H- 4, &c^ respectively, as found in Dr. rrice's* Northampton 
Table of the probable dilLration of human life, and putting R for 
tbb amount o(^t in a ye^, (i« e. i*oj when it is ^ per cent* in- 
terest,) we shdli faaVe 

The probability that 

A wHI bft alWo 4 B will be alive I ' And that both A and B 
at the end of the | at the ead of the | wiU be alive at the end of the 

istYe4r=^ .. = ? = ^ 

a . p ap 

"a *~" ^ * """ fl^ 



2d 



• « • « 



4lh 



. e I et 

a p ap 

&c &c &c &c. 

Therefore, by discounting the first ttrm of the l^st fink of pro* 

babilities, namely, -^, foroneyear, (i.e.muItiplyingitbyR ); 

F 

the second, --4 for 2 years, (L e. multiplying it by R ) ; the 

third; 



9 



{ •«! ) 



« 



ihlrd,-— , for 3 years, (i. e. multiplying it by R h^hefouttti 

CLv 

tt - < . ... "— * 

— ,for 4 years, (i.e. multiplying it by R ), &c. and collect^ 

ing the several products, and multiplying the whole sum by ioop^ 
the present value of ah annuity of i£iooo upon the joint lives of 
A and B, is found to be equal to 

\£i^R ^ apR* apR} apRr 

of the table^ or till one of the factors in the numerator becomet 
=: o,) or equal to 

'■^^* (*?"*" g + ^ "*" W5 "^ ^^"5 ^^^^ which expressions 

ifae value is readily computed, and will be found to be = 
.£6447.841. 

2. Let the value of the annuity jusi found, (.^6447. 841,) be 
put' = P, the equivalent contingent sum, that is to be paid ia 
case A survives B, = Q, and let the same symbols as in the 
preceding investigation be retained, and we shall have the probk- 
tuility of 

A*s being alive at the end of the Jirst year •••=:. 

A^s dying in the first year • • • » • «= — ^-^ 

B's dying in the first year "••••••••..=: ^~^ 

A*s surviving B in, and being alive at the end of the 1 st year zz -(^j*) 
and the probability, of their both dying in that year, and B dying 

first, nearly*, == Hr-—) f-^)^ 

Again, the probability of 

A*s being alive at the end ot the second year, is acs 

A*s dying in the second year * • . * • . . == -^— ^ 

B's dying in the second year ♦ , =: ^^^ 

r 

A*s surviving Bin, & being alive at the end of the 2d year =-(5Lj.,j 

— - — -•-«■* 

♦ 1 say nearly, for although our. bef^ writers on the subject hare, as it were con- 
sentaneously^ taken this as the exact chance that is above mentioned, yet, of iSi 
differing from the truth in many cases, when the period of time is to ion^ as a year, 
there cannot be entertained a moment's doubt. 

and 



I 



and the probability of their both dying in that year, and B dying 

fine, nearly, = i{-^) (^^). 

In like manner, the probability of 

A*s being alive at the end of the third year is s= 



A*s dying in the third year 
B^s dying in the third year 



a 
c—d 



r — s 



d r s 
A*s surviving Bin, & being alive at the end of the 3d yearrrr- (— ) 

P 
snd the probability of their both dying In the 3d. year, and B dy* 

ing first, nearly, =|C—^) (-^)* 

And also, the probability of 

A^'s b^ng alive at the end of the fourth year is == 



AV dying in the fourth year 



• . • 



e 
a 

a 



B's dying in the fourth year 



A'*s surviving B in, & being alive at the end of the 4th yearir:- ( — ) 



and the probability of their both dying in the fourth year, and B 
dying first, nearly. =:f('-^'^) (^-y-)* ' 

Therefore, taking it as an equality of chance, that the event of 
A^s surviving B, may happen in th^Jirst aar in the second hatfoi 
any one year, and allowing the proper discount on the two last 
mentioned probabilities in each of the above mentioned years^ re- 
spectively, and collecting the several quantities, there will arise 
the following ec^uation, viz. Pz: Q X 

I J^^Qk, c jj — r. d ,r — s. . e ,s — t. 
«R* '^ aR* ^ «R* ^ «R^ *^ 



«aR* ^ mR* f' «*R* f' B«Rt f 



Or, 
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Or, by taking the sum of the two series, and dividing all by Q, 



Q 



2apK 



«fl/>R* 2apK^ ftapK^ 



And, if we multiply the whole by zapK^y 

and, conseqaently, 

4- &c.)=<£i2224*69, or ,£12224. 13s. g^d. the sum that ou^t 
to be stipulated to be paid by A, at the death of B, for the annui- 
iy mentioned in the question. 

Remark 1. If we would avail ourselves of the assistance of 
the tables of annuities upon joint lives, the series that expresses 

. p 
the value of -^, when the multiplications are performed in the 

numerators of the several fractions of which it is composed, be- 
comes equal to 

I / ^ f . f lqs,cq'hr'Cr cr^dr^cs-ds . ds+eS'dt-ei 
rX («/+*]>•«?-*?+ ^^^^=-^^j — -+-^^^t + ^"^3 . 

Which series is evidently equal to the four following, viz. 

£1 L 

R» "^ R' 

cs 



iapB. 



x=^ 






%J^^+ &c. 



~ W +• ]^ + ga + j^ + &C. 



cr 



[-(*? +1:+ r»+F- + ^'=-J 



Let a and (p denote the number of the living corresponding to 'A 
and 'B,two lives whose ages are less by one year than the age&of 
A' and B, and let ^A'B, A'B, 'AB and AB denote the value of 
the joint lives of A and 'B^ A and 'B, 'A and B, and A and B 
respectively, as taken Irom tile tables of annuities upon joint livei; 

then, by multiplying the first of the foregoing series by ^ ^ 



a(f>R 



v 



•irl 



the second by-^-r, the third by — -, and the fourth by R», there 

(pR* «R' 

will 
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will be produce^ 
1 



t 

sa<pR 

. X 
1 

2a/>R 






OT T" fin "1^ ^^» 



*7 
s 


^ R* 


+ 


5» 


R 


^ R» 


■4- 


R» 


5 




+ 


R' 


R 


ds 
+ R. 


+ 


et 
R» 



+ &c. 



X («f + g -t- 5^. + ^ ■*• &c. 

Jf (*? + H^ -»- ^, + 4, + &c. 



Of ^ich expressions the first is evi4em1y = i'A'B* the second 
^ iA'Bi the third = — |A'B, and the fourth = -7- 4 AB. 
Tbcrcfore, \>y dividing by the' preceding factors, &c. Q is found 

»a be eqoal P -frr ^('A'B :k ^ + A'B X | -- 'AB X 

r 

* T— AB} ; which is a very coininodiouf theorem for obtaining 

thcvahieof Q byjuesinsof the tables of annuities upon joint 
lives and the original table of the probable duration of human life, 
RemarJc 2* The value of Q, if co^iputed by Mr. Simpson's 
App)rpximalion» aided by Dn rrice's correctbn» (sec Dr. P — 'ji 
Jleyers. Payments, vol, 1, pa, 37 <ind 38, 6th Edit.) comes opt 
= «£ii&7oa, exceeding the true value by £j^tj* 6s. ad. If com- 

(luted by the Xple on pa. 40 ^d 41 of the same vol. j/l will be 
bun4 to be .£1^35, exceeding the true value by <£3io. 6s. 2a. 
If computed- ^rebtly from th^ North^pton table, and discount 
be allowed on the several probabilities up to the end of each yesMT 
respectively, {the common, though erroneous mpthod of allow- 
ing djscount,) it nvill be found zf <£i252j;, differing jrom the 
true value by £2PO. 6s. %A. A certain ingenious caicuiatormakei 
it <£ 130591 differing from the true vajue by above <£834f 

Rem. 3. Were we in possession of tables pf the probable 

duration. of hjuman life for ipuch shorter periods* of time than 

years, and complete tabljc^ of annuities answering thereto, it 

vrould be easy to dedncjs a ipor^p exact value than even that which 

js exhibited by the abov^ theor<emj^ something similar to the in. 

gjenious method made qse of in Art. xi. No. jy of the New Series 

©i the Repository, but considering the vague nature of the sub-^ 

ject, and the tables now ^n common use, it is presumed, that 

the exactness of the above method of solution is abundantly su(H- 

.i:iem for all practical purposes, and the e^sc with which tl^e va« 

ll|C of Q may be computed by me ms of the theorem in Rem. 1, 

cannot iail ot recommending.it in preference tospme other less 

^prrf^t 2nd more troublesome rules that have heretofore beengiven* 

fJ^Aisquesiion was also answfrfid by Mr, J. H, jlearding, of the 

Globe Insurance Offiu. 



{ «t>5 ) 



til. QUESTION ai3, by Mr. BAZLEVf 

Find a circle whereof the diameter, and the chord, fiiic» stn4 
vcrfed-ruie of an ard of it, are all integers ? 



Solution, hy Afr/ CuNLitFE. 

Let sz denote the sine, and tfz the verged sine of an arc ; then 
will z x/{v^ + j') denote the chard, and z (v* + i*) -7-«' ^^ 
diameter of the circle, which wll all be rational^ when v* -4- s* 
ii a rational square. Put v = 27Hn, and s == «*—«*; thea 

2 /(i/*-*- 5*)=:2 (m»+ »»), and i;(yM- J*) -r-t;=z(»i*+«*)-f'fi»»«* 
Put 2 zrz 2mn, then sine $% =:: Qmn {m* *— «*) ; versed sin^ 

vz = 4m*n" ; chord z \/{v^+ 5*) = 2»f« (w* + n* ), and dia« 

meter z{v^+ *■) -f- t* = (m^ + »*)*, where m and » denote 

any whole numbers. 

The preceding expressions give only one arc that will answer 
^ to the same radius ; but any number of arcs of the same circlt 

whose chords, sines, and versed sines will be rational, m9]r 
I be found as follows: .. 

Put m^'+n^zzz m'^ -+-«'•;== ^ -4- nT*, Sic. then by the 

bown method of dividing the sum of'two squares into two others, 

we may put 

p^ 4- q'^ ^"" " p'^ 4. q*^ » "^r 

where supposing m and n given, ^, ^; p\ q\ &c. may be takea 
at pleasure, but not in the same ratio. Then the diameter will 
be expressed by (/»* + w')*; the chords by ^mn {m} 4- n*), 
•«V (m*4-ii*), a»i*ii'' (»i*-h »*), &c. ; the sines by awn (m*— «*), 
iwV (to'* — n *), a»"ji" (»!"» — n"% 8cc. and the versed «incs 
by 4»*»*, 4m'^«'% 4»i'*ii'* &c, 

T^/f question was also answered by Dr* O'Riordan, 

IV. QUESTION 214. by Amicus. 

The ends A, C of two given beams are moveable about t^o 

Sxed points, and the other endfl B» D are conae£ted by a firing 

Vol. II. Part I. aD •f 
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of a given length which pafles over a fixed pully. It is requirel 
to determine the pofition of the beams when they are in equili. 
brio ; the puUy aiid beams beiogin the fame veiticai plane? 

Solution, ty JWr/ J, Johnson, Birmingham. 

Let P, (fig. 129, pi. 7,J be the point where the pully is fixed, 
and draw AE, BGt CFi DH perpendicular to the horizontal 
line EPF. Also, PK, PL parallel to the beams AB, CD, mwu 
ing the lines EG, DH, produced, in K and L; and let Q, R, 
be the centres of gravity of the beams AB, CD ; and W, w their 
respective weights. Then, by the property of the lever, the 
force which, acting in the direction BG, would lustain the end 
B, Is to the whole weight of the beam, as AQ to AB, and ii 
therefore equal to ( AQ -f. AB) W ; which being resolved into 
a force acting in the direction of tbe s-tring BF, is=(BP -r J3K) 
(AQ-*^ ABj W. In like maaner^ the force acting in the di« 
ueotton'oi the string IM* i« = (DP -4- DL) (RC ^ DC) w; 
and when the beams are in equilibrio, these fprces must be equals 

X r^ X W =, .^5j^ X >g^ X w. 



Put EP = Ot AE =:^, PF zzc, CF= </, AB =: w, j 
AQ^Js;^, IX: = r, RC ^i. GB=^jr. PG=;^, PH=:a/, 
HD = z, and / = the length of the string. Then BP = 
i/{x* +/). GK=r^ (^ — A) -r (a—y), and BK =x + 
iy{x — i) -7- {a — y) = {ax — fy) -^ [a — y) ; therefore 

^ ^ 41 xWi.= ;S^x Z,^,./, xiW. 

And* in the same way we find 

Therefwe, 

m ax — by ^ ^ ^ ^ r cr -r- ^ai r x"^ t^ -* ' 

From this equation, and tke equations i/{« M-/*^-!' v^(ft'*4-2^] 
5=: /, (a — >)* — (c — *)* 1= »»•, and (c — . 2z/)» 4- (2 — ^Ja = f* 
the value of tbe uaknowo qu^ntUiei may bie tfetefinined. 

SoluHons wen also rtcdvtdffom Messrs. Amicus,. Cunlifie, 

mnd p'Riordan. 
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I V. QUESTION 21S, h Hypatia/ 

This question has« by some Qiistake, been wrong proposed; it, 
•ught to have been as follows : ^ ,. 

From A, one -end of AB, the diameter of a circle, draw any 
chord AC. Bife£l the arch AC in E, and join BE, meeting 
AC in F, and draw ED perpendicular to AB meeting AC in G. 
The lines AG, GF fliall be equal. Required the demonftration ? 

Solution, by Dr. O'Riordan. 

^^S* ^3^* P'* 7* Because the arc AC is bisected in £, the 
angles CAE, EAB| AED are equal; therefore the right-angled 
triangles AEF, BDE, EDA are equiangular, Or the angle GFE 
sr: to the angle GEF, and the angle G AE r= to the angle GEA ; 
therefore GF is = to GE, and AG = GE ; consequently the 
lines AG, GF are equal* 

Mr. J. Wallace, teachtr of Mcdhtmatics^ at Edinburgh^ sent a 

neat solution to this question* 

VI. QUESTION fii6, by Mr. Wailace, R,M. College. 

Let a circle be given by pofition^ and let A and B be two given 

toifitd \ a point C may be found, fuch, that if any flraight line 
c driswn through it, meeting the circle in D and E, and AD, 
, .HD; alfo AE, BE b^ joined, there is a certain given fpace which 
IB a mean propohional between AD* -{- BD* and AE* + BE*. 
Required the demonftration p 



Solution, by iHr. Lowry, R.M. College. 

* _ 

Fig« 13>» pi- 7* Let the line jpining the points A, B be bi,. 
scacd in P, and join PD. PE ; then AD» + BD» == 2 AP* + 
2PD*, and AE' 4- BE» = «AP* + 2PE\ Draw a line through 
P and the centre O, to meet the circle in H and K; and find the 
point V* so that 2OP x OV may be equal to the square of the 
semi-diameter OH. Bisect PV in S, and draw DG, EN per« 
pendicular to OH, then S is a given point ; and by a well known 
theorem, PD' = 2OP x SO, and PE* = 2OP X SN. 
Make 2OP x SO =;= to AP*, then Q will also be a given pointt 
and AD- + BD* = 2AP* -f 2PD* = 4OP x QG, and 
AE* -t- BE* = aAP» + aPE* =^ iOP x ^N. 

IP D t Naisf 
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Now let 4OP X / be the certain given space mentioned in the 
question, / being a line, the m^gnkude of which is.yet to be de* 
termined ; 

then 4OP y QG : 4OP x I :: 4OP )< I : 4OP x QN, 
or QG :/::/: QN ; 

therefore QG x QNis =r /• =; to a given space, and therefore, 
the point C must be so situated, that, in whatever direction DE 
is drawn, the rectangle of the distances QG, QN shall be equal 
to a given space. This we know, (from the lemma, on page 185 
of this vol.) will be the case when the point C is in the line OQ, 
anid when QC* :=: QH X QK is = the given space /*, where 
the point C may be either within or without the circle. Hence 
this construction : Having found the point Q as in the analysis, 
take QC, on both sides of Q, a mean proportional between QH 
and QK ; then either of the points C will answer the conditions 
of the proposition, and40P X PC will be the given space. 
. The demonstration is evi4ent from t;he analysi^j, and the Icm^ 
ma referred to above. 

The same algelraically, • ■ 

Bisect AB, (fig. 132, pU 7O in F, and join DF, EF. DraW \ 
J'G to the centre G, and bisect FG in I : Also, draw DH, j 
EK, CL perpendicular to EG« Put FG =: a, radius DO = r , 
AF = df, CL = t, GL = o the angle DOC =(p, IH =: *, , 
IK r=: x'j GO =zr y, and p^ =the given spacer | 

Then DF» — DG* = aGF x IH = 2ax, or DF» = 2ax + r\ 
and EF* — EG' =r 26F X IK r: 2ax\6T EF* = fitf«'+f*; 
therefore AD* + BD* === fll)F* + aAF* =i= ^ax + 2r*+ 2*, 
and AE* -+- BE' =1: aEF* -h 2 AF* == ^ax' + 2r* + «<<*; 
0r if 2r' -f. 2fl(* be put = j^ah^ we have AD ' -+- BD * = 4a[h+x) 
^nd AE* -|- BE' zz 4a (A + x^); therefore by the question^ 

4i2 • [k + x) :, p^ :: ,p* ; 4^ {h + x)^ ., 

• or, {h+x){h^x')=z(^)\ 

4a 

Npw by trigonometry, OD rr y cos <p + v^(r« — y^ sin*^), 

an4 GE zr — ^ cos (p -^ ^/(^ ^ f" sin«$); 
therefore OH 1= y cps'cp + cos fp \/{r* — y^ sin'f), 
and OK zz -^y cps*^ + cos 9 y^{r*— jr*sin»^). 
- . But 10 is ==: |a — >'» therefore 

h -h A:.is=rA4- \a — y sin'(p + cos <?) v^fr*" — y'^ $in*(p), and 
h'\'Xz=zh^\a — ^ sin * <p + cos <p ^/{f' — jy * sin* ?), therefore, 

(*+^) (A+:t'J=r(A+|a-^jy sin^ ?)^— cos' (p(rV>* sin* (p)=(J)», 
* • . :; '. or 
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or, if a» be put =: A a. Xa, and c -h •? ^= GL •+• LOxry. 

. ^ sin (p ^ 

nurcHave 

This equation contains all the conditions of the question ; but 
•ince the angle (p is variable, we must deteiruine what particular 
values must be assigned to the constant quantities^ so that the 
equation may hold true whatever the value of f. may be. Thi$ 

•will evidently be the case whep bzzq^ and ;»• — r* := (-^)* ; f^t 

4^ 
then the equation becomes — 2mc sin* (p -^r* sin* ^ + c*«m^^ 
szz o, in which (p may be any angle we please. Dividing the 
last equation by sin* (p, ai^d completing the square, we have c=s' 

The result of this investigation, then is, first, that i z: o, or 
that the point C is in the liiie GF, and coincides with the point l,^ 

Secondly, that m* — r» = {-j^Y, ot p* = 4a/(»z»— r«}, 
♦ ^ 

the given spac^, And, thirdly, that c or the distance of the point 
C from the centre G, is = to « — v^(m* — r»), or to ^4- 
^(m'' — r*j, which shews that there are two points C that ans-r 
wcr the conditions of the question ; the one j)eing within and the 
other without the circle. 

Solutions were likewise recdvedfrqm Messrs. CunlifFe ati^ 
' • P'Riordan, 



VII. QUESTION 217, 3y Mr. Lowry. 

An ellipfe, and a ftraight liiie, being given by pofition ; a 

f^oint mky be- found -fuch, that if any ftraight line be drawn 
hrough that paint to meet the «llipfe in two poirfts, and petpen- 
diculars be drawn from thofe points to the ftraight line given by 
rpoGtion, the reflangle of thofe perpendiculars ftiall always be 
equal to a certain given fpace ? 

> 

Solution, lyMr.,'LowKYt the Propofer.. 

^ Lemma. If four points A, B, C, D, (fig. 133, pi. 7,) be 

taken in a straight line, so that the rectangle AB x AD may be 

• equal to the square of AC, and let AEi be taken equal to AC : 

• • ^ ' ' Then 
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^iThen the line £D is harmonically divided in the pdintd 
t, B, C, D. 

And^ conversely, if the line be harmonically divided in thei^ 
points, and £C be bisected in A, the square of AC is equal to 
the rectangle AB x AD. 

Because ABx ADi$=:AC', ABiACnAE :: AC=AE:AD^ 
md by. composition and division^ 

EB J AE : : ED : AD, 
BC t AE :: CD : AD; 

therefore, EB : ED : : BC : CD, and the line ED is harmo- 
nically divided in the points E, B, C, D. 

Conversely. Because EB : ED :: BC : CD, or EB : BC :: 
KD : !CD« we have by division and composition, 

s»AB : BC :: 2AE rr 2AC : CD, 
ftAE=J2AC : BC :: 2 AD : CD; 
therefore AB t AC : : AC : AD. and AB x AD = AC«* 

This being premised. Let EDF, ffig. 134, pK 7,) be the 
^wen ellipse, and AB the straight line given by position; 
and suppose that the point P is found, such, that if any 
^raight fme be drawn through it to meet the curve in E and F, 
wad EG, FH be drawn perpendicular to AB, the rectangle 
£G X FH may be equal to a given space^ which space is to be 
found. 

In the first place let P be within the ellipse,, and draw PQ pert 
pendicular to AB : Then since the proposition is affirmed to be 
true for every position of EF, it must be true whea EF is parallel 
to AB ; and in this case^ the rectangle of the perpendiculars is 
equal to the square of PQ' ; therefore, EG x FH must be equal 
to PQS or PQ* must be the given space. Let FE be produced 
^omeet AB in L i then by similar triangles, 

EG : EL :: PQ : PL, 
and FH : FL :: PQ : PL; 
therefore EG X FH : EL X FL : : PQ' : PL*: 
but EG X FH it = to PQ% and therefore EL X FL is - PL'. 

On EL produced, take JbM sr: PL ; then by the lemma, the 
line MF is harmonically divided in the points M, E, P, F: 
wherefore if MN be drawn parallel to AB to meet the diameter 
DC, drawn through P in N, the position of the point P must be 
such, that any straight line drawn through it to meet the curve in 
E and F, and the line NM in M, $hall be harmonically divided 
in the points M, E, P, F. 

Now, we, know, fmm the writers on Conic Sections, that this 

wilt be the case when NM is parallel to the ordinate of the dia- 

.^ter DC, ^nd when the points P, N are so situated that the line 

KC is harmonically divided in the points N, D» P, C, that is, 

by 
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by the lemma, (since ON is = OP), when OD x OC U = OP*, 

Secondly, when the pqmt F i^ without th^ oUipse^ 

In this case the given space may be determined by considering 
tbeextrepae case, w)ien the liii« drawn through P i&a tangent t<> 
the curve* Let lines bedrawo from P, (fig. ijij, pK?,) to toud^ 
the curve at K and O, and draw KO to meet rC in N, and Py. 
inM. Also, letKV, MQ and OW be drawn porpendicula^tn 
AB. Then when the line rEF coincides with rK, the poi|»t« Q, 
and F will coincidewith K, and i]ie rectangle of the perpf ndici|iar« 
will be equal to KV^. In, like manner, when PEF coincides 
with PPt the rectangle of tjie perpendiculars will be zi t^ OW*;. 
but since the rectangle of the perpendiculars is = to the same 
given space in ajl cases of the propoaiitipn, the square of KV 
must be equal to the square of Ow, or KV =: OW; thencfore 
KO must be parallel to AB, and the rectangle EG x ^^ =- to 

From similar triangles, as in the preceding ease, we have EL 
X FL = LM*; and because OK is the line which joins the 
points of contact of the tangeots drawn from P» the liae PF i« 
harmonically divided in the paints P, E, M, F ; therefore, by 
the lemma, rM is bisected in L, and coosequi^ntly PN \% bifected 
in X : Also^ PC is harmonically divided in the p<Hm» P,D« N, C; 
therefore, by the lemma, ID x IC is =: IN*. ::;: IP* JHenct 
we have this construction for both ca^es ; 4«9W the diajttf ter DC 
to, that Its ordlnates may be parallel to AB, and tot it meet Aft 
in I. Take IP a mean proportional between IQ and IC; douea 
P will be the point required, and PQ* the given space. 
The demonstration is evident from the analysis. 
The «ame analysis and construction will also apply to the hy- 
perbola ; but it is necessary to remark that the straight line given 
by position, must always meet the hyperbola ; whereas in the el- 
lipse, it must always be without, ana in the parabola a tangent 
to the curve. In this case any point whatever in the diameter 
which passes through the point of conta.ct« will ap^er this^ goa^ 
ditions of the proposition* 

Vltl. QUESTION %x%,lfy hit. Lowrt, 

If the vertical angle and fum of the fides of a plane trian^ 
remain confiant, what is the e^w^ltiQn of thA curve to >vh^c^ 
the baf<^ is a}way^ a tangent ? 

SotliTlOK 
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S0L0ti6K> ty Mr. Lowry, the Prppdftr. 

Let the straight lines AG, AH, (fig. 136, ph 7,) include 
elie given angle, and let GDH be the curve required, such, that 
df a tangent be drsiwn at any point D, meeting the lines AG, 
AH in B and C ; the sum of AB, AC may be equal to a given 
line a* 
' Draw DE, DF parallel to AH, AG ; and put ;c =r AE n 

DF, and V = DE = AF; then BE is = — -^ and FC ti:' 

— ^, and we have AB 4- AC zr ap — — -{- y -^ -^ = a^ 

K ' y '^ ^ 

yx xy 

ox X ^V- + y r- — a =1 o, 

y X 

the fluxionary equation of the curve. ; 

This equation is- of that Singular kind that admits, of two fluents 
or integrals, namely, a complete or general integral; containing a 
constant arbitrary quantity ; 4nd a particular integral into which 
Do arbitrary quantity enters, and which is not comprised in the 
general integral*. This class of equations is generally resolved 
by first taking the fluxion, considering the fluxion of one of the 
'die variables as constant ; thus, in the present case, by taking the 
fluxion of the above equation, considering ;^ as constant, we 
I^ive 
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y* -^ * • 



xy ^ X 
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and by ^eduction, (-:^ + >-t-) y = o; 

y X "* 

therefore^ either 4v- ' + ^^^ oiust be ;= o, or y =: ou 

y X, ^ 

If ^ + 4- be = o, then 4- =;: — 1/(^)5 and this 

y ^ y y , 

m 

value of 4- being substituted in the original fluxionary equatio# 



• On the subject of particuUr integrals, see an ingenious work by Mr. Wood-r 
house, of Cambridge entitled «* The Principles of Analytical Cakalaiion^^ p«f f 
^7. And *« Le^o;jg sur le Calvul def Fonctions,'' par J^. jLa Grange*. 
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it becomes * + v+vi/— + x \/ ^^ riir;o, from 

whence we deduce ^x + ^y = \/fl, or [a — x) +y = ^y/ay^ 
an equation to the common parabola, and which is the curve re- 
quired« As this equation does not contain any constant arbitrary 
quantity, it is necessai^ly the particular integral equation. Wc 

shall now shew how, from the equation y = o, the complete in- 
tegral may -be derived ; and here, because x is constant, we have 
by integration, y = Ax, and y zr B + Ax, where B is a con- 
stant arbitrary quantity, (namely, the value of y when x = o,) 
and A a quantity whose value is dependant on that of B« Now 

when X is =: o, y is =r r r- = — (by hy- 

* — -J- * ~ A 

pothesis) to B ; or if B be put rz -y- (to render the expressions 

homogeneous), we have — *-^ ?-, or A =: ~ t-^^ — 

'-A 
and the complete integral equation becomes y= -^ TZT" ^» 

°^"T" ^ — ^^ — * (^ — ^^ + 2a zz o, an equation to a 
^r^ight line. 

Indeed it is evident, that the straight line BC, will satisfy the 
conditions of the problem, provided it be placed so that AB + 
AC may be equal to a; that is, if ^ be taken of any value fronjf t 

to », and AC be made = -r-, and AB zi a ^ ; then AB 

^r AC will be equal to a, and the line BC will be the 

locus of the fluxionary equation x — y •-?- -f. y — 

J * 
;j-4 a = o, as well as the parabola GDH. In fagt tlie pa- 
rabola is formed by the continual intersections of the straight 
lines represented by the complete integral equation, M'hen the ai*. 
bitrary quantity b is made continually to vary. 

Though the particular integral cannot be derived from the ge- 
neral one, by assigning any particular value to the arbitrary 

Vol. IL Part I. * E quantity 
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quantity i; yet it may be deduced from it by considering the 
quantity b as variable, or a function of x and y. 

Thus, if in the complete integral equation y — iy — 

J{a— x) + aa = o, we take the fluxion, supposing b only to 



X 



vary, we have b zz t -\ ; this value of b being sub- 
stituted in the given equation, it becomes, after proper reduc- 
tioii» 

{a — xy + 2y (a — x) 4 y' =: ^ay, 

ox (a '^ x) + > = ^*/(iy% the particular integral as de« 
termined before. 

This question was also answered by Dn O'Riordan. 

IX. QUESTION ftig, by Mr. Wallace. 

Let AB, AC be two ftraight lines given by pofition, and P si 
given point : it is required to draw a line through P to meet the 
given lines in D and E, fo that AD x AE may be to DP X PE 
in a given ratio. ' 

First Soluti6n, by Dr. O'Riordan. 

Suppose that DE, (fig. 137, pi. 7,) is drawn as required, 
and let PI, PH be drawn perpendicular to AB, BC: and AQ 
perpendicular to DE; then PI^ PH are given lines, and since 

AD X IP = DP X AQ = twice the triangle DPA, 
and AE x PH z= PE X AQ =1 twice the triangle PAE, 
we have AD : DP :: AQ : IP, and AE : PE :: AQ : PH ; 
therefore AD x AE : DP x PE :: AQ* : IP x PH, or AQ* 
has to IP X PH the given ratio of AD x AEtoDP x PE: 
Let this ratio be taken z= that of PS to PI, and then AQ* is n to 
the given space PS X PH. Hence this construction: OnAP 
describe a, semicircle, and therein apply the line AQ ~ a mean 
proportional between PS and PH: and through the points P and 
Q draw DE. 

Second SoLtfTiON, by Afr. Cunliffe. 

Join PA,- (fi)?. 138, pi. 7,) and draw PO parallel to AB 
meeting CA in Q. Put AQ = a, OP = J, AE = *, and 



( «»5 ) 

s= y: also let the given ratio of AD X AE to PD X PEbc 4e- 
noted by that of b to r. Then because of the parallels QP, AB« 

QE : QP :: AE : AD = QP x AE -r QE; 

whence AD X AE =z QP X AE« -r QE : 

Also QE : PE :: QA : PD =: QA X PE -r- QE; 

whence PD x PE = Q A x PE^ ^ QE ; and therefore 

AD X AE : PD x PE:: QPx AE'* : QA x PE* :: ^ : c: Whence 

c X QP X AE* =zi /s Q A X PE% that is, icx^^aby\ or cx''=.ai/*^ 

Hence.it appears, that x to y, or AE to PE have a given ratio^ 
which makes the construction very easy, and may be as follows : 

Take two right line» Ae and efi in the given ratio oi A£ ta 
£P, and set off Ae upon AC ; from c to AP appiy ep^ and 
through P draw PDE parallel to pe cutting AB, AC in D and 
£y and the thing is done. 



X. QUESTION 220, by Mr. LowRY, 

If through a given point P on the furface of a fphere, two 
great circles be drawn to interfeft a fmall circle given by pofition 
in the points A, B and C, D ; and the points AC, BD be joined 
by great circles which interfe6l in Q. What is the locus of the 
point Q ?' 

Solution, by Mr. Lowry, the Proposer. 

Let 0,(fig. 139, pl.7,)te the centre of the sphere, andABCD 
the small circle given by position. Conceive lines to be drawn 
from the points A, B, C, D to the centre of the sphere, and let 
the planes of the great circles PAB, PDC, AQC, BQD meet 
the plane of the small circle in the straight lines GAB, GCD» 
AIC and DIB respectively. Then because P is a given point, 
G is also a given point ; and, since straight lines are drawn from 
G to meet the circle in the points A, B and A, D, the locus of 
the intersection I of the lines AC, BD is a straight line given by 
position ; namely, the line EF which joins the points of contact of 
tangents drawn to the circle from G. This property of the circle 
is too generally known to need demonstrating here. Let a plane 

fass through the line EF and the centre O ; then since the point 
is always in the line EF, the planes AIC, BID will always 
intersect in the plane EFO ; therefore the point Q must be in 
the curve formed by the intersection of the plane OEF with the 
»i*jperficies of the sphere ; that is, in the great circle which passes 
through the point* E, F. And since the planes GEO, GFO 

2 E t touch 
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wuch the circle at E, and F, the arches PE, PF, wliich arc 
in these planes, will also touch the small circle in these points; 
therefore if great circles be drawn from the given point to touch 
the small circle in the points £ and F, a great circle described 
through these points is the locus required. 

It is obvious that the great circles joining the points A, D; 
B, *C will also intersect in the great circle EQ^- 

In the figure referred to, the given point is without the circle, 
but the same re^isoning will apply when it is within the circle; 
only the locus will then be on the other side of S* Thus, if Q 
be the given point, the locus of P will be a great circle drawn 
perpendicular to the diameter which passes through Q. 
( > Conceivie a plane passiiig through the points G, O, and any 
point I, in the line £F, to meet the plane of the circles in the 
straight line GSIT, and the surface of the sphere in the great 
circle PSQT; then it is well known, that the line GT is har- 
monically divided in the points G, S, I, T, or GS : GT :: SI : 
IT; we shall now shew that the arch PT is divided, so that 
sin PS : sin PT :: sin SQ : sin QT. 

This division may, for tly sake of abridging language, be cal- 
led the harmonical division of the arCh PT. 

Let lines be drawn from the points S, Q, T to the centre of 
the sphere: Then by trigonometry, 

GS : SO :: sin GOS : sin OGS, 
OT = SO : GT :: sin OGS : sin TOG; therefore ex aequo, 
GS : GT :: sin GOS : sin TOG :: sin PS : sin PT. 

In the same way, it is shewn , that 

SI 2 IT : : sin SQ : sin QT. 
Therefore sin PS : sin PT : : sin SQ : sin QT. 

This harmonical division of the arch PT suggests a number of 
curious properties analogous to those which are connected with 
the harmonical division of the diameter of a circle in piano. 
The following are some of the most remarkable. 

On the great circle AB, (fig. 140, 141, pi. 7,) which passes 
through the pole C of a small circle on the surface of the sphere, 
let two points D, P, be taken, so, that sin PA : sin PB :: 
sin AD : sinDB,or which is the same thing, (as is easily proved,) 
that tan PC x tan CD may be = tan* CA, and through D let 
a great circle EF be drawn perpendicular to AB : 
Then, 

1st. If any great circle be drawn through P to meet the small 
circle in S and T, and the great circle EF in Q, the arc PT is 
karmonically divided in the points P, S, Q, tT 
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iind. If great circles be drawn through the points S^D; T, D 
to meet the small circle in G and K; the angle PDS is =• BDT ; 
and the angle SPD =DPG. 

3rd. The points P, G, K are in the arch of a great circle. 

Aih. The arch AS is = to the arch AG, and the arch ST =s 
to the arch GK. 

5th. Sin PS : sin PT : : sin SD : sin DT. 
and sin PS : sm PK : : sin SD : sin DK. 

6th. If great circles be drawn to touch the small circle at S 
and T, they will intersect in the great circle EF. 

Dr, O'Riordan also answered this question. 



XL QUESTION 2ai, by Mr. Lowry. 

Find the perfpeSive reprefentation of a given fpheroid placed 
on a horizontal plane; the relative pofitions of the eye, the 
vertical plane of the pifture, and the fpheroid being given ? 

» 

Solution, i>'Afr.LowRY, thtVropoftr. 

Let E, (fig. 142, pi, 7,) be the position of the eye, and C the 
centre of the given spheroid. Conceive a straight line to be 
drawn through the points E, C to meet the surface of the sphe- 
roid in A and B ; and let a point O be found in AC, such, that the 
rectangle OC X CE may be equal to AC*« Through O, let a 
a plane be drawn parsdlel to the tangent plane at A, meeting the 
surface of the spheroid in the curve IHGF, which, it is well 
known, is an ellipse, except in the particular case when the 
plane is perpendicular to AB, and then it is a circle. Let AGE 
beany section of the spheroid, made by a plane passing through 
the eye, and the centre, and meeting the ellipse (or circle) IGHF 
in G ; and join EG, GO. Then because the plane HGOF is 
parallel to the tangent plane at A, it is evident that GO will be 
parallel to the tangent of the ellipse AGB at A ; and since the 
rectangle OC X CE is = to AC*, the line EG will touch the 
ellipse AGB at G, (Hamilton's Conic Sections, b. 1, P*x48). 
Whence it is evident that the ellipse IHGF is the locus of the 
points of contact of all the tangents drawn to the spheroid from 
£ ; or it is the curve of contact formed on the surface of the 
spheroid by the visual rays from ^ ; and consequently its repre* 
sentation on the given plane will form the contour of the perspec- 
tive of the spheroid. Now it is shewn by the writers on per- 
spective, that the repre^ntation of any ellipse, on a given plane^ 

is 
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Is a coaic section, and therefore the perspective representation of 
the given spheroid will also be a conic section ; namely, an el- 
lipse when the spheroid is without the directing plane ; a parabo^ 
la when it touches the directing plane on the side next to the 
picture; and a hyperbola when it is cut by the directing plane* 

Though it may be difficult to describe the ellipse HGFI, on 
the surface of the spheroid, so that the common rules for putting 
an ellipse into perspective, mav be applicable ; yet we may easily 
determine as many points in the curve as shall be necessary for 
describing ks representation on the given plane. 

Let X represent the greater, and Y the less axis of the sphe- 
roid when drawn through the centre, parallel to the horizon ; and 
conceive a vertical pl<me passing through £ and C, to cut the 
spheroid in the elliptic section AFBH: Then because the 
point £, and the spheroid, are given by position^ the ver» 
tical plane AFBH will make a given angle wiih the vertical 
plane, passing through the axis X, and therefore the ellipse 
AFBH will be given in magnitude and position. And, if tan^ 
gents EF, EH be drawn from E, we may easily determine the 
points of contact F, H by first describing the ellipse on a plane, 
and drawing the tangents, and then transierring the points ot con- 
tact to the surface of the spheroid. In like manner, if a plane 
pass through E^ and each of the axes X, Y, cutting the spheroid 
in two elliptic sections, the points of contact oi tangents drawn to 
these sections from £, may be found as before, and we shall then 
have six given points in the ellipse IHGF to describe itsperspec 
tive ; aiid the representation of any five of them being made on 
the plane of the picture, we have only to describe a conic sec- 
tion through these five points iand it will be the figure required. 

Jl solution was also received Jrom Dr. O'Riordan. 



XII. QUESTION ft22, by Mr. Bazley. 

It 18 required to determine the locus of the vertex of a plane 
triangle, whereof the radius of the infcribed circle, and difference 
ci the angles at the bafe are given ; the middle of the bafe being 
a fixed point in a ftraight line given by pofition ? 

First Solution, by Mr. Bazley, the Proposer. 

Construction. Draw the indefinite right line MN, (fig. 
1439 pU 7,) wherein take £ for the middle ot the base* Erect 
the perpendicular EF=rto the diameter of the inscribed circle and 
make the JL FEQ =: | the difference of the angles at the base : 

.through 



( ««9 ) 

Uirough F draw FVS parallel to MN cuUtng EQ in V; take 
VG (in VQ^ = lEV, and GH, parallel to MN, = |FV* 
Lastly, to the asymptotes VQ^ VS, through the point H, de- 
scribe the hyperbola HR, which is the locus required. 

Demonstration. Take any point C in HR* and drat^j^ 
CTOl parallel to EVQ, cutting VS in T, and MN in I; bU 
sect TI in O, and drop the perpendicular OL on MN : with ra- 
dius OL and centre O, describe the circle OL, and from C 
draw CA, CB touching it, and meeting MN in A and B. 
Then it is plain, that the triangles lOL, VEF are simrjar, and 
sjnce lO =i -}IT z=z ^EV , therefore OL = |fiF: whence it 
is evident, that in the triangle ABC, OL is the given inscribei 
circle; and it is well known that lOL (=FEV) =: 4 riac diffier* 
ence of the angles at the base. Now it only remains to prove 
that E is the middle of AB. 

By the prop.eny of the hyperbola VT x TC =: VG X GH, 

that is, by construction, EI x TC=IO x IL, or EI : IL :: lO : TG, 

and by composition, EI : EL :: (lO : OC) IL : LK; 

and, again, by composition, EI: EL :: EL : EK; therefore 
by a known property, (whose demonstration may be seen at pa. 
285, vol. 1, Old Series of the Repository,) Eis the middle of 
the base AB. 



Second Solution, ^j^ i)r. O'Riordan, 

LetACB, (fig. 144, pL/,] be a triangle circumscribed by ai 
circle, EF being the diameter which bisects the base AB in M : 
Draw EC, EB : upon EC take Es =r EB, and draw si perpen* 
dicular to AB. Then the following things are pretty generally 
known; namely, s is the centre, and st the radius of the circle 
inscribed in the triangle ACB ; also i{z. ABC — Z. BAC) = 
^ FEC =: z. hst which is given by the question. Therefore 
putL/r=fl, Lsz=zb, ML=:x, and LC zz v. Then per si* 
niilar triangles L/j, LME, 

U : Ls :: ML : EL =z (hs X ML) ^Li=: Ifx^a; 

whence Ej=EB=EL 4- L5 = —+^EC=EL + LC=^+r;: 

a ^ a 

Again, per similar triangles, ELB, EBC, EL : EB :: EB : EC; 
Whence EL X EC =: EB^=EA that i^^ X ^^^^^t£!:~ *^ ^ 

or 



y 
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•r X {hx -f av) z=zh[X'\- df^ whkh being reduced, gives vx 
— - ^bx =: ab. 

Put y zziv — 2^, and the equation becomes xy = ab^ which 
expresses the known property of the co-ordinates of a hyperbola^ 
"with respect to its asymptotes; therefore the locus of the vertex 
C of the triangle is an hyperbola: The position of the asymp- 
totes, &c. maybe determined as follows : 

Draw MP parallel to LC, on LC take j/=i jL, and through 
/ draw RQ parallel to AB, meeting MP in R. Then RL-ML 
s= ^, and /C 3= LC — lL=:v — 2b z=zy ; therefore xy zz ab^ 
or R/ X /C =: L^ X Li, . which is the known property 
of an hyperbola, whose asymptotes are RP, RQ, and centre R. 
Suppose X = y^ then xy z±z y' =: ab, or x zzz y = \^ahj^ 
which determines the place of the principal vertex.. 



XIIL QUESTION £23, ly 



Let a circle be given by pofition, and let A and B be two 
given points, a point C may be found,^ fuch, that if any llraight 
line be drawn through C to meet the circle in D and £, and AD^ 
BD, AE, BE be joined, AD'+ DB« : AE» ^ EB* \\ DQ 
: ££• Required the demonftration ? 



First Solution, by Mr. I. Pqund. 

Analysis. Join AB, (fig. 145, pi. 7,) which bisect inG, 
and join DG, EG ; then AD^ + DB*=z 2AG^-f- 2DG' and 
, AE» + EB* = 2GE»+2GB« ; and if GC, (C being the cen- 
tre of the circle,) be joined, meeting the circle in Hand K, and 
GL» = HLK, and DM, EN be perpendicular to GG: Then 
by thc4thPorism of Euclid's 3rd. Book of Porisms, DG*=s 
«GC' X LM, and GE* = 2GC' x LN. Now make 4AG* zr 
«GC' X LO, then 2AG» H- 2DG» = 4GC' x 0Mand2GE« 
+ aGB* = 4GG X ON; therefore OM : ON : : DC : CE, 
that is, drawing RQ perpendicular, and DQ, EP, parallel to 
CG'. DQ : PE :: DC : CE; but if DE meet OR in R, 
DQ : PE :: DR : RE; therefore, finally, DR : RE :: DC 
; CE. 

Whence it is evident, that C is such a point in OC that HO : 
OK :: HC : CK. g. £. /. 

The construction and demonstration ar^ evident froip the ana- 
lysis. 

N. B. — It is evident that theporisna is true for any figure given 
m species as well as squares. 

Second 
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Second Soi.uti6h, ty Mr. LbwRV, 

By making the same construction and substitution, as in the 
solution to quest. 216, (fig. 132, pi. 7,) we have AD* + BD* 
= 4a (A + x). and AE* + BE* =: ^a{h + x^]; therefore, by 

thequestion^ . - 

4a {A'^x) : ^a(h + x) :: CD : CE» 
or h+x : A + *' :: CD : CE; 

and by composition and division, 

(A+;r) + {h+^) : {h+jc) — {h + jf) :: CD+CE: CD«»CE^ 

But it is evident, from the solution alluded to, thil 

(A •+- *) 4- (A + ^eT = 2A' 4- 4 — 27/ siii* 9, 
(A + Af) »- (A + jc') =r acos (p ^{r^ — f sin* ^) 
CD + CE = 2v/(r' — ^*sin»(p) 

and CD — CE = ^—^ ^ itvtmp; 

therefore* 

(*+^ — ;f Mn«(p) (y COT?)— -)2:coi^ (1^— y*Mn»^}# 

J JZ cos^ 

in which equation,* the angle (p must be indecermiiiate; Which it 
evidently will be when ^is = o; for then y is = f , and the 
equation becomes (A -f- la) c cos* ^^ = r^ cos* (p, or {k.^ 
\a) c =: r*. Therefore the point C is ih the line GF^ aud at a 

r* 
distance ffom G ss to * , i > 

Third Solution, by Mr. CuNLif »• 

Draw the line AB, (fo. 146, pL 7,) which bisect in M, and 
draw MD» M^l ; also, draw MO, to the centre O of the givea 
circle. By a known property 

AD»-hBD*=2(AM*+MD*) and AE*+BE»=:«(AM«+MB>} j, 
therefore, 
AD«+ BD* : AE*+BE *::AM*+MD^ : ANP+MP:: DO : CE. 

Now a little attention to the more obvio6i drcUnistanctfs^ of ' 
the question will be sufficient to shew, that' if th^e is such' a - 

VpuH. PartL «F ppinV 
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pftint C as that asserted, it must be situated somewhere in the 
line MO; for when DC = CE, then it is manifest from the pre- 
ceding analogy,' tliat MD^=ME, and therefore the angles 
OCD, MCD are right-angles Euc. 3. Ill, and consequendy 
the points O, C» M. are in th^ uame right line. • 

This consideration will tend verv much to simplify the investi- 
gation. Draw the radii OD, OL; also draw D«, Em perpen- 
diciitar to MO. 

Put OM=:^, OC=b, AM = BM=:r, ODrzOCzrr, ON 
= Xy and OM =: y. Then, Mn =: a -' x, Mmz=a + y^, 
D«* == r^ — x\ Em* = r» — /, MD»z:Mn* + Dti^=z[a—x)* 
'+r^ — x^z=a*^r^ — 2ax, 

ME* =£'M«*4^Em^± (fl-H>)^-Hr*— y» -tf'^. r^+ aoy : hence 
AM* + MD* = a* + r« + c^ '— 2ax = i* — aax, and 
. AM*-f.ME^ =a' 4- r» + c»+2ay z:5*+2^j;jv, putting**irfl'+r*H-c'. 
. Now, per timiW triangles, CnD, C;«E, DC : CE :: CniCm; 

i therefore, AM' + MD* : AM* + ME* :: C«. : f^m, whence 

'Cm X ( AM* + MD') = C/2 x (AM* + ME«), that is, 
(^ + 3^) X {^'^2dx) - (x—'t) X {s^+2ay), which gives 

2*5* -4- (5* + zab) y * 

Again, per Bimilar triangles, CwD, GmE, Dh^ : Em^ iiCn": Cm^; 

whence 

D»*>re;»*£:Em* x Ca*,of{r*— jt*) x (/J4-.y)*r=(r*:^y) X(jr-*)» 

^ 5* 4- 2a(' + 4fly r* + Z>» -1- ^ly • 

which cleared of fractions, gives 2^j*(r* + ^*)-f- V^ -|- ^M x 
{j» + 2a7/]y'{- ^b^s'-y -f 2*/ (5* + 2ab) = 2i}ri (5* + aat) 
+ (r* -f- b^) [s^ 4- 2ab)y •+• Sabry 4- 4^5^* (r* 4-^^*j, 
which equation will, in general, give a determinate value of;', 
but we want ^ucH a relation of the other quantities as will make 
j; jndeterminate ;. and this will be done by equating the like terms 
oh^each side. Beginning with the co-efficients of ;f%i (j*+ aai) 
z^2a (r^ 4- ^) ; whence b = 2ar*^s*: And the Goefficients 
of 7 being equated, give exactly the same result^ as do also the 
remaifiing t^'rm's; 

. .XIV. QUESTION 2a4, by Mr. Ivory. 

^S^ppofmg ^IQ jdenpt^ any fra£lion lefs than unit, it li 
required tp affign th^. value of the lafinite prpduft (1 + «)■ 
(1 4- x^) (1 4- A^j (1 4- a;8) &c. ? 

First 
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First SoLUTio;f, /^y Mr. J. Wallace, tt^htr cJMathema* 

ticSt Edinburgh. . - 

Let P be the prpduct required. " Then, by the logarithmic se- 
ries, we have 

Log. (i+a: )crMfx--iA«+i;c'-r4x*+|;t'— 4-*'* + |a:'---4-*'&c, 
Log.(i4-^')-M( +;t* — |-;c* ^^x^ _j;c'&c. 

L)g. (i4-;c*)-M( -^x^ —^x^Slq. 

Log. ( i4-;c'j :z M( ^ +*• &C. 

&c. &c, &c. 

Hence, taking the sum, we have 

Log. P = M (;t+^x*+i*'4-i;t*+ix' + iA:*+f;t'-»-iA:' + &c.) 

But M (j^ + i-A?* H- T^t' H- ^x^^\x^ + &c.) is known to be 

the logarithm of . Hence it follows that P = . 

Second Solution, ly Mr. Wallace, B. Af. College. 

Because . (i + jc) (i — ^) =5 i •-- ^* 

(i +;c*) (i —X*) = 1 — X* 
(i +^4j (i ^x^)=: 1 — Jf* 

therefore taking the products of the two sides of these; identical 
equations, and leaving out the factors common to both, we get 
(l+ a:)(i + x^) (1 + a:^)......X (l + ^») (l-i^jzri-.^Sn^ 

and hence, 

(l + X) (l + X^) (l + ^4) . . . . . . X (l + Xn) — '^~ ^\ 

This is true, whatever be the number of factors in the product. 
If, however, we suppose thiat. number. to bq infinite, so that n is 

infinitely great, then /" = o, {x being supposed less fhan unir 
ty), and consequently, 

(i Vx) (1 + x') (1 + *') (i -+■ x') &c, = jl^. 

Third Solution, by^-r-— • 

.Let / (*) = (i + x) (1 + «») (i + Jf*) &c. 

Then /(x*) = U + *'){» + **) (» + *') &c. 

2 F a Therefore 



f 
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Therefore /{*) = (t.+ Jt) /(*»), 

and {»-«)/ {*) = (t — *•)/ (**). 
In like manner. 

Therefore, ultimately, {i — x) / [x) = t, 

and / Ix) = — * 



Fourth Solutiok» cpmmunicaied ly PHii^AHxTBift 

Cantabrigian SIS. 

About twenty years have elapsed since the person alluded to im 
P^^ jfi* of vol. 1, of the New Series of this Repository^ produc- 
ed the following equations, viz. ' 

Let X be less than i, then by multiplying both numerator and 
denominator by equal quantities, we shall have 

1 _ 1 + ^ ■^ (t^-Jf)( i + ;cx) (i-f;r)(i+*;c)(i+**) ^ 
1—* I— XX I — x^ \ i--r* 

Hence» puuing n to denote any power of ft, which exceeds 8| 
If e have 

* - (i +*)(i+a« ()(l +«♦) (1+**) (1 +3")! 

,_;p-— ; --» —,2, • ■' 

and this eq^uation, when n is infinite, becomes 

--^ = (i+x) (i+a:«)(t+**)(i+*»)(i+*«). &c.aJin£, 

niium, the terjn ^ , in that case, becoming less than any as- 

signable quantity, and consequently the denominalo|r may bQ 
considered as = i* 

C0roL I • It is evident that any power, or root, of the frac^ 
tion on the first side of the equation now obtained, is equal to 
the continued product of the same power, or root, of all the fac« 
tors on the second side of it* 

^ ' k Ccr/>U 
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Corel, 9* It U evident also, that the 
Logarithm of =: L. {i+x) -t- L. (i+**) + L. (l+**)t 

Sec. ad infinitum* « 

Scholium, Several o^er useful deductions may be made from 
tl^e above equatipn ; which equatioa, I observe, may eauly be de^ 
duced from what was shown by the Rev. John HMm^ in th« 
Pizlofopkicai Transductions of the Royal Society of London^ for 
the year I799»pag0 |8^, 

XV QUESTION 425, iyMr.CuHLiffE, 

t 

To find integer values for the fides of a trapezium that may 
1^ ififcribed in a circle, fuch, that its diagonals, diani^ter of the 
circumfcribing' circle, and area, may all beexprefled by whole 
numbers ? 

SoLVTioiJ^ by Mr. CvKLiriEt the Propojer. 

LetABCE, (fig. 147, pi. 7,) be a trapezium inscribed in a 

^^ircle, AC and BE the diagot^U intersecting in M, and BF per*, 

pendicuiar to AC. Put AB ;= w* H- «% Af = i»* — «*; 

BM = »i'»-hii\ MF=»if*- «^; BC = «•"* + «r, CF =: 

m"* — n'^ : whence BF = 2mn =: awiV = %ni'W\ 

TakeBF =: 24,then»i«f - »2'ii'=:ot'V=:i2xi i=4y3=i6)C25 
therefore, wemay takeOT=t2, n=i ;m'z:4,n' =13; ^"r:6,n"r:2: 
thenAB-m»+«* = i4^,AF=»i*-«*=ri43,BMz:m'»+«'*=:a5, 
MF^»jf«— »'»=7; BC =»»''» + »"*=40, CF-»i"»-^'* = 31^; 
arid hence AC =;= 175, AM =:= 136 and CM = 39. 

And by the property of the circle, EM= nxjs z;= 

n& X 39 hence BE =^M + ME = ^^: and per simiJar 
triangles, BMA, CME ; BM : BA : : CM : CE = ^^tf^ 
sss —^2 — 22 -^ — ^. Alio, per similar triangles, CMB, 

EMA; BM ; BC ;: AM : AE = BCxAM^^oxiaS 

JBM $5 , 
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= 13^. Again, by a known property, ^^^^^ = M5^40 
5 Br £4 

=: Z-^ = the diameter of the circumscribincr circle. 
3 ^ 

And by reducing the preceding numbers to a common deno- 
minator, and omitting it, we shall have BF n 24 x 75 = 1800, 
AB = 145 X 75z=z 10875, BC = 46 X 75 = 3000, AC =z 
175 X7S= 13*25. BE =17787, CE=:ji3i X 15 = 
16965, AE = 1088 X 15 = 16320, and the diameter of the 
circumscribing circle = 725 x 25 = 18125. 

The area of the trapezium may be obtained as follows : AC 
X iBF = 13125 X 12 = 157500 = area of the A ABC. 
And it is pretty evident that BM : BE :: A ABC : trapcz. 

BM 25 X 75 ^\ ' 

X 7 X 12= 1494108. 

XVI. QUESTION 226, ly Mr. Cunliffe. 

Suppofe a heavy hollow cylinder, of an uniform thicknefs, to 
roll freely along an inclined plane of a given length and inclina- 
tion : having given the external diameter of the cylinder 
together with the time of rolling along the inclined plane^ it is 
required from thence to determine the internal diameter of the 
cylinder? 

Solution, 3yAfr. C\3 ^ hi? iz^ the Proposer. 

Let SaB, (fig. 148, pi. 7,) be a section of the cylinder per- 
pendicular* to its axis; C its centre; CS and CR the external 
and internal radii of the section. Before we proceed to the so- 
lution of the question, it will be necessary to determine the cen- 
tre of oscillation of the section, the point of suspension being ini 
the circumference of the outer circle, and the section supposed 
to vibrate in a vertical plane edgeways. 

Let C^be an intermediate circle between CS and CR, and 
suppose O, in the diameter SB, the centre of oscillation of the 
section with respect to the centre of suspension S. 

Put CS =: R, CR rz r, Cq=. x, p zz 3* 1416, and let i de- 
note the area of the annulus included between the circles, whose 
radii are Cq and CR. Then, by Emerson's Fluxions, page 

gii, \,\j i^ -g— when X zz R. Now, x'S zz x* X 2pxx = 

^px^if 
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s^x'x, -the correct fluent of which, is 1^ X [k*--r*)} alsojs: 
^ {X' - r'U therefore =L_ ^ l^^jjri^j = -t^g— , 

which, when x =z R becomes ■■ ■ ^ - , that is, CO = — i^ ,• 

andSO = SC + CO = R. + v5*+ll — 3^' 1^ I * . 

2R 2R 

Splufion of the Question. j 

« 

Let / denote the length, and k the height <ff the inclined plane, 
and put g = i6yt; a'so let /denote the given time of the cy- 
linder's rolling aiong the' inclined plane. 

Then, it is well known that hg-^l, will express the distance 
which a heavy body would descend, freely from rest upon^the in- * 
clined plane, in the first second of time. From whence, and by 
-cor. 2, prop. 6 1, sect, vi, Emerson's Mechanics, (S6 -f- SO) >c ^ 
(kg -^ /) will express the distance which the cylinder will roll 
upon the inclined plane in the first second. 

Then by the law of uniformly accelerated motion, 

iC hg , a -u' SC 2R» P 

^ Xf : / :: i : ^l whence 3—= _-^= ^ 

which gives r = ^^-^^l Q.E.I. ^ " 
This question. was also answered iy S«.C. I. 



XVII. QUESTION 2«7, *> Mr. C UN LiFFE. 
Required the fum of the infinite feries 

» + _£-. ^ _a-^ + -4^ -i- -^-t Sec. 

»'3* ' 3-5 5'7 7'9 9*" 

Solution, by Mr. J. W ax.l ace, Edinburgh. . 

The general term of this series is evidently . ■ ■■ v / - x4 

^ ^ {ix — i) {2;c + i)' 

And, by applying the commpn rules for the decompositioa of 
Iractions, we find 

X 1 1 . 1 I 1 1 

Hence 



Henco, putting S foir the s«m of the given teriei, wft (hiVe 
8 ^ ^ 3 5 7 9 



f, t t 1 1 



« ■ 8 4 7 9 

+- ( T -^ -. •♦■ n + -t + *c. 

4 3 6 7 9 

that is, S = ^ + i (t + i-, + i; -4- T + &c. 

8 ^3 5 7 9 

But it is known that 



T = * + 8- * 5' "^ P + ? 



. o 3 5 7 9^ 

(Eoleri Introdoct. in Anal. Ijpfin. |*'i75)« Hence -WH have 

XVIIL QUESTION s»8^ *y Afr,f Wallace. 

find the. nature of a curves .faeh, chat any norti^al Ihatl have 
a given ratio fo the fegment of the axil intercepted between it and 
a given point ? ^ 



SoLUTiOKi iy Mr. Low|y. 



*Let A, (fig;. 149^ pK 7,) be the given poi]:&e,in the' axis AC, 
and BC a normal to the required curve BH. Draw £D perpen* 
diciilar to AC» and put AD = x, and DB =: y; 

then*:v .: y'J4-'= DC, aodAe = »+C^ 

Also, BC = /(DB* +DC*) ;= y/{y* + ^\ =y /(i +^) ; 

X X 

therefore, if AC have to BC the given ratio of m to «, we have 

jr + ^> =5 — y v/(i + •^) for the fluxionary equation of 

the curve, 

' This equation may foe integrated in the same manner at that in the 
solution to questional 8, by first taking thefiuxion, supposing ;c or 
/ to be constant. Thusj if we suppose x to be constant, the 

fluxion 



1 
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M 



iuxion of jr + ^ is 1= i + ~ + ^, and the fluxion of 

X ic x' 



• ^i «* 



I 



we get ;t 4- -=^ = a, where a , is a coiretant arbitrary quantity ; 



From this equation, we have either ;c + -r- + ^ ^= o, or 
1 ^ — ^ ==0. In the first case, by integrating, 

yy 

X 

therefore 4 3=^^^^^^, and substituting this value of^ tn ,the 
X y 

original fluxioftary equation , it becotoesTX =— / ^/ + (« -—^Y \ , 
or ^ a* z=y 4- (^ — Jc)*, an equation to the circle whose ra- 

diusis — a. 

As this equation contaifis a constant arbitrary quantity, it is, of 
course, the complete integral. We shall now show how the par. 

my 
ticular integral is derived from the equation 1 — " -^ 

= o. Here, multiplying by nx \^(i — -4,-). and properly re- 

• 

. y 

ducing the equation, wegetn*(x* + y*) = ^*^% or-r- = 

y 

-TT-r — rr-: and substituting this value of V in the original 
•(»»•—«*) ' ^ X ^ 

equation, it becones • «. 

Vol. IL Part f. fi G a: + 
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an equation to a straight line. So that either a straight line, or 
a circle, vfiW answer the conditions of the problem. This indeed 
is obvious, for if a triangle ABC be formed, so that BC may be 
perpendicular to AB.and AC to CB in the given ratio ofw to 
n; then it is evident that either the straight line AB^, which is 
thfe locus of the particular integral equation; or any circle de- 
scribed to touch that line, and having its centre on the axis AC, 
will satisfy the conditions of the problem. 

The same otherwise. 
Put£ = AC; then'BC = — z,;r» ^r-Jlz*— (2— *)Sand 
yv =-^22 — (z — ;c){i — *). But^ =DC=z^«;^ 
therefore;^ = (z— «) i, and (z -*)* = — zz - (z — ^) {i — x), 



I 
\ 



^^^( — z::^ — 2 — ^) = 0. 

m j 

m* — • Ti * 
Froax this equation wc have z = o, or 1 — z — Jf =o- 

When z is =: o» z is =: to a constant arbitrary quantity a ; 
and writing a for z in the equation ^* = — j 2* — (z — x]\ it 

becomes ^* = -rrr^* — (^ — *)% 

or y» + (A — x)* = — *- 4% the same as before. 
7 \ m^ 

m^ ''^ n^ . m^ 



Again, when zrr^^ — -» = o, 2 is = — *, 

and the equation ^ > 5- z* — (z — *)* becomes, after pro- 



per reduction, x zn ^-^ — . 

XIX. QUESTION 229, By Mr. Lowry. 

Two equal bodies, connected by a flexible string, are placed 
M a smooth horizontal table, the string being stretched out m a 

direction 
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direction parallel to the edge of the table. To the middle of this 
string, there is fastened another string, at the extremity of Which 
is a given weight that hangs over the edge of the table, in a 
vertical direction, and, by its descent, communicates motion to 
the other bodies. Now, suppoCng the weights of the bodies 
and the length of the connecting string to be given; it is re* 
quired to define the motion of the descending weight, and lo 
ascertain its place at the end of any assigned time ? 



Solution, by Mr. Lowry, the Proposer* 

This question may easily be resolved by the method used by 
M. D'Alembert, in his Traiie Dynamique^ where the following 
proposition is assumed as a general principle : ** In whatever 
manner several bodies change their actual motions, if we conceive 
that the motion which each body would have in the succeeding 
instant, if it were quite free, is decomposed into two other3y of 
which oneis^tbe motion which it really takes in consequence of 
their mutual action, the second must be such, that if each body 
were impelled by this force alone, (that is., by the for<;e which 
produces the second motion,] all the bodies would remain 
in equilibrio." 

Suppose that the bodies A, B are at A' and B' (fig. 150, pi. 7^' 
when the motion commences, and let D' be the middle of the string* 
Then the point D' will be drawn along the straight line D'l, per-^ 
pendicular to A'B', by the action of gravity on the descending 
weight W ; and the equal bodies A, B will describe equal por- 
tions of the similar curves A' A, B'B with the same velocities. 
At the end of any indefinite time ^ let the bodies on the table 
be at A and B, and the middle of the string ^t D ; then th^ dis« 
tance D'D will be equal to the space through which the weight 
W has descended in that time. Let the velocity of the bodies in 
the curves A 'A, B'B ~ m, and their mass, or weight, zz w. 
And the velocity of the descending weight ^ r/, ?ind its mass, or 
weight, = W, Draw AE perpendicular to D'D; and put a — 
AD =r A'D' =z half the length of the string, 5= D'D^jf =s 
D'E, y zz EA, r n the arch A'A, z = ED, and g = 327 feet, 
the measure of the accelerative force of gravity. 

Then, at the end of the time /, when the bodies bn the table 
have acquired the velocity «, if we suppose the weight W to be 
disengaged from the string, so that the bodies may be at liberty 
to move freely, it is evident that the bodies A»^B would proceed 

with the uniform velocity u ; and in the succeeding instant / the 

descending body W, would acquire the velocity v f gt, and 

^ G 2 the 
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the quantities of motion would then be 

wuy wu and W (v + g/) ; 

Ofw[u+u — u)^w [u -f w — u) and W (v -f v -{- gt — J), 
But the motions which the bodies really take z,t that time^ are 
(u + «), Z£? (« + tt), and W (y + v)i therefore the 



w 
motions 



w ( — «)• w (— tt), and W (gt — v) must be such 
that if the bodies were impressed with these motions alone, the 
system would be in equilibrio ; 

that is, zw ( — u) must be z: — W (^^ — J) ; 

oiWgt = Wh +^z^P—* But t IS =r= — , therefore 

^Ws =Ww + J?a;wi5 ^fld. taking the fluents, we get 

fl^Wj=Wz^* + aa/w* ,<..•.,...-••.• • • (i) 

But it is evident that the string AD is a tangent to t%e curve 



at A, therefore r : ^ : : /i : ;?, or r rr — , Also jJ : — r : : 2 : v, 

<^r ~ i ==-^ » -and since a* -->Ms =: ^% — n y is = -f?; 
therefore ^i-— is = -r--, i zr -^r-j- and x — -^^■^- 



^ « I conse«- 



= "^ 'og- rm' »nd -— = — = I-. or a« — tl., 

a — z u y a . z^ 

This value of k* being substituted in the equation (1), It 



aV 



becomes 2gVfs =: Wv^ 4- 2tv —7-; from \yhencQ 
wc deduce . ^ 






a -4" z 
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In the pi^rticular casewhisnz r:tf, wehavc 

^^ - Xj^^+z w* ^«^ ^ - * V<( g^" ") as tbey ought te be. 

- To find the equation of the curve described by the bodies^ 
we have 



a* 
Z Z 



X = 



a\— z"- y 



L- y/{a* — JK^), and" 



X = tf X log. ; ■ - ' -^ — /(«* - y*)- 



XX. QUESTION 530, /';' Mr. Lowry. 

» • 

A circle and a sphere being given by pofition, it is required to 
determine the perspective representation of the circle on the 
sucface of the sphere, and to fisd the rectification of the curve ; 
suppofing the eye to be at the centre of the sphei;e ? 

Solution, J;' il^..LowRY> tbt Propqfer* 

Let C (fig. 151, pi. 7.) be the centre of the sphere, PQR 
tlic circfe givefrby position^, and Q its centre. ' Oraw pG per- 
pendicular to the plane of the circle; then G is a given point, 
and CG a given line. Draw GO to meet the circfe in Q and R, 
a»d let Pbe a point in the periphery of the circle ; then if PC be 
drawn to meet the surface of the sphere in p, it is evident that 
the point p is in the required curve. To find the position of thi^ 
point on the surface of the sphere, let GP, G^be drawn. Then 
since CO is perpendicular to the plane GPH, the angle CGP 
is a right-angle, therefore if we make ti right-angled triangle CGP, 
a«id take C^ =r to the radius of the sphere, the distances GP, Pp 
will be known : and if with these distances and the centres G^ 
P we describe arches on the surface of the sphere, they will in- 
ter^ci in p,. In this loanner we may find as many poiats on 
the surface o£ the sphere as we please, and the curve de- 
scribed through these points will be the representatioa of 
|he given circle. 

If we conceive the curve to be projected on the plane which 
passes through the points C, G, O, we may easily describe the 
projected curve. For if pm be drawn perpendicular to the 
plane CGO, the point m will be in the curve. Draw PM per-^ 
pendicular, and mg parallel to RQ, and join p^ g Then it k 
evident that the triangles OrM»^/^^ are similar, therefore PC : 

pC 
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pC = r' :: PM : pm :: GM : gm :: CG : Cg, and the 

CG 

i^ctangular co-ordinates gC^gm are equal to t* k .-_-. and 

. GM . . 

^ PC respectively. 

The nature of the curve may also be defined by equations as 
follows : put AP =r C^, y zz gm, z :=.,pm^ d =: GO, h =: CG, 

and r = OP; then x : y :: h : GM = ^ ; therefore OM 
= J1 _ ^, and PM» = r»— (^ — d\K 

X ^ X ' 

Also h* : X* :: r* — [-^ — J)* : z% 

orz»= ^5r«- (4-^«J (0 

And^ by the property of the sphere, 

2* + >' -H ** = r\ (2> 

These equations serve to define the nature of the curve 
on the surface of .the sphere ; and if we eliminate z, we get 

"fJ^-'^IT "~ ''^i = r" - x» - y\ for the 

equation of the curve when projected oa the plane OGC. By 
reducing this equation it becomes (r* -4- A* — d^) x* ^^ 
h*r^ + 2dxyh zz o, which is an equation to the common 

hyperbola; and when ^ is :z=. Q, ;c is =—77-5 rr-t and 

the projection of the curve is then a straight line. 

Again, if x be eliminated from the equations (i), (2}» we have 

for the equation of the curve when projected on the plane GPR. 
When flf is = o, (>* + **) (A* + r*) is ==: r^r\ an equa- 
tion to a circle. 

From the above equations we tnay find the fluxions of x^ y^ 
and Zy in terms of one of these variables and its fluxion, and then 
y* v'{«* -j- ^* -f z*) will express the length of the curve: but 
the operation will be much simpler if we proceed in the following 
manner: If the circle PRQ be considered as the base, and the 
point C as the vertex of a cone, it is pbvious that the curve in 
the question is formed by the mutual intersection of the cone 

and 



I 
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and spherical superficiei^; and if we conceive the surface of the 
cone to be extended on a plane, (fig, 152, pK 7.) and the arch ' 
£F described about the centre C, with a distance equal to the 
radius of the sphere, it is evident that the arch £F is the deve- 
lopement of the curve on the plane, and consequently its length 
is equal to the length of the curve. 

Let to beany variable arch PR, and PP^ a small part of the 
arch. Draw PC, P'C to meet the arch £F in ^ and ft, and 
draw PN perpendicular to CP'. Let (p be the measure of the 
arch £e;on the circle having pnity for' its radius; put u zr the 
arch £^, and|^ = CP. Then by similar triangles i zn pn\ PN 

:: Cp : C?,o€ u -— x PN. But PN is = /(P'P'— FN*) 

P 

=r y/[w* — p'^), therefore u =— /{ta* — f). 

Now it is evident that ^* zi A* + ^ + r* — ^rd cos p», 

• * Ut sm 2) • * 

hence ^ z: r<p X t^* ^^^ «/ = r(p; therefore, by sub- 

P 
stitution, 

and the length of the curve 

. /|F -f- (r — rf cos (p)*^ 

^ ^'^^^ A* + ^^* -h r* — ardcos p' 

For the method of integrating thi» expression, we shall 
refer io Art. 54, Memoire sur les Transcendental Elliptiques, 
par Le Gendre. 

It is obvious that most of the properties noticed in the solu- 
tions to questions 220 and 231, will be true for the curve in the 
question^ as well as for a small circle. 



XXL QUESTION 231. iy Mr. Lowry. 

If from two given points on the furface of a fphere, two 
great circles be drawn to any point D in the circumterence of a 
fmall circle given by pofition, meeting it again in £ and F : thea 
th^ great circle joining the points £, F will either pafs through 
a given point P; or a great circle drawn through £ and P wili 
cut off from the fmall circle £DF, aft arch FG of a given length. 

Solution, 
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Solution, by Mr. LowttY. 



Let A, B (fig. 153, pi. 8.) be the given points on the surfaoe 
of the sphere, and let the planes of the greiit circles AED, BFD, '| 
AB and GPEmeet the plane of the small circle in th6 straiglH 
Uiies a£D» bFD, ai^3Lnd GpE ; then it is evident that « and i aft 
givei> points. 

Also« let the straight line drawn^ irom P, to the centre O of 
the sphere, meet the line GE in ^ ; and through py and the cen- 
tre C of the g'ivxn circle, draw a. straight line 00 nieet at'iA If 
and the circle in L and M; then, since (by hyp.) P is a given 
point, p \^ill also be a given point ; and because the arch £F 
cither passes through P, or the arch FG is of a given lengtlT, 
the line EF must either pass through^, or the angle FE^ must 
l>ea given angle ; therefore the po4nt f must be so situated, that 
straight lines being drawn from the points a, b to any point O 
in the periphery of the circle, meeting it again in E and F, the 
line EF may either pass through pj or make a given angie witk 
a straight line passing thxough that point. This we know (from 
the soimion to quest, aio) will be the qasc when the rectangle 
«1 X ah is equal to the square »f the tangent aH drawn to th« 
circle from a; and when the line IM is harmonically •divided 
in the points I, L,/?, M; or when IC x C/> is z=. CL*. For 
then the angle FEjb is equal to the difference between the given 
angle ^IC and a right-angle; and when blC is a right -angle, the 
line EF will pass through p. 1 

Let the plane which passes through the pomts I, O, C meet 
the surface of the spliere in the great circle QLPM, and th^ 
plane bOa in the straight line IQO. Also let ^K be dravpn to 
touch the circle at K, and through the points A, H ; and B, iL 
let arches of great circles be drawn; and join O., H and O, K* 
Then since the planes OaW^ O^K touch the small circle at H 
and K, the arches AH, BK will also touch the circle in these 
points, and are therefore given arches; and it is evident that aH 
is the tangent, and ^zO the secant, of the arch AH; and b¥i the 
tangent, and liO the secant, of the arch BK. 

Now take A'B' zz the given arch AB, and make A'O', B'O' 
eacli equal to the radius ot the sphere. TakeO'^' = to the se- 
cant ofthe arch AH, and O'*' = to the secant of the arch BK, 
and join a' ^'. Also make the rectangle IV X «'i' '=^ tan* 
AH, and draw TO' meeting the archA'B' in Q'. Then tKte 
arch A'Q' is evidently equal to the arch AQ. 

Again, since the line IM is harmonically divided iti the points 

I, L, p, M; 
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t, L, p^ M; the arch QM is aUo harmooically divided in thf 
points Q, L, P, yi (solution to quest. 220); or which is the 
same thing, tan. QStan. PS isz=:tan«^ SL, S being the pole of 
the circle £DF. 

Hence, if on the arch AB, we take AQ n to the arch A'Q', 
ind the arch SQ be divided in P, so that tan. QS tan. PS itiajf 
hp equal tan** SL, the point P will be that reauired. 

In the figure to this solution, the given points A« B are taken 
without the circle £DFj but the sanie reasoning will apply- 
when they are within the circle; or when one is within, and 
the other without ; only, when they are within the circle, the 
lines aH, ^K must be drawn perpendicular to the diameters 
which pass through the points a, hi and the distances aH, aO, 
iK and ^O are the sines and , cosines of the arches AH, BK in* 
stead of their tangents and secants. 

It is evident (from the solution to quest, sio, and what has 
been done above,) that the proposition may be extended to any 
number of given points A, B. C, D, &c.; and it is also obvious.- 
from thence how a great circle ilpherical polygon may be in^ 
scribed in a given small circle, so that each side may pass through 
a given point on the surface of thp sphere. i . 

ScHO LlUM. We have already remarked that, when theline 
IC is at right angles to abf the line £F will pass through the 
point p. In this case the sum of the squares oidti, and ^K is equal 
to the square oiab ; and if the line of meet the circle again in 
N, the points ^, N, £ are in a straight line; or if the opposite 
sides ED, F^ of a trapezium inscribed in the cirble £DFt in- 
tersect in a, the sides FD, EN will intersect in ^. Also iht 
diagonals DN, EF will intersect in the given point p. These 
properties are generally known when the figure is described on 
a plane (see solution to quest. S40, Old Series of the Reposlr 
tory), and it is obvious that there are similar properties when 
the figure is on the surface of a sphere* Thus, if the arch AF 
meet the small circle in N, the points B, N, £ ar^ in the arch 
ol a great circle ; or if the opposite sides of any great circle 
trapezium, inscribed in the small circle £DF, intersect in A, 
fhe other opposite sides wjU intersect in B* Also the great 
circles joining the points £, F and D, N will intersect in the 
given point P.., 

Again, let r be |he radius of the sphere, then by trigonometry 
ab'' = 4O* + Ob^ — SiaO X Ob X cos aOb 

^ secMH + sec* BK - ^ec AH sec BK cos AB 

and ^Vf ^k*r:tan*AH + tan^BK-8ec*AH + sec*BK— af^*- 

therefore, when ab^ is s=: flH* + ^K^, 
XToL. II. Part I. 2 H sec 



I • 
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«ec Art sec BR cos AB 



.or. r-cos AB = ^_^^L___ ^ ^os AH Cos BK. 

' From; whence we hare the folJo wing properttes 
•ist. Let EOF (fig. 154. pl- «'•) be a small circle mven br 
po»inon. and A»rtd.B(fivo giwn points on the Mirfaceot'a sphere 
such, that the rectangle of the radius of the sphere, and the co! 
sineof AB, nray b«ej!r..al.(ot<>e-remngle.of the cosines of the 
tangents AH, BK drawt* to the circla frdm A and B and let 
great circle* be diviMmtrom theprtirtts A and B t6 a,iy pdnt D 
m the periphery «ftltt, circle BDF, meeting it again in E and F- 
th«n the arches joiwng the p«iilts A, F and B, E will intersect 
m the periphery of the ctrcle^EDF.- Also the arches joininir 
the.pomtt E; F and D-, N wiil'imersect in a given point P 

*d; IP tte.opposite sidfeso6 aspherical trapezium inscribed in 
* «nialJ.c.roleot the sphere, We pr<»dace<!. to meet-; the rectangle 
eftho radiu* »f 'the sphere, aird' the cosine of the arch ioinine 
thp point* ^.f' «t,Bcourge, wll^ be egual to the rectanele of 
the cosines of the tangents dnawrf to the circte from these 
jWintSt .' !■.,••• ... 

Let F be t^i^^^ of a, eoiric fisffioni and P «: irivWi -raw* 
u, the aws. pm^MA H toy. p.^int otthe SrJe- SS^pK 
rf»a axis e,ual to FA. awl jflin , AB. Ther<» is-a ftwiih Sv^ 
by: pQf«io,B, «J„h,di^idteAB,im„,p,«s. haviSeaSeTI 
^yematio., Mein»r«l tfa« dsmonftLion.? "^ ^o e^cb olbet i 



■I 



■, tiK^T.Mcff.^j,ion, by Mr. Lowky. 



given ratb,... P"" im, IB) Jiavmg a 



.K^; K • -f P"'^' '° "-^^ "'s. meet PI produced in E • 

but AI has to IB -a gvf^nxzuo b>. hvBo«h«k <• .i f h 
fcas to AF a given rafio; and. conreoSvTv.' *^"f°i^.¥ 



\' 



the directrix ED, the point I will be in a straight line LI, given 
by position, and parallel to ED; wherefore DL is 10 LP as 
DV to VF. Hence, if V)? be divided at L,' in the given ratio 
of DV to VF, the point L will be given, and the straight line 
LI, which divides AB in a given ratio, will be given by 
position. 

The proposition, however, is tiot confined to the particular 
case where PB is taken on the axis, but is true wtien PB is taken 
on any straight line given by position.' 

For, if P (fig. 156, pi. 8.) be a. given point in a straight line 
PQ given by position, (which meets th'e curve at V,) and BP 
be taken =: FA; there is a straight line LI, given by' position., 
which divides AB into p^ts having ^i given , ratio. Let AE, 
drawn parallel to PQ, meet PI prodoced ih E ; then it rfiay be 
shewn in the very same manner as above, 'that the jpoint E is in 
the directrix of* the conic section ;• and that DL is to LP as DV 
to VF; therefore L will be a given point, and the line LI wil} 
be given by position, and AB wilKbe-diirided at I in the given 
ratioofDVtoVF, 



Second Solution, by Jlfn Cc;nliffe. 

LetVAF (fig. 155, pL 8.) be a given conic section, F its 
focur, y its principal vertex, DE its directrix at right angles tp 
DVF. Draw AE parallel to DF meeting DE in E, and draw 
PE intersecting AB in L Lastly, through I draw LM parallel 
to DE, meeting DFin L and EA intvl. 

By the known property of the directrix FA ~ PB : EA :: 
FV": VD, a given ratio. Also, per the similar triangles, ElA, 
PIB, and the parallels LI, DE, 

PB : EA :: IB : lA :: PI : IE :: PL : LD; therefore 
IB : lA :: PL : LD :: FV : VD, a given ratio. Wfeefefore 
divide PD in L in the given ratio of FV to VD, itnd draw LM 
parallel to the directrix ; then LM tvill hp a right linfe 
j[iven by position, which always divides AB in a given ratio^ 

XXIII. QUESTION 433. . . 
To this questian tot ham received no fmsrper, 

r 

XXIV. QUESTION S34, by Mr, IvoiiY. 

« 

I . 

A point may be found within the bafe of every oblige cone, 
fuch, that if any plane be drawn through the vertex and the 
point found to cut the cone, then the vertical angle of the 

t H ft trianglk 
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triangle, winch is the common feflionof the plane and the con 
will be bifefled by the right line drawn froni the poiut found 
to th^ vertex of the cone ? 



Solution, by Mr, Lowry* 

Lemma. Let a straight line EI (ftg» 1^7, pi. 8.) beharmo- 
nically divided in the points I, F, P, E; and from the pointg 
of division let straight lines be drawn to any point V, so that 
VI may be perpendtcular to PV; then the' angle EVF is bisected 
by the line PV. 

. For through P, draw GPH parallel to IV, meeting VF pro* 
diiced in H.f then by similar triangles 

FL ; PF :: IV ! PH. 
and.PE: IE :: PG : IV; 
but, by hvj)oth€sis, IF : IE :: PF : PE; 
therefore, ex aequo, IV ; PH :; IV : PG; 

therefore PH is equal to PG, and the right-angled triangles PGH, 
PHV areequa} i:i every respect ; consequentlv theangles GVP, 
HVP are equal, or the angle EVF is bisected ny the line PV. 
Now let a plane be drawn through the axis VC (fig. i^^i 

f>l. 8.) of the cone, perpendicular to the plane of the base, mcet- 
ng the surface of the cone in the straight lines AV, BV. Draw 
VP to bisect the angle AVB; then P is the point required. 
That is to say, if any plane be drawn through PV, to meet tht 
surface of the cone in the straight lines EV, FV, then the angle 
igVF Will be bisected by the line PV. 

Let a plane be drawn through V, perpendicular to the line 
VP, meeting the plane of the base in the straight line HI. s^"^ 
the diani^ter AB praduipc4 in D ; and join VD. Then VD is 
perpendicular to vP (Euc, XL 17.) and IDH perpendicular 
to AD (XL 18.). But since PV bisects the angle AVB, and 
VD is pefpendicular to PV, it is evident that VD bisects the 
exterior angle BVa ; therefore AP : PB :: AV : BV :: AD 
; BD (VL 3* Aj; or the diameter is harmonically divided in 
the points D, B, P, A. 

Let DF be produced to meet DH in I, and join VL Then 
because the diimeter of the circle is harmonically divided in the 
points D, B,P and A; and the line HDI is perpendicular toADj 
any line "EI drawii through P to meet the circle in E and F, and 
the straight line DI in I, is harmonically divided in the points 
J, f , P a*iid ^, This property pf the circle is gencwUy known, 
Mpreover the plane DIV being perpendiculfir to VP, the lin^ 
IV; i$. perpendicular to PV; therefore, by the lcippia> the 4ngl^ 

*VF i^ bisected by the line PV, 

^ " ^ When 



( «4» ) 

When EF is parallel to DI, ft is obvious that the angles FPV, 
EPV are right-angles, and that EP is equal to PF; therefore, iti 
this case, the triangles EPV, FPV are equal in every respect; 
consequently the line PV bisects the angle EVF. 

CoroL The recfangle EV x VF is equal to the constant 
rectangle AV x VB. 

ForEV X VF=VP*+EPxPF=:VP*+APxPB=AV X VB. 
(VI. Prop, B.J 

XXV, QUESTION 235, by Mr. Ivory. 

It 35 required to (hew that the furface of a right cone on an 
elliptical bafe may be found by the reftilication of the ellipie. 

By a right cone on an elliptical bafe is meant fueh a cone as 
has 4n ellipfe for its bafe, and likewife the right line, drawn from 
thfc vertex to the centre of the ellipfe, perpendicular to the 
plane of the bafe ? 

Solution, by Mr. Lowry. 

Let V (fig. 159, pi. 8.) be the vertex, C the centre of the 
1)ase, CB the semi-transverse, and CD the semi-conjugate axis.. 
Let DH = z be a variable arch of the elliptic base, and Wh an 
indefinitely small arch = i. Join VH, VA and CH ; and draw 
HI perpendicular to CB. Put k zrz CV, the height ot the 
cone; e =. the excentricity of the ellipse, the semi-transvecse 
being 1 ; r = VH, the distance of the point H from the vertex 
*=zCIandy =i;IH. 

From h draw a line perpendicular to VH ; then this perpen** 
dieular will be one leg of a right-angled triangle, of which z is 

the hypothenuse, and r the other leg; it will therefore be equal 

to \/(«* -f- r*) ; and the fluxion of the conical surface DVH, 
or the area of the small triangle HVA, will be equal to 

\r y^(z* -I- r*). Therefore, if s be put for the surface of the 

cone we havej = {r v^(i* -+- r*). 

>The equation pf the ellipse being y* =±:{i — e^) (1 — x*), we 

haveCH*= jc' + /=^* +<i — •^") (I — ;c*) = i — ^ +eVi 

therefore r*irCV* + CH[*=:A* + 1— «*-htfV,and rzze^xx-^r. 



1 — e^x^ 



AUo i is ;ss: ;J */[ r-); therefore, by substitution. 
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r 1 e^x* (^x^ 

s r=: ~^ \/{ — 1 + — J ) ; and putting for rits value 

s/[h^ + 1 — <;' f ^V), and reducing the quantity under the 
radical, we get 

s — \x V[ ^ _ ^a -)• 

But gince i — tf* is equal to the square of CD, A* + I — «* 
is equal to the square of VD, the line drawn from the vertex 
to the extremity of the conjugate ax ig; therefore, if d be put for 
that line, we have 

Idi \/( 5 — ) for the fluxion of the conical 

1 — X ' 

surface * the fluent of which is obviously \d multiplied by 
the periphery of the ellipse whose excentricity is (A* ~ d^) r, 
ind semi-transverse i. 

The same otherwise. 

Fig. i6o, pi. 8. Let a plane, parallel to the plane of the 
base, be drawn through any point E, in the line VC, to meet the 
plane CVB in the straight line EQ. Draw FG perpendicular 
to EQ meeting the surface of the cone in G, and VF, VG to 
•meet the planeof the base in I and H ; then tht point H will be 
in the periphery of the base, and HI will be perpendicular tp 
CB, Piu y r: VE, X z=. EF, z = FG, and s zzs. thecoaical 
jBurface bounded by the plane EQG ; then, 

s^/fiy A^-^^ +-|^)*. 

Puit h =5: VC, M.:=: CI and v zz IH ; then by similar triangles 
y ; a? :: A «; w s^ Aa: ~ y, and y \z\\h',vz:^hz -^y \ 

hence x z=z -r- and ? = -^; 

Ji a 

Take {luxH^Si, supposing y coiis^aat ; then 



• 



^il, andz zi-v*'; therefore — r — 



;f — »• 



^gaui, 2 = -;j- -f ■^, aady - -^ + 4^; but , 1$ S3 



u 



— y — » when X is constant ; therefore 

• For the inv^tigation of this formula, sec Traits E'leuientaire de calcul 
def. et uiteg, par La Croix. Art. 25 U 
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Z V UV 



h hu ' 



y 

Whence, by substitution, 

The fiueni relative to/, being taken from y = otoy = *. 
we have J -\fu / J A* + A* (-|^)* + (i/ - u^f\ for 

the surface of the whole cone. 

This is a general expression for the surface of a cone, let the 
figure of the base bo what it may: In the present cas^ i/* p: 
(1 _ e*) (i — tt*); therefore 

i;=/(i-e^)(i-ti*),^=-«v/(^),and(r,^| uY ^^^1;^^ 
therefore, by- substitution, and proper reduction, we get 

s zz ^ fu y( — — ■ — -% ), the same expression 

as before. 

XXVI, QUESTION 236, iy Mr. Ivory. 

From a point aflumed without a cone, let two tangents be 
drawn to the same conic surface, or to the opposite surfaces ; and 
iet a plane be drawn through the vertex of the cone and the* 
two points of conta6l of the tangents : then, if a right line be. 
draw from the affumcd point to cut the plane, and eiiher of the 
conic fiiifaces in two points, that right line will be harfnonicaliy^ 
divided ? 

N4,B. The demonstration of sopic properties of all the co-- 
nic sect k>ns readily follows from this proposition. 

Solution, by Mr. Lowry. 

I 

Let P (ftg. 161, pi. 8.) be the assumed point, PQ an4 PR tja« 
tangents; and let the plane drawn through the vertex, and thoi 
paints of comact P and Q, cut the conic surface in the lines. 
VQE and VR*P, and the plane drawn through P, parallel ta 
the plane of tlie base,| in the line EF. Then any straight line 
draiWHi fi-ouiT to itieet the plane V£F in I, and either of the^ 
conic^ surfaces in H and G, is harmonically divided ia the points^ 
ftf H, I ^nd G. For let a plane be drawn through the vertex V 

an4 
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aiid the line PG to cut the conic surface in the h'nes VGA and 
VHB, the plane VEF in the lin6 VD, artd the plane of the cir- 
cle in the line ADBPj also draw PE and PF. Then since the 
lines PQ and PR touch the conic surface, oT the opposite sur-i 
faces, at Q and R; the planes VQEP and VRFP will touch the 
Conic surface in the lines VE and VF, and conseqnentry PE^nd 
PF will trtuch the circle AEBF at K and F } therefore (ty a well 
known .property of the circle) PA is harmonically divided in 
ihc points r, B, DandA; therefore the lines PV, BV, DV 
and AV are harmonicals,and since PG meets these lines in the 
points P, H, I and G, it is harmonically divided in these 
points, (Part 2nd. Lem. i. B. V. Hamilton). 

If PG be parallel to VA, or to VB, then PI is biseeied in H, 
or ni G, (Part ist. Ibid.) 

Cor. !• A line drawn through any point in VP tonoecttlie 
plane VEF, and either of the conic surfaces, is harmonically di- 
vided. For it will meet four harmonical's* 

Cor. 2, If GH be bisected in K; then (by reason of 
the harmonical division) KI X KP is equal to KH* or KG*. 

It follows from this proposition, that if two tangents be drawn 
from the same point to any conic section, then any line drawn 
through P to meet the section in H and G, and the line RQ 
that joins the points of contact in I, is harmonically divided in 
the points P, H, I aiid G. 

If the assumed point be within the cone, we have the follow- 
ing proposition, which is analogous to the preceding one. 

Through any assumed point P within a cone, (fig. i6i, pi. 8. J 
let a plane be drawn parallel to the plane of the base, cutting the 
conic surface in the circular section ABL. Let C be the cen- 
tre of the circle, and on CP let the point Q be taken such, that 
CO may be a third proportional to CP, and the radius CL, and 
let EF be drawn perpendicular to CQ. Then any right-line , 
drawn through P to meet the conic surface in G and H, arid the 
plane VEF in I, is harmonically divided in the points G, P, H 

and I. 

For, let the plane drawn through V, and the line GPI, cut 
the conic surface in the lines VAG and VHB, the plane of the 
circle H) the line APBD, and the plane VEF in thq line VlD. 
Al^o let PV be drawn. Then because CL, the radius of th« 
circle, is a mean proportional between CP and CQ, and EF is 
is perpendicular to CQ, therefore (by a known property of the 
circle) the line DA is harmonically divided in the points A, P, 
B and D; therefore the lines GAV, PV, BV and DV are har-. 
monicals, and consequently the line GI is harmonically divided, 
in the points G, P, H and I. 

- If 
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IfGPl be parallel to VA, or to'VB, then PI U Wtcited in * 
M, 6r in G ; and if it be parallel to the plane VEF, then GH is f 
bisected in P. i 

Cor. 1. A line drawn through any point 10 VD to, 
meet the plane V-EF^ and the conic surface, is harmonically 
divided, 

CoR. 2* If GH be bisected in K» then fby reason of the 
hariapnidal divison) KP x Kl is equal to KH* or KG*. 

CoR. 3. If any plane MN be drawn through P to meet the 
plane VEF in the, right- line iO, and from any point I in thia^ 
line, tangents be drawn to the conic surface at M and N, the line 
MNihat joins the points of Contact, will pass through P. For 
let IP be drawn to meet the conic surface in H and O, and it 
MN does not pass through P, let it iiieet IG in ^ : thenj by 
what has been already proved, IG will be harmonically divided 
in the points I, H, P and G, and also in the points I, H, f 
Ind G, which is absurd; therefore MN. passes through P. 

Cor. 4. When MN is parallel to lO, it is bisected 
in P. 

From what has been demonstrated it foUowi: 
'Hiat, ifon the diameter GH of a conic section, two points P 
^dlbe assumed such^ that PK X KI may be equal to the 
Square of the semi-diameter KH(or in the parabola that PH day 
be equal to HI), and 10 be drawn parallel to the line MN that 
joins the points of contact of tangents drawn to the section 
from I : then any right-line drawn through P to meet thecohio 
section in R and S, and the line lO in T, is harmonically di0 
vided in the points R, S, P and T. 

Dr. O'RioRDAN answered this question. ' 

XXVII. QUESTION 237, ty Mr. IvoRY. 

It IS required to determine the pofition of the axes of the re- 
preientation of a circle given by pofition in a horizontal plane: 
luppofmg the place of the eye to be given, and the plane of the 
pi£lure perpendicular to the plane of the horizon ? 



Solution, ty Mr. Lowry. k 

Lemma 1. Let a cone be cm by a plane, PQ (fig. 163, 
Pl. 8.), which neither passes through the vertex, nor is parallel 
Vol. 11. Part L 2 I t# 
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ta the tdtnc of tbei)9se; 9n4 kt ^ plaocv as VMN« Vq dmm 
tbrougA tbe vert^, parallel to the cutting pUne» tp meet the 
plane of the base in the Tine MN. From the centre O, drai\r 
ODperpendicular to MN» and take 0£ a third proportional 
to (jD, and the mdiiis OA» or OB, of the circle, from an/ 
pbiiit I in the line MM» let tangents 16 and IH be drawn to the. 
circle, and through the vertex v , and the line GHthat joai» the 
pointft of contact, let a pfane be drawn to cut the conic surface 
in the fines GRV and HSV, and the cutting plane in the line 
RS. Draw VI; then any Vincptf, parallel to Vl, and tenu* 
]i«^ed hy th? copic surface, is bisected by the line RS. 

Because VJ and pq are parallel, they are contained in one 
plane. Let that plane be drawn to meet the conic surface in 
the lines VpT ana V^K, the plane of the base in the line IKLT» 
aind.tb^ plemc VGH in the line VjL. Then because CB> or 
CA, the radius of the base o( the cone, is a mean proportional 
Wtween C£ and CD, and MN is perpendicular to CD j thcre- 
^re the line GH that jpins tl>e points of contact of tangents 
duawn to the circk from aiiy point in MN,. witf pas^ throng E,. 
and the line IT will be harmonically divided in the points I, K, 
L, andT; therefore VI, VK, VUan* YT are harmonicals. 
and since pq meets three of these harmonicals^ and is parallel to 
the fourth, it is bisected in the point s (see theleni. lef^red tQ in 
the* soiuciun tK> the pr^eding ()uif;^8on]« 

Lemma «, Let the po^m ^ (fig. 164, pL S.) h^ found as 
Ifefore; and let.the pointy I and, ](C b^ takf n ifd the line MN, suclu 
fhaothe tines IK and KE being drawn to meet the circle in tjie 
points W and; T» and H and G« the tangeuu drawn to the circle 
%^ \^and T^ mafy intersect in K ; and those drajivn ta the circle 
at G and H^ may intersect in I, Let the plane drawn through 
V, and the line IT> meetthe qonic surface in the lines VT and 
VW, the cutting plane in the line PCQ, and the plane VMN 
intheliia^VL Also let the plane drawn through V and the 
line KG »e^t the conix: surface in the lines. VG and VH, the 
cutting plane in the line RCS, and the plane VMN m the 
li^e VlC Thc» PQ and RS are conjugate diatneters of the 
6eciio|i< ]^iQR. 

Because PO a^d Vlare the^conunpn section^ojf the plane VTI 
and two paraJuel.pktfies^ (viz. the plane of the sectiga and the 
plane VMN),. therefore PQ is parallel to VI; there fore (/^». !•) 
all the lines in the cutting plane that are parallel to PQ or VI» 
and terminated by lhe<iettion» ar^ bisected by RS. 

Again, because RS and VK are the common sections of the 
rpbneV(^K apd two parallel pJanes^ (viz. the plane; of tbe «ec. 
tapaaad tki planf VMN}^ therefore BS is pacalkLtp VK, awod 

tberefo«» 
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AercFor^ flem. I.) all the limts parallel to RS, or YK alii jfeeE-v 
mniatedby the section, are bisected by the line'PQ. -- • 

Hence it is evident that PQ aud RS are conji^gate dt^m^t^ff 
bfthe section PSQR* . . - 

• ^ ; 'A 

C^t. t. Because of the parallels ihe angle I VK is equal to thy 
ingle SCQ, made by the conjugate diameters; therciore whea 
IVK is a rlght-angle, PQ and RS are the axes of the section. 

* 

Lemma. 3. Prob* To determine the points I and K i<^t, 
any given cone, so that the angle IVK may be a rig he* 
angle. 

Let VZbe drawn perpendicular to IK, and conceive the 
triangle IVK to be turned down till it coincides with iheplanc 
of the base, and through the points I, V, K describe a circle to 
meet the line OD in L. Join IL and KL, and draw IQ to 
meet GH in X; then ILK is a right-^gle^ and because GH 
joins the points of contact of tangents iram I, the line lO drawn 
to the centre is perpendicular to GH ; therefore the right-angled 
triangle OEX i$ similar to the triangle. EKD, and also to the 
trittigle ODI; therefore the triangleji EKD and ODI are simi* 
lar, and ID : OD :: ED :.DK; therefore ID X X)K x=:^ 
(DL* =2=) OD X ED = a given space; therefore DL is a. 
given line, and L is a givee point. And since V i^ aJso a given 
point, it is manifest that, if VL be bisected perpendicularly by a 
line meeting IK in Y, then Y will be the centre, and YL, or 
YV the radius of the circle ILVK. 

Cor. i. Let a plane be draw^ through V, parallel to tiie 
phne of the base, meeting the cutting plane in tlbe line «r«i 
and lei the plane VBAD meet the cutting phne in the line 
DC J, and the plane Nmn in the line NJL, and raw VO, and 
VLto aaeet D* in amd /. Also th^tn]%^ V and the lines IL 
iud KL let planes be drawn to meet the cutti^ng plane in the 
Ikes i/, ^/, and the. plane Vmn in the lines tV auii ^V. Then, 
(because oftbe parallel planes PSQR and VIK) i7 is parallel to 
IV, CHT PQ, and kl'ih parallel to VK, or RS ; therefore Vbc angle 
W is equal to the aiigle IVK {= iVk\ or a right-angle. 

. Cot. s. dVv& a mean proportional between io and </C» 
For, by similar tiiangles, 

OD : DV : : ^ : di>, and DE : DV : : /A^ ; ^ ; 

AwefoieOD :ic DE =3 DL* : DV* x\ iSf* 2 J^ X dC. 

ButDL* : DV« :: nfV* 2 *•; therdfere do xdCssidl*. 

To apply what has been demonstrated in the preceding lemmas 

tothesohmon of the question, let THWG (fig, 165, pi. 8.) be 

ftia the' 



^ 
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the original circle, O Its cenfrc, MN the directing line, and VZ 
the director of the eye. Draw OD perpendicular to MN, tak^j 
OE a third proportional to OD, and the radius of the circle ; and 
DL a mean proportional between OD and £.D. Bisect the lin^j 
LV in U, and draw UY perpendicular to VL, meeting MN in' 
Y ;• with the radius YL» or YV, and centie Yi describe a circle 
intersecting MN in I and K, Draw the lines IWET and 
KHEC ; then it is evident from the seqoyid lemma that, t\t9 
image of the point E, is the centre C, and that the images of| 
thp chords TW and GH, are the axesPQand RS, of the ellipse, 
which is the reprcieatation of the given circle on the plaae of 
the picture. 

Ltt mn (fig. j66, pi. 8.) be the vanishing line of the plane of 
the circle, fl? the centre of thaft line, and Vrf its distance. Also 
let4ji be the representation of the diameter AB, which is per. 
pendicular tQ the directing line, (its vanishing point being d^) 
and the I'epresentation of the centre of the circle. Take ai 
a mean proportional between ^^ and ^/C, and join V/. Bisecc 
V/ in u, and draw uy perpendiculaf to V/, meeting mn in ^; with 
the radius yl^ or y V, describe a circle intersecting mn in i and i, 
and join z, ii afnd /, i. Through the centre C, draw yCP and 
t^CR parallel/to i/ and i/ respectively, and they will represent 
the ftidefiniie axes sou'^ht. This w,itl appear evident when the 
corollaries to the third lemma are aUbefftively considered. 

To find the lengths of the axe^, 

Through a, the extremity of the diarqetcr ba, draw yav paraly 
lei to the vanishing line tw^i, meeting the axes in y and t;, and 
draw an and ojS perpend ici^lar to Cy and Gv. Take CQ a mean 
propoitional between yC and ^C, and CS a mean proportional 
between tfC and ^C; then (^Q and CS ar^ the semi-axe| 

SOQgbt. 

For since a tangent to the circle at the point A is parallel to 
mriy its image will also be parallel to mn^ and a taqgent^ to the 
elfipse at a ; therefore yav is a tangent to the curve at a;, and by 
a well known property of the elHpsc, the sqaaresof the semt« 
diamet^ft CQ and GS, are equal to the rectangles yC K C« 
and r/C X C/3, J which they are by] construction, therefore CQ- 
and CS are the semi-axes required* 

It is*obvious that the Image of the given circle will be a^ 
ellipse, a parabol^, or an hyperbola, according as the circle falls 
Without, touches^ oris cut by the directing line. It is the first 
of' these cases only . that we have considered in the above 
solution. ^ A complete solution, however, of all th6 ca^s may 
he (oai^ in Hamilton's Perspective, B. III. 



TolJl^nate rm, D^.ifis to J^^. 




JiJ^i^vman , ,f. 
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XXVIII. QUESTION 238. Mr. Ivory. 

Let n be any whole poGtive number, and put 
Q = — 14-! — ! — f — : : then the whole value of the 

triple fluent I— / -r, / -; — , which is 

generated while x increafes from o to 1, is equal to 

N> B. 0]?ferve that the cafe »=<> is included by taking Q = }, 

1 

First Solution, hy Afr. Lowry. 
It Is well known that 






**) 3 3 

y •(» — **) 3-5 3-5^ ^ a.4 '^^ ' 

&c. «pc. 

and in gener^jl, that /- . _^ ,-; =5 

^ >6V ^2 2.4 fi.4.6 2.4.6.. .2n ' ^ ' 

where the first term of each expression is the fluent generated 
while X increases from o to i. 

2» + 1 

/^ X t* X X 

Therefore the double fluent /— - — r-y / ^ . %. is = 

T «. J«3 A, 1.3.5. .2n—t ^* M 



SA?(i 



'X — ^X'X 



X'J ^ 2.4 2.4.0. ••2A 



^^ 2.3 2.4.5 24.6.. 2«+l 

^ beiag th^ circular arc yfh^c sine is x* And if R be put for 

the 
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the triple ^y^^xJ^^^J^^^^^.^^-^ we bav« 

R = Q At^-x. (a-^-1 .^i^x'- . : '-sf •;*:' *'"'')' 

^J */\x — x)^ 8.3 2.4.5 . 2-4.6. .e»+i 

i • A;5 A* 

But-*-- y^ bcingzzA,thcfluentof thcfirsttcrm*— ; 3>is= — 

and the fluents / — 7 — ^ r^^ I ^ — tt. / ,^^ ^ . ta 

s« + 1 , 

» - ^, - av t generated while Jif increases from to 1, being 

2 2»4 2,4.6 2.4.6 . . . .2« . , 

• >» Tr'Tr^.» ::: — '* ^^ ^ respectively; we 

3 3-5 3*5-7 3-57---«» + 4 

have, by substttutioi>y 

R — r^ / A* 11 1 1 



« ^ 3" 5*^ 7* {2« -f- i)*- 

A* 1 

But when « =: j, A i* a quadrant, and . z=: 1 •4- -^— 4- 

nr + -ra+*c* co**^^""^ "•definitely (see the sditttion to qu. 76) J 

equal to the remaining term, ~j^,, (^^T^^' 
'r-^« &c. and /-7-i-^, /!*- /JLlill. _ 

• « 



2fi + 1 . 



Taking the fliuigna and dividiiigby ^^ — 2-—- gives/ , ^ 
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=l/{l-^)X [ (211+3) i*^'"*"^ + (tiM-5)fa^"+*-K2«-R)c*^'^^+¥ I 
Again, taking the fluxions and dividing by ■ v _^^^; we haw 

By actual mnkiplication, &c, 

(2JI+2) (2«-H3) a ^ (2a+4) (2ji+5) &««+ (2«+6) (2«+7) c»* &C.-] 
— 1 — (a»+2) (2«+3) tfJf^— {2«-h4) (2a+5) **4&c. 
— (2»+3)a«*— (SiH-SyM &C* 

Making the homologous terms = o, ^ =?: ^a«4.ft)(«>4-g> * 
the fluent of which generated whilst x from o becQities i,isr^ 

2n + 1 . 

where Q denotes the whole fiocnt of - _ , . (See art. trftS^ 
vol. 8. Siiiip6o»')5 Fittxions.) 

Q 2^4.6 ....(m) 2.4.(>.. . •(211) ,^ a 

-- _13 1—.' rr --2 — ' -* — ", \ , by 9t!U too 

^f the same book, An4 by writing for a,Mf c, &c. their values 
^fo^e determined, we get 

i{2»4-?)tf ^ (2«+2)(2a-|-t)^ ( 2n4-2)(?«4'4){9«4-f?)e , ^^ ^ 
^^ i{2;ri:3r (^5i?3)(2^^ + ei»+3Xli»r+5JC^«+^>' ^1 
C 1 1 t 1 .jtf,- ?' 

XXIX. QUESTION 239. i> Jlfr/lYORT^- 

Let n be a whole pofitive nujnber, and put 

Pi ^ ' ' 3 ^3:7\-:i^^^^) ; thea the whole Tjilue dPthe 
2 •• 4 . & . S^ . • * -A* " 

triply 
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I 

triple fluent f . ^ ^ f .; ^ ' f-j^ y, Which id 

generated while x increafes from o to i, is equal to 

p ^ 1 \ . 1 ■ 1 , 1 p ? «; 

where TT is the femi»circutnference to the radius i ? 

N. B. Obferve that thef cafe hz=:9 is included by taking 

First Solution, by Mr. LowKV* 
Let A =; the arch whose sine is x ; then 






2.4 2.4 ^ ^ V / 



&C. &C. 

2fi 



andingeneraly T^^^^J^^,^ = 

«A n* . • a . 2.4 , 2.4....2n — 2 2«— 1. ,, .^ 

• 3-5 . 1.3-5 ••««—! 

where the first term of each expression, when A = — , is the 
whole fluent generated while x increases from o to i* 

Therefore /-tt— — %rf^^ — ^^-?t = 

Tj/'iAA /'-i-aJ. 2.4... .2« — 2 2fi— 1 ^ 

« a 3*4 3-5-7^»-2» ' 

And if R be put for the triple fluent 

J 2 J s/{t—x ) 2 3.4 3.5.7.... 2» ' 

But the flu^ts/^. / *•* .^, /V^ »o 



^53 ) 

/ — , generated while x increases frohi o to i, being 

J ^(x — X ) 

— ^ • — « — ♦ -": ^~f 7^ '. lO ^ . • •* t 

2A 2 2.2 2.4.2 2.4.0.2 2.4.0 ••••2n 2 

respectively ; W€j have by substitution, 

/w* 1 1 1 i i ^ 9 

.^-1 — - -!*-&€.) z: -r +— i4--zr + ^<5» continued indcfi* 
nitely (see solution to qu. 179). 

Therefore 1 ■■ > — ra ' " o> -^♦« *»■: — r; is edual to 

24 2* 4' 6 o (2»)* ^ 

the remaininff terms 7- — rTr2» rr — ; — TTi* /"r — , r\i + ^^» 

° (2» + 2)'' (271 + 4)* (271 + 6)' 

2n j 









Second Solotiom, ^jr iJfn Cunliffe. 

2». 



2n+6 



4-&c.andproceedingasinqu.238,weshallgela=:j — — r- , 

, {2/1+2) (27lf 2)(27l4-4) 

"" (271 +• l)(2/l+3)(271 + 4)* (.:^i+l)(,2»+3)(2«+3)C^a+6)' *^* 



and therefore 

2ft. 






ex* 4- &c. |. Now by art.' 286, vol. 8, Simpton't Fluxions, 
Vot. II. PARt I. K the 
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the duent ot the last expression generated while x from <t 
becomes i, is P^ x 

i[ 2n'^i)a (2nf i)(g«4-3)^ (2w4i)(gw+3)(2n^-5)g ^^ f 

^(2«4-2) "^ (5« + 2)(2« f4)"'"(2«-|-2)(2n4-4)(2«+6)"*' ^'J 



2n\ 
X X 



where P J 'denotes the whole fluent of — n- And by art. 

^ \/(i—x) ^ 

^ r t tin '•^•.6'7(«) l.Q.C.,(2« — l) 

«b8,oftbe same book, ?q=qH '^'l^J, [ =qx ^ ^ ^\ — r » 
^ ^ ^ 2.4.6. 8(«) ^ 2.4.6..(2n)^ 

where q denotes the quadrantal arc of a circle, radius t. 
Again, by writing the above values of a, b, c^ &c. Pq 

i (2«-H)fl (2» 4- 1)(2« +3)^ (2y^4^l)(2yl4•3)(g^+5)^ , j.^ 

^ ^ (2» + 2) "^ (2n + 2)(2n-+-4) (2«+2)(2W4-4)(2«+6) 



=^|; 



XXX. PRIZE QUESTION 2^6, by Mr. Ivor*, 

Let a plane be drawn through the axis of an oblique cone, so 
as to be perperrdieular to the plane of the base; and let a rights 
line be drawn to bisect the vertical angle of the triangle which is 
the common section of the plane and the cone : then, if a second 
plane be drawn through this hne (viz* the line which, bisects 
the vertical angle of the triangle) to cut the cone, the differ^ 
cnce of two portions of the conic surface between the two 
planes, and comprehended in opposite angles, may be deter- 
mined by means of a circolar area and a rectilineal space f 

SoLirTiONj by Mr. Ivory, tkcPropostr. 

' Let CP (fig. 30. pi. D.) the height of the cone r= A: the 
distance of the foot of CP from the centre of the ba^e, OP, =. 
A: the radium of the base = r: the distance of the point E^ 
through which the plane CDF passes, ==: r X /: the measure 
cf the indefinite arc AD, z=z <p : and the Jine CD^ in the conic 
iurface.-rc. Then, CD' == CP» + PR» + RD*i that is, 
in symbols, 

f* = A* -H (i -4- r cos (p)* -f-r* sin*(p^ 
Qt t^^h^-^-k^ ^ r^ -^-^rkQoKfi 
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The angle AED being denoted by >}/, then 

sin ((p — -J/) ~ y sin yl 
cos ((p — 4/) iz ^(t — /* s;n">^) 
and cos <p n cos ^(p — vj/) cos %[/ — sin ((p — \J/) sin%^ 
z: cos>}/\/(i — /*sin*\J/) — ^y*sin* 4^. 
Again, let AC = tf, and BC =: ^, then 

a» = A« 4- (i + r)» 
** = A* + (i — r)* 

consecjuently - == A*+/l*+r*= ( ) + ( ; 

= 2rA z=z 2 I — } . ( ). 

Therefore by substitution, 

^*=(--— r+t— — r--2{— — ) (— -^j/sm^xt. 



2 



+ 2 i~^) i~^) cosvj/ ^(i ^/« $in« >}.) 

fa — b^ ,a — ^t /. . , , 

but, according to the enunciation of the propositloi?, thf point E 
is taken so that/ =: v: therefore , 

^ zz (^)'x { 1 +/" — 2/"' «in*^^ + a/cos 4'/(l^/»sin^^^) 7 
and, by extracting the square root of both sides, 

Sepause sin ((p -r-r A^) 'szf %\n^ 

COS ($ rr^ ^1/) = V^^l — /* SlU* %|/) 

we have a? — d^ z^ rr pr = -77: 7i — :— iri • 

^ COS ((p — /^) \/(i -^/* sin-\|/) 

therefore d^ =z ^^^_y,^^^. - ;j^j X {/cos4'+ y'ti-Z^sin^^) | r 
also (because -^ • = - X / } 

•tIv:reforc by substitution, t ^{r^d(p* — ^g') ss 



' 
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J/ cos 4- + /(I — /* sin* 4') 5*. 

Now J v'(»''<''|>* — </§') 's double of the fluxion of the part pf 
the conic surface bounded by the lines AG and CD^, which 

•pace is therefore (by putting e = ■ r) =: 

,« + ^, /\a?4t/(i— <r'sin*4') c. , , ,, /...»,,)* 

{—^)r x/ ^^^l_^..^.„.^/ x;/cos4+/(l-/'sm^4)j . 

In the very same manner it may be shewn that the part of the co- 
nic surface bounded by the lines CB and CF is equ^l to 

^-^^' V ^/(r-/'sin*4) >^?-/^°^-^+^t»-r«n>4)^t. 

Therefore the difference of the twp said spaces is equal 
[fi + h)ST XfdA^ cos 4^ i/( I — e^ sin* >}/) 

or to {a + ^)r X ^^ X f ^d^ co? >J/ v^(i — c^ sin* >J/) 

or, by making x z=z e sin -J/, to 2r* ^ fdx v^(i — Jf*). 
Therefore by integrating, the difference of the two parts of the 
cojiic surface, that stand upon the arcs AD and BF» is equal tp 

y' X ?<« /(i — -y*) + Arc (sin =: x)\^ 

Where x = — * x sin 4^. . 

This formula suggests the following construction \ 
Describe thie circle a^^^ (Qg. 31. pi. D.)} equal to the base of 

the cone ; \vi a diapjeter ai, take g/*, from the centre 0^ •=. ; 

ft 

4raw td through/ so as to make the angle ajd = -^ ; and, lastly, 
draw the diameter el\ then will the mixtilineal space hd be equal 
jto the difference pf the two conic spaces between the planes 
(fig. 3P. pi. p.) AFBC and DFEC^ and comprehended in op- 
posite angles. 

The differenc.e of the parts of the conic surface that He pn the 
opposite sides of the plane CFp*(fig. 30.) if double of the spape 
led (fig. 31.)- For the difference of the conic spaces that stand 
on the arcs AF and BD is equal to the difficfipnce of the space$ 
that stan4 on the arcs AD and BF. 

Mr. Ivory is requested to send to Mr. Glekdinninc's 
for the Medal for solving the Prize Question. 



* See the second solution ^o ^uestitn 16^ page 39; toL L 
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NOTICES, 



I. Mathematical Works lately publisher. 
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The Philosophical Transactions of the Royal Society of Lon? 
don, for 1808. The Mathematical Papers contained in thi^ 
yoJ. are, 

1. On a New Property of the Tangents of the three angleyj 
of a Plane Triangle. By Mr. Wm. Garrad, Quarter-MwQT 
pi Instruction at the Royal Naval Asylum, at Greenwich. 

2. On a New Property of th^ Tangents of three Arches trisect? 
ing the Circumference of a Circle. By Nevil Maskeline, D.D^ 
F. R. S. and Astronomer Royal. 

3. Observations of a Comet, made with^a view, to investigate 
its Magnitude and the nature of its Illumination. To which is 
added, an Account of a New Irregularity lately perceived in th|i 
apparent figure of the Planet Saturn. By Dr. H^rschell. 

« 

4. Hydraulic Investigations, subservient to an intended Croo* 
nian Lecture on the Motion of the Blood. By Dr. Young. 

The Transactions of the RoyaT Society of Edinburgh. VoU 
VI. Part II. contains the following Mathematical Papers. 

1 . Of the Solids of Greatest Attraction, or those which, among 
all the Solids that havq certain Properties, attract with the 
greatest Force in a given Direction. By Professor Playfair, 

2. An Account of a very extraordinary Effect of Refracttoz|^ 
pbiscrved at Ramsgate, by the Rev. S. Vince. 

3. New Series for the Quadrature of the Conic Sections, an4 
the Computation of Logarithms. By Mr. Wm. Wallace. 

An Essay on the various orders of Logarithmic TranscendcQ* 
tals. With an inquiry into their application to the Integra^ 
Calculus and the Summation of Series^ By Wm* Spencew 
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n. Mathematicai, Works in the Press. 

A New and Enlarged edition of Mr. Profewor Playfair's 
proofs of the Huttonlan Theory of the Earth is in the Press, and 
will speedily be published in one volume, quarto. 

Mr. Renoward, of Trinity College, Cambridge, l^a« }n the 
Fre4s a Treatise on Spherical Trigonometry. 

A System of Conic Sections, adapted to the Stjudy of Nat«ral 
Philosophy. By the Rev. D. M. Peacock, A. M* Formerly 
Fellow of Trinity College, Cambridge, 

Tracts, Mathematical and Philosophical, consisting chiefly of 
orlgiftal or unpublished Pieces. By Dr. Hutton. These Tracts 
ivHl form about 2 or 3 Octavo Volumes, and may be considered 
.as Dr. Hutton's select remaining Papers of Inventions^ DiSf 
CQycxle^t ^j^d iBsprove/uents iq those Science$^ 

• 

Obituary* 

HI. Died at Fotlicringham, near Dundee, on the 23rd of 
August, 1808, in the 75th year of his age, Robert Small, D.D, 
F. R. S. Edin. One of the Ministers of Dundee. Dr. Small 
has been long known to the World not only, as a learned Divine, 
l^yt also as an ingenious Mathematician, and he has sufficiently 
shewn how well h/e was entitled to this last Character by the exr 
cellent Demonstrations he has given of some of Dr. Stewart's 
Qeneral Theorems in the 2nd vol. of the Edin. Phil. Transac- 
tions ; and more recently by his Account of the Astronomic^ 
Discoveries of Kepler, published in the year 180^1, in oqc 
jo], §vo^ 



End of the First Part of the Second Volump, 
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ARTICLE. I. 



Demonstration of a Proposition in Mechanics, By A. B. 

To the Editor of the Mathematical Repository. 

Sir, 

If you can infert the following Mechanical Propofitioni 

in your valuable Miscellany, without excluding matter of moie 

confequence» you will oblige 

Sir, 

Tour's, &c. 

S^k.Mayt i8o6» 

Vol. II. PartH; • PROPOSITION. 
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PROPOSITION. 

If a fyftem of bodies be co&ne£):^d together and fupported 
at any point which is not the centre of gravity, and then left 
to defcend by that part of their weight which i» not fupported ; 
4/ multiplied into tde fumof all the products of each body into' 
the fpace it has perpendicularly defcended, will be equal to 
the fum of all the pioducts of each body into the . fquare of jt& 
velocity ; / being equal to i$i^ feet, or the fpace through which 
a heavy body defcends in one fecond of time. 

Let A, B, C, &c. (fig. 1. pi. A.) be a fyftem of bodies 
conne£led together and fupported at S,~ and let G, O, be the 
centres of gravity and ofcillation; join SA, SB, SC» 8cc. Let 
SD be parallel and SL perpendicular to the horizon, and at the 
diftance SO defcribe the quadrant DQL* and put s and c for 
the fine and cofine of the angle OSL to the rad. (1). In any 
ffnall time /, the velocity genei:ated in ^ body at O, defcending 
down the arch DL, ±: 2/'7i, and -by the property of the centre 
of ofcillation, the velocity generated in the fame time in O, 
is likewife = 2/7 >c j, and thereEpre the. velocity generated in 

cry 

the centre of gravity G, will ~ zt'ls x ^tt-t ; but by mecha- 

• cr^ _ A X SA» + B X SB» + C X SC» + &c. 
"^" ^^ — (A + B + C + &c.} X S6 ' 

therefore by fubftitution, the velocity generated in the centre 
of gravity in the time t'^ = 2tHs 

SO* X (A 4- B,+ C'-4- &c.) 
^ Ax SA» + B X bB^ + C X SC* + ^c.' 

But becaufe the velocities of A, B, C, &c. and G, are in the 
fan^e proportion., ^s.thjeirrefpeaiye diAances from S, and thefe 
diftances are of the fame dimenlion in both numerator and de- 
nominator; if , fthfirefore, forthcvelocitiesof A, B, Cj &c. and 
G, we write v,u, a/, &c. and V, the equation becomes 2/Vj X 

V« X (A + B + C + &c.) -. ., ,, .A o 

A.- ^ B.- 4- C^- + &c, - V' ^^' =^'^ X V X (A + B 

+ C -+- &c.) - Af7\- Bw« + Czy* + &c. Let v% u\ w\ 

&c. and V',be the refpeftive velocities of A, B, C, &c. and G, 

in a direflion perpendicular to the horizon, then becaufe V ; V 

V 
:: 1 : J, V =: — , hence, 2/7V' x (A + B ^h C 4- &c.) 

= A^^» 
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+ &c.) by the nature of the centre of gravity. Suppbfe>, ^, z, 
&c. to r^prefent the fpaces pafled over in a perpendicular Ji- 
'reSion in the time t'; then becaufe in equably accelerated 
motions, the fpaces pafled over are as the times multiplied into 
the laft velocities, therefore i' X 2I :t! x v :: I : ;c, there- 
fore V* = — r, and in like manner u' = -J, w' =: — , &c. 

hence by fubllitution 4/ x ( — A;c + B;' + Cz -f- &c) zr At;* 
-+- Btf* + Cti/* + &c. Now as neither /' nor s enter into the 
cxDreffion, thie refult is hot cpnfined to any particular time or 
poiition; it is therefore evident that the equation is general as 
exprefled in the proposition ; for it is well known to ibathema- 
ticians, that if in the conclufion of a problem all thofe atian« 
tities vanifh that reilri£led it to any particular cafe, tt^n the 
refult, or equation becomes general for thofe quantities which 
remain ; wherefore the true relation between the i|)ace^ perpen- 
dicularly defcended by the bodies and the fquares of their velo« 
cities has been determined in all cafes whatever. 

Cor . Becaufe the velocity generated in the centre of gravity 

SG 

in a direflion perpendicular ta SO in the time ^' = 2t'ls x oq» 

the velocity generated in the feme time in a difiefiidh perpen- 

SG 

dicular to the horizon ihuft be equal alf'/j* >c ^775, ^nd i/V =: 

vutoiciey that would be generatitfd in the fame time by the whole 

SG 

weight of the fyftern (W) ; therefore 2// ; filf//* X gg :: W 

SG 

: s^W X KT=j = that part of the weight which is not fupported, 

or which generates the perpendicular velocity in the centre o£ 
gravity. Hence it is evident, that the preffure upon S at that 
infiant is equal to the remaining part of the whole body =r W X 



( 



^ — ^^ sor 



Ex. 1. From Simpfon's TraQs, page 131. 

Suppofe that a thread ACnCA (fig. 2. pi. A.)» having, two 
equal weights A, A, fufpended at the ends thereof, is hung over 
two tacks C, C, in the fame horizontal line; and that to the 
middle point of the thread (72) equally diftant from the tacks, 
another given weight S iiifix:ed, which i« permitted to defcead by 

a 2 
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its own gravity, so as to caufe the other two weights to afcend : 
it is propofed to find the law of the velocity by which the^aid 
weights afcend and defcend, &c. 8cc» 

Let In be an in<1efinitely fmall fpacc through which the body- 
has defcended, join Ct' and draw ^r perpendicular to Cn; then 
the velocity pi A : velocity of B :: r« : in :: E« : Cn by 
fimilar triangles. If therefore C£ =: a, Cn zz y^ En = Xy and 

ux ' 
u = velocity of B, then the velocity of A =: — . The fpace 

afcended by A, A = jf — a and the fpace defcended by B n a: ; 
therefore, by fubftituting in the general theorem we fliall have 

4/ X (aAa — 2ky + Bjf) = 2A x ^^ +B«*; 

y 

hence, the equation reduced gives 

- ., Bjf — 2Av + 2Aa J t r 

w*=4// X By+2A;c^ — ' an4 therefore 
tt = «jr ^\l X ' ■ *r,°_^, - ^^^^^ J = velocity of B. 

The velocity of A. A = «J^ = a. /(/ x ^-^^^^^V 

Sinipfon*s expreflion for the velocities of B and A, when pro- 
perly reduced,^ perfe£lly agree with thofe given above. 

Ex. 2. Let the weights A and D (fig. 3. pK A) be un- 
equal, and fuppoft the weight B to defcend in the ftraight line 
]^, £ <being the centre of gravity of A and D when placed at 
C and Ct and let the feveral lines be expreflfed as is reprefented 
in the figure ; then by fubfiitution, in the general theorem given 
above, we have 



x^v^ . «. JcV 



4/;<Bjr— Ax(y — <»)-D X (2-*) = A>r — 4-D x 



y 2* 



•5 . J \ ,, . ^ B* — A>c — fl)— D V (2—*) 

Reduced, u* = 4//z X a.V + B/z^ + D;cy ' 

^ \lx be given, y and z are known ; £ being the centre of gra- 
vity of A and D, ha = Di. 

If in the value of «*- juft found, we fuppofe azzh^ z zzy^ 
and A :=:D, %^ will be ihe fame as in the lait. example. 

Ex. g. Let a cylinder of heavy metal roll down a plane 
which makes an angle with the horizon whofe fine and cofine 
ss s and c, and fuppofe the friflion juft fufficient to keep it 
from Aiding; it is required to find the angle which another 
^ne makes with theiiorizon, fo that the fame cylinder moving 
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«[own k, the fpaces pafled over by the (lidihg and ix>lting motloct 
in the fame time, may be to each other as a : i ; the friflion vary- 
ing as the prefTnre against the plane. 

Let S and C zzr fine and cofine of the fccond plane, w r=: 
weight of the cylinder, /zrz i6xV f^^^ ^ == timeifom the be- 
ginning of the motion, *• = fpace pafled over by the rolling 
motion, and v m velocity generated in the circumference of the 
•cylinder round its axis in the fame time ; then it is well known. 

TJ 

that — 7:^ = correfponding velocity of the centre of gyration ^( 

the cylinder^ If the fame body be placed upon different 
inclined planer, the forces down thefe planes vary as the fines 
of the angles which tliey make with the horizon and the pres- 
sure against them oc the cofines of the fame angles, Hence« 
sw = force -down the firft piane^ and the fojrce of fri3ion 

zvs 
r=: — (fee Emerfon's Mechanics, Prop. 61, Schol.); therefore 

3 

the friftipn upon the fecpiid plane zz - — ; but th^ force down 

this plane = Sze;, therefore the remaining force when that of 
fri3ion is fubtraflcd zi Sw — zz zif X - — — — : hence 

this proportion, as w X 1''* : zo X ^- — ^^^^^^^^ — X f * :: / : //* 

y ^ _ 2ZZ whole fpace moved down the plane by both Hat 

Aiding and rolling motions^ 

The force — is Entirely employed in generating therotatoiy 

motion of the cylinder, and niay be confidered as a weight with- 
out inertia, deicending through the fpace x; therefore by the 

, , , Cws v^ 2X^ ^ 

tbeorem 4/ K —- X x zz w X -- =. w x -5-, for by mc- 

chanics z/s:=:.y, hence ^' X =: x =: fpace pafled over Jjy 

rolling; therefore fpace pafled over by Aiding =: &• x 

{ Tc -Tt) ~ '^ ^ '^ ^^- Hence fpace 

pafled over by Aiding : fpace pafled over by rolling : : ^cS 
— 3CJ: aCi ;: « : 1, by the hypothefis ; therefore 3 (rS 
-— Cjj -= «aC/, or 3cS = (2w -^ 3) Cs, and gc^S* = 
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(sn + g)* X C*s* = (an 4- 3)' X (1 — $*) X s* ; redocdi 

Cor. If ^ be given, the space passed over by both or either 
oi these motions will be known ; and if the length of the plane, 
or the space passed over be given, thevtime / may be found. 

The same theorem much facilitates the solution of a great 
number of difficult mechanical problems, and applies with much 
advantage to a very considerable part of the propofitions in 
Sect. 6. Atwood on Rectilinear and Rotatory Motion. For ex- 
aniple, take Prop. 13. 

*ut X = distance of the centre of gyration from the centre 
of gravity G, j ^=2 space defcended by P in the time /, and 
V =: y^ocity generated in P, the other fymbois as in that 
Prop. 

Then d i x \iv \ -r zn velocity of the centre of gyration; 

lience, by the theorem, 4/ >c P^ = P x: x/* + w X —^ 
P^ + ai;r* 

But by mechanics v n: —, therefore by fubftituion and re- 

duttion, It will appear that x^zrz = — - X 

^^ ws w s 

therefore x=^d 4/ [ ~ x J = diftance of the centre 

r • " % r% r tn ^^ Pd^ 4- tVX^ 

ol gyration required. Becauie 4/P x - = ^-^ — X v\ 

and is therefore zz the accelerating force when the force of gra- 
vity = 2A But X* zz bdf therefore the accelerating force of P, 

or the point D=v = 2lx ^jri^j^^ = «/ X p^^^^. 



»«#i€^ie«««i 
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ARTICLE IL 

On the Motion of Pendulums whose points of sufpension art 
moveable. In a Letter from Mr. John Gougk^ 

To the Editor of the Mathematical Repofitory^ 

Middleshaw, near K^endat. 
12th. May 1806. 

Sir, 

The Author ot the following Propofitions, is not ignorant 
that they contradift a remark made on the anfwer to the 648th 
queftion of the Gentleman's Diary, by a late eminent mathema- 
tician. The knowledge of this circumftance does not however 
forbid him to hope that his eflay will meet with a candid re- 
ception on the part of your readers, fliould it be thought worthy 
a place in the Mathematical Repofiton' ; becaufe he has endea- 
voured to oppofe a careful in ve (ligation of the fubjeft to bare 
afl'ertion; which is of no value when unfupported by demon- 
ftrative evidence, for the greateft men are fiibjeft to error as 
oft as 'they negleft rigid demonftration, which is the only true 
road to . geometrical certainty. — The elementary work quoted 
in the prefent paper, is a Treatife of Mechanics lately pablifhed, 
by Mr. Olinthus Gregory of the Royal Military Academy at 
Woolwich, which cannot fail of exciting attention, not only by ' 
Its copioiifnefs and the quantity of original matter, but alfo by 
the m^ny valuable and judicious fele8:ions the author has made 
from the foreign mathematicians. 

I am, &c. 

John Gough* 



PROPOSITION I. 

If a given pendulum vibrate upon a pin, fixed in the centre 
of gravity of a given veffel, which is fupported by aperfeftly 
fmooth and horizontal plane; the cpmmon centre of gravity of 
the pendulum and the veffel will defcend and afcend alter- 
nately, in a giren right line perpendicular to the horizon \ while 

the 
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rtte centre of gravity of the penrfulum defcribes'a portion of an 
cllipfe, having for its femi-tranfverfe the given vertical line 
properly produced, and for its femi-conjugate the diftancc of 
the fame centre of gravity from that of the fyftem. 

Demonstration. Let the vertical plane AC (fig. 4. pL 
A.) reprefent the veffel, or more properly, that fefVion of it^ 
in which the pendulum PG vibrates, P the centre of gra- 
vity of AC; alfo let PGbe a* pofition of the pendulum, G Its 
centre of gravity, and T the common centre of the fyftem AC 
PG; through P draw-FE .pavaiUel to tha horizon, and through 
T, NM perpendicular to FE* » 'NftW-tlie'cxiertiai forces which 
give motion tb the fyftem ACPG are, i/f. the \veight of the 
pendulum which afts upon its centre of gravity G (Mechanics 
book 1, art. 106); 2d* the reaftion of the plane CD, upon the 
point P, which is parallel to the former force, but in a contrary 
direftion;, confequenfly therefultant pf^hefe two forces is equal 
to* their difference (ibid. 73 j ; and by the* nature of the centre 
of gravity it afts upon the fyftem ACPG at the poirit T^ and iri 
the direftfon NM. But all the other forces, afling upon T^ 
arife frbm the mutual aftion and reaftibn of AC and PG ; there- 
fore the latter forces do not difturb the motion of T, their com- 
mop centre of gravity; hence it follows, from the dotlrine of 
forces, that T will always be found in the right Jine NM, the 
pofition of which is thus found. Let p be the place of the cen- 
tre of gravity of AC, when PG is in an horizontal pofition, 
coinciding with FE; miakeji^N = PT, which is given m mag- 
nitude ; therefore the point N is given, and NM is perpendi- 
cular to FE. Make NM = PT, NK and pK ~ PG; then 
NR = MK = TG; and when H coincides with ^, G will be 
at R ; alfo when P has moved through ^N = PT, G will be at 
K; hence KGRi^ a quadrant of anellipfe, having NK for its 
femi-tranfvex'fe and NR for its femi-conjugate (Em. Con. Ellip. 
prop. 30). l2' ^* ^^ 

Cor. 1 . Let b = the weight of the pendulum, a;' =3; that of 
the veffel; / = PG ,the difl;ance between the point of fufpenfion 

and the pendulum^s centre of gravity ; and we have -r— — 7 = 

PT.zr: /^N; hence if w* =. o (fig. 4, pi. A.)* />N = PR 

and G defcends in a vertical line paffmg through R while P 

moves through the fpace)&R. 

bl 
Cor. 2, But if w' be infinite,. ^N or its equal -. — -. > z: o, 

in which cafe N coincides with /?, NR z: NK; that is, the 
ellipfe becomes a circle and the point of fufpenfion is fixed at p. 

PROPOSITION 
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PROPOSITION 11. 

Let PG be a peridnlum (fig.. 4. pi. A.) whofe poioi of 
fiifpenfionis P, and liet it be urged perpendicular to PG, by a , 
force k aAing at G, its centre of jeriiviiy ; then put h z=z matter 
in PG» r r=: radius of gyration of PG to the ceatre G, ^ ==: ita 
radius of gyration to the centre P; and the rea£lion of the pin 

P, perpendicular to the line PG, will be zz , , , 

Demonstration. For the pendulum, when in motion, 
mult revolve about the points G ana P with equal angular veloci- 
ties, confequently the force i. w divided into two lefs forced, 
one afling at G and the other at P perpendicular to PO (Mech. 
^^^' 74-) • P"^ ^be latter = x, and the former z= k — x\ thcfi 
the angular velocity, generated in'a given tinw and about the 

GP vc * 

centre G by the force ;c, is in a conihint proporUon to ■ 1 ^ ■ 

(ibid. art. 301, cor. a^ and art. 310.) ; for the fiune.mlont ^ 
angular velocity generated about P in the fame time by i — 4 

PC V '( k — — x\ 

has an equal ratio to . \ >■ ■■■ : but . the two angular 

velocities arc equal ; hence --, = * ^ j Coiifcqucntly * sss 

Cor. Draw GS perpendicular to F£;,alfo put PG r: /, 
PS =:; n, 7^ + q^ z=z. €*, and that part of i which ads perpen* 

dicular to PG =: -r r=: i ; hence x =: -T-r- therefore i — »=s 

/ • U 

Yt" • bence that part of ^ — ;r, which a6ts parallel to SP, in 

the direftion NT r=: -^rr- == /* or the motive force of the 

fvftem ACPG. Confequently if there be two pendulums PG, 
QI, which are every way equal, and make equal angles with 
the horizontal lines FE,j^ (fig. 4, pi. A.), the motive forces 
aifting upon T, /, the centres of gravity of the fyftems ACPG, 
acQI, will be equal ; becaufe the quaatkies i, /, n, ^, r, are 
equal in both cafes. 

Vol. II. Part II. b PROPOSITION 
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PkOPOSITION III. 



if two bodies A, C, (fig. g. pi. A.) be impelled in iHht 
ri^bt lines AB, CD, by motive forces, which arc conftantly 
equal to each other, though each force may be variable in re- 
fpefl of itfelf ; the fpaces defcribedby A, C, in equal times, will 
always be inverfeiy as their quantities of matter o; weights, that 

It, ; 

IS, as X- to ^» 

Demonstration. Put y, z =: thefe fpaces; /, if, the 
correfponding velocities of A, C; then Gnce the motive force 
of A is always equal to that of C, the motion generated in A 
will always be equal to that gener<iited in C m the fame time. 
But the velocity is iaverfely as the matter when the motion is 

..given : hepce t : v :: -jr : ^ ; but as t : v :: y : z; therefore 

y : z :: -r • r » confequently y is to z zs --^ is to — (Emer- 
fon's Fluxions, prop. 2, feet, i.) 6- £• D. 

Cor. If two fpaces, AB, CD,.rnn ox'erby twobodies, A,C, 
impelleH as above, bp inverfeiy as their quantities of matter; 
thefe fpaces are defcribed- in equal times. For if CD be not 
flefcribed m the same time with AB, lei fome other line as C£ 
be the ci ntemporary fpace, which is greater or lefs than CD 
by an aflignabic magnitude EC. Then we have by the pro- 

pofition, as AB : CE :: — : ^, and by hypothecs, as AB : 

CD :: -r : 7t; hence CE = CD which is abfurd: confe- 
A . C 

quently AB, CD, are defcribed in equal times. \ 



PROPOSITION IV. 

Let PG, QI; (fig^ 4* ?'• A) be two equal* and Hmilar 
pendulums, which are fufpended as ir prop. 1, at P, Q, the 
centres of gravity of the veffeis AC, ac; alfo let them begin to 
defcend at the fame moment from the fituations PG, QI, in 
which they are equally inclined to the horizon, and parallel 
to each oth^: they will arrive at the vertical pofitions NM, nm 

ia 



in the fame time, whatevfer be the weights of the two veffels ; 
that is, their times oi vibrating through equal angles are equal. 

Demonstration. Let T, /, be the centres of ffravity of 
the fyftems ACPG, acQl; put the common weight ofnhe 
pendulums = 6 ; weight of AC =z w ; that oF or = W ; tlne 
lines PG, Qlz=i; NT =:S; nt-zns : now the points T, t, 
will always be in the right lines MN, mn, by prop, i ; alfo NM 

= FT, and nm = Q^, ibid. ; hence PT or NM = ,-?-; 
and Q^ or nm =z ^ — — (cor. i,prop. !•); therefore, msPT 

• Q' •• jZZ — • > -I x^ ; that is, PT is to Q/ inveifely as.the 

quantities of matter ACPG, acQl, which are to be moved 
through the right lines TM, tm. Moreover the angles TPN; 
'Q^f are equal by hypothefis at the commencement of motion; 
therefore the motive forces afting upon T, t, in the lines NT; 

'••II 

«^, are equal (cor. prop. 2.) : hence as S : s" 2: / ■ ■ ■ - j : ■ ; ■■ mu> 

(prop. 3.) : but the triangles NPT, «Q^ are similar, bdngrighl^ 

angled at N, « ; hence alfo, as PT : Qt :: NT : nt :: —J — ; 

p -^ w 

y^ VV^ ; consequently as PT : Q/ :: S •+- S : ^ -f- i ; that is, 

the motive forces afting upon T, /, will continue equal between 
themfelves, becaufe the variable triangles, NPT, «Q/, will al- 
ways be fimilar; but NM = PT, and nm =.Qi; therefore 

as NM : nm :; NT : nt; hence, as TM : tm :: -7--^ — ; 



^ / ^ » Now when PG,OI become venical, the points T,^, co- 
incide with M, m, after moving through the fpaces TM, tm; thefe 
fpaces are therefore defcribed in the ianie time (cor. prop. 3.) ; 
that is, the pendulums vibrate through equal angles in equal 
toies. g. £. 2>. 

Cor. If W be infinite, I the centre of ^^ravity of QI vi- 
brates about the fixed point Q (dor. 2. prop, i'.); confequently 
the pendulum PG is fynchronous to the pendulum Ql, 
which boing e:iual and fimilar to PG has its point of fufrienffon 
fixed. " 

bt PROPOSITION. 
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PROPOSITION V. 

l,f T the vertical plane, CVD (fig. 6. pi. A,^, rcprcferit a 
fruflLitn of a fphere, 'which is fupported by a horizotital plane 
touching it at V; \et P be the centfe o^f the fphere, G the cen- 
trcof gravity of the fruftum; alfo through P draw ihe horizon- 
tal line^R, and make GR perpendicular to RP, in which, take 
^K r=:PG : the point P will ipove over the fpace PR whil^ 
the point G defcends to K ; and this will happen while a fimilar 
frulium of an equal fpl:ere vibrates on its fpherical centre^ 
through an angle equal to VPG. 

Demonstratio?^. Complete the fpherical furfacc AVD. 
which will be fupported by the reaftion of the touching plane 
at V, exerted along VP ; therefore, AV D is a veffel without 
weight, ifl)on whole centre of gravity P, the pendulum PG 
revolves ; confequently, G will defcend from G to K, while P 
moves through PR ; that is, while the radius PG dc'fcrihesthe 
ungle GPV (cor. i^ prop, i j. Let now the weight of AVD 
become infinite, and G will defcribe the angle GPV in the 
fame time (cor. pix>p. i.j* Q. E. D^ 

: Cor* Since the angular velocity of G about P is the Came 
whether P be fixed or not : letdc/ denote the velocity of G in 
the circle GL, when GR is its diftance from PR, which velo- 
city may "be found from the fi;ted pendulum ; then becatife GP, 
GR, are perpendiculars to a tangent at G and to PR, we have 

as CP : GR ::v: — Qir~ = contemporary vciocjty of P 
in PR. 



ARTICLE III. 

^n ocular iemonflration of the forty scutnih fr4^poJition of 
tkefrJlbooiofEudidj By Mr. H. Douglas. 

Let BEL be a rig|ht angled triangle, having the right angle 

LBE; tlie fquare DELM defcribed upon the fide LE, is equal 

to the fquare ABEF defcribed upon the fide BE, together with 

the fquare BIQL defcribed upon the fide Bi*. Fig. 7, pi. A. 

A T> , /-. ♦nalc.ing BC equal to AB, draw CG pa- 

ralle 
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rVM to BE meeting FE produced in G : then BCGE is a 
fquarc and eniral to the fquarc ABEF* Join CI, CD, and pro- 
tin ce\DE to k ; draw KH parallel to LE, and MN perpendu 
cular to CG. • 

In the triangles BEL, KEF; the fide BE is equal to the 
fide EF, the angle LEB to the angle KEP, and the angles at 
B and F are equai bccaufethey arc right angles, the third angles 
arc therefore equiil, and the tilangles equal in all refpefts; KE, 
therefore, is equal to EL the fide of the hypothenufal fquare, and, 
KF to BL the fide of the leffer fquare* The remaining fpace 
^KEB of the fquare A FEB is tlierefore equal to the fpace 
LEGO ; and in the triangles, AHK, CLP, the fides AK. CL, 
and the angles AKH, CLP, being refpeftively equal, and the 
ang^les at A and C right angles, the triangles are equal in all 
refpefts;^ the fpace EBHK is therefore equal to the fpace 
GELP. Again, in the triangles LBE, GED, the fide BE if 
equal to the fide EG, the fide LE to the side DE, and the angle 
BEL to the angle GED, the triangles are therefore identical 
and equal in all refpefts ; the fide GD is, therefore, equal to the 
iide LB, and the angle EGD to the angle LBE, that is, the angle 
EGD is a right angle ; therefore the points C, G, D, are iji a 
jlraight line. 

Again, the triangle MND is equal to the triangle LBE, be- 
caufe LE and MD are equal being fides 6f the fame fquare, the 
angles at B and N are right angles, aad the angle MDN eqiel 
to the angle BEL, the third angles are therefore equal and the 
triangles identical ; MN then is equal to BL the fide of the 
fquare BIQL, and the triangle MDN equal in all refpeQs to the 
triangle EKF. 

Tlrtj triangles CDE, CBI, having the fide GE equal to the 
fide CB, the fide GD to the fide BI (or BL), and the angles at 
G and B right angles, are equal in all refpeSs; the angle ICB 
Iheielore is equal to the angle GED, that is, equal to the angle' 
PLG; therefore CI is para lei to LP, and LO toCP; where- 
fore the figure COLP is a parallelogram, and the triangle- OLC 
equal to the triangle CLP. 

Now the triangle CBI is made up of the trapezoid IBOL 
an<l the triangle COL or the triangle CLP; the triangle GED 
is therefore equal to the trapezoid IBOL and the trianolc. 
CLP'; or if the triangle ERS be made equal to the trian^^lc 
COL (which is c^qual to the triangle AKH), then the trapei^wd 
IBOL is equal to the trapezoid GRSD. 

Again, the triangles PNM, lOQ, having the fide MN equal 
to the fide IQ or BL, and the angles MPN, QOf, feach equal to 
theoppofite angles CPL, COL, ol the parallelogram COLPjarc 
equal, and the ani.,les at N and Q (right angles) alfo equal, the 
tnangles are therefore identical or equal in all refpefts. 

The 
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The i^quare of fht hypothenufe then contains the trapezoid 
GRSD, the trapezium LEGP and the triangles RES, MND 
and PNM which are together equal to the fum of the fquares 
AFEB and IBLQ. 



ARTICLE IV. 

jfn inve/Hgation of fome theorems which art qf uft in oltaining 
the f urns of certain infinite feries by means of circular arcs. 

By Mr. Jam es C u n li f f e, /?. Af. College. 

1. Let be expanded in an infinite feries. 

— . f — — ex 

Put — ^ ^— - = 1 +A;e+Bjc*+CA:'4-D;K*+&C. 

1 — 2,CX + X^ ^ 

multiplying the expreflion by i — » 2cx -f- x* gives 

X— rA;=: 1 + Ajc -H Ba^V + Cjt^ + D;c* -' &c. 

•^ ^cx — 2cKx'i' — 2cBx' — acCx* — &c« 

4- jt* + Ax3 + Bx^ 4- &c. 
whence 

o r: Ax + Bx* + Cx^ + />4:* + &c. 

— ex — 2cAx* — 2cBjc3 — srCx* — &c, 

J^ x^' + Ax^ -f B;e* + &c. 

making the coefficients of the like powers of ;i: =r o, we get 
A=c;B=2cA — i; C=:2cB — A;D = 2cC — B; &c. 

Let c be the cofine of a circular arch z, radius i ; then by a 
known theorem 3 = 2^:* -^ i r: cof. 2z ; 

C z: 2cB — c ~ cof. 32; D = 2cC — B=: cof. 4Z, &c* 
' Therefore ^ ~ ^^ , - i+A;t+B;c*+Cjc3+D;c^ + &c 

1, — 2CX -j- X 

srs t + flf.cof. zi"*'.^cof.2z+x5. cof. 32"j(-**. cof. 42 + &«• 

a. Take 



/ 

I 
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2. Take * =r i, then — -— r =: — , == 

^ zi 1 -^ cof. z 4- cof 22 ^ cbf. 3z + cof. 42 -h &c. 
or^ — ■5' =rr cof. 2 -*^ cof. 22 4- cof. 32 + cof. 42 + &c. 
multiplying this expreffion by z and taking the fluents 

= fin. 2 -f -J fi"- 22 -H ^ fin. 32 + i fin. 42 4- &€• 

Put q = the quadrantal arc of a circle, radius 1, then when 
z znz. 29, the fines of 2, 22, gz, 42, &c. will be each = 0% 
iherelore the correflt equation oi the fluents will be 

q — ^ zz. fin. z + i fin. 22 -|- \ fin. 32 -f- -y fin. 415 + &c. 

Q. Take l? =r — 1 , then ■ . - j :=: *' ■. — ^. =z 

^ * 1 — zcx-^^ 2(i-j-c) 

4 = 1 — - cof. t + cof. 22 — cof. 32 H- cof* 42. -.— &c. 

whence by tranfpofition 

•^ z= cof. 2 — cof. 22 + cof« 32 — cof. 42 + &c, 

multiplying this exprefiion by %. and taking the fluentf 

- = fin. z — -J- fin. 2z + \ fin. 32 — J fin. 42 •+- &c. 

SB 

Taking half the fum of the preceding expreflion ana that 
deduced at art. 2, and we {hall have 

2 — fin. 2 + y fin. 32 -t- -J- fin. 52 + &c. 

Alfo taking their difference 

q — 2 z= fin 22 + 4 fin. 42 + 4* fin. 62 -4- &c. 

The foregoing theorems are obtained in a different manner 
at the beginning of Landea's 5th. Memoir. 
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ARTICLE V. 

Jn invcjiigation of fame theorems which are of vfe in ohtaining 
the fums of certain infinite [cries by means of hyperbolic 
logarithms. By Mr. jAMiiS Cunliffe. - 

1. Let the exprcfSon ^ be expanded in an in- 

fiffite ferics, 

. Put :^ — _. =z j + Ajc+Bi'-hCj:' +Djt:4-+-Er54-&C. 

and multiplying both fides of the expreffion by I — arc 4- r*, 
J z: J + Ajp 4- Bx» 4- Cx3 -4. Djp^ + Er^ + &c. 
— srjr — 2cAr* — 2rBx* — vllQ^x:^ — 2cDjf' — &c. 

mating the coefficients of the homologous terms zr o ; 

A = 2/c; B z:2rA— Ji C = 2cB — A; DrraCc— B. &c. 

Now if s and c denote the fine and cofine of a circular arch 
2» radius 1 : then by known theorems 

A =: ^C5 n fin. 22 } B = 2<:A — J rr fin. 32 ; C =: s^B — 

A = fin. 42 i D = 2f C — B 3: fin. 52, &c. 

and therefore ^-^- ^ — == j4-Ax+ Br '-4- Cjc^-l. D*"* + &c. 

nfin. 24-^.fin. 2z + x^ .fin.32 + a;'.fin.42+*^.fin.5z-+'&c. 

2. Take ai= 1, then 
J s 



l — 2cx:+x* 2(1—0 



~fin.2+fin*22-i-fimS2+fin,42-l- &c. 



c 
and it is well known that - = — i 

multiplying the former expreffion by this 

* 

• ■ > == — z X (ftn, 2 + fin. 22 + fin. 32 -f- fin. 42 + &c. 

taking the fluents 

ixh.K ( -— - jn cof. 2-f--;-cof. 22-f--}cof.32-f ^cof. 42+&C, 

But when c r: o, then the cofines of 2, 32, 52, &c. 

will each z= c; and the calines of 22, 42, 62, 82, &c. 
^ill be— 1, + 1, — 1, + 1, &c.; ilerefore the conefl equa- 

tioB 
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tion of the fluents will be 

_ 5^of.2 + 4.cof.2z + ^j:of.3z+ifcof.42;+&Cr 
^ 1+ 1 X h. 1. 2 ; 
whence, by transpofition, 

cof. z + I cof. fiz +4" cof. 32 + i cof, 42 + &c. 
5. Again, take x=sz — 1, then, 

multiplying this expreffion by - = — 5, give* 

g(i-f.c ' ) ^^~^ X(fin. «— fin. 2Z + fin. 32 — fin, 4z + &c.) 

and taking the fluents 

Ixh.l. (i+r)z:cof. 2_|c0f. 2z+|cof. 3z — |.cof.4z4-&c» 
But when czro, the cofines of z, 3Z, 5Z, &c. will be eachss o; 
and the cofines of 2Z, 42, 6z, 8z, &c. will be — 1, + 1, — 1, 
+ I, &c. ; wherefore the correft equation ofthe fluents will be 

4xh. 1. fi +c)=: 5^°^* ^""'^^^'^' ^^'*' ^^^'^•3^""'^^^^*4*+*^* 

_^cof.z — 4cof.22 + ^cof,32 — Jcof.4z-f &C. 
C— i X h. 1. 2; 
therefore, by tranfpofition^ 
4 X h.1. (1 +0-H^ >ch.l. 2 zr 4x h. L J2 (i+f)J — 

cof. Z — I cof. 22 + 4- cof. 32 — J cof. 42 + Sec. 

And from what has been deduced before 

T X h. L ~cof.2+4cof.22H-|cQf.32+^cof.424-&c. 

half the fum of thefe two expreflfions, by the nature of loga- 
rithm s^ is 

i X h. 1. ^—qp-^j z= cof.z4-Jcof.3z + |-cof.52i-&c.: 

alfo, taking their diflference, 

1 1 - 

i^ ^'^' 4(N^ "^ ^' *• 297T=::e;=^^•2z4-|co£:42+^coC6«+.&c/ 
The above theorems are obtained by a method materially dif* 
ferent in Mr. Landen's 5th. Memoir, Art, 16. 

Vo L. IL Part IL e ilRTICLS 



i, iB ) 



ARTICLE VI. 



^lufifn of a Dynamical Quefiion. By Mr. John Barrt. 

To the Editor of the Mathematical Repojtory. 
Sir, 

In Art. 6, part 2, of the firft vol. of the Repofitory, 
there U an ingenious folution by Mr. Ivory of a problem ia 
dynamics, firtt propofed by Mr. Simpfon in his Mifcellaneous 
Trafts^ and afterwards introduced by Mr. Atwood in his 
*treatife on Reailiacai Motion, pa. 289, as a particular cafe 
of a general propofitioft^ This gentleman's folution differing 
fo widely from Mr. Simpfon's^. induced me to confider hi» 
inveftigation ; and I find that his error proceeds from a wrong 
mpltcation of his own general theocena in afcertaining th^ 
jwtio of the f«cond fluxions of the quantities x and y. 

Should you think the following folution of Mr* Atwood*s. 
ffeneial propolkian (pa. s^^^.of his faid treatife on reftilineal. 
motion), from which I have eafily deduced a folution to Mr. 
Simpfon's problem, defervingof a place in your valuable work, I 
isqa^ft you will do me the favour to publilh it. 

I am, Sir, your's, &c. 

Limerick. John Barrt. 

jf.ulf ag, i8o6» 

Proposition, By Mr. Atwood, 

Let AFC, BGC (fig. 8, pi. A.), be two curves, the planes / 
ot which are vertical ; and let a line, ACH, be ftretched over 
afixedpully,C, by two given weights A and B,of which B pre- 
ponderates againft A, and defcends alpng the curve CGB; it is 
required to affign the velocityof B, when it hasdefcendcd through 
a given perpendicular altitude, and A has afccnded through a 
given altitude in $he fame time ? 

Solution, iy 2lfr« Barrtt. 

According to Mr. Atwood, let BL be the perpendicular 
altitude^ through which B has defcended, arid let AH be. the 
perpendiciUar altitude through which A has afcende^. in th^ 
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fame rime; and let BL = y^ AH = q. Sttppofe theweigtitB 
to defcribe in its defcent the evanefcent arc bB, and during the 
fame time let the other weight A rife through the arc aA, 
Through b and A draw bo and Al {^rallel to the horizon ; alfo 
through b draw bn perpendicular to CB, and Am perpendicular 

to Ca, and let CB = j:, Bn = * r^ Am, Ba =/, Bb = i, 

Aa = r,. and al z: ^. 

Now Mr. Atwood has truly found In his faid treatife, pa. 286, 
that the whole force by which B is urged in the dire3ion bB, is 

— -^ 7" — 9^ and he has alfo (hewn in page 1^87 that the equi- 

Valentmafs, which being accumulated inB, when A is removed, 

vill refifl; the communication of motion in the fame manner as 

• «• 

Ar T 

the mafs A afcending by the force of B is zz 
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Let V = the velocity of the defcending weight B, ci^ =: the 
Telocity of the afcending weight A, t up: the correfponding time, 
and t rr: 193 inches. 

Then, by the laws of motion, s ::z v X t and r -rrz w X t^ 

and fince the evanefcent arcs aA and bB are defcribed in the 

•• • • •«. • • 

fame time» we have s '=z v x t and r zz zp X t; therefore, by 

• •• • 

fubftittttion» -r-n- ==: — :-. Confcquently, the force which 

s s vv 

accelerates B is 

Bj>-Ay . / Av^\ (B^-Ay) vi 

s ^ VV ^ s{fivv'\'hww) 

Hence, by the laws of motion, 

• t • ( B^ - A^) vi) , ^ (B^ — A^) vu 

s {Bvv 4- Awzo) BvO -h Avm 

Theretore b (&y — Aq) = Bw + Aww^ 
and taking the fluents 

i {By — A^) = h d. d being the neceffary 

corre£lion. 

T nbhq Aw^ _. , 
Hence v^ =. 2Py g-^ g- "*• 2»- 

It is obvious that this equation is general, whether the bodieaf 
apove in right or curved lines. 

c a CoA 
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Cor. It is evident that v : w :: Bb : Aa : : j : r^ 
bcnce w* zz .v^t* -J- •^*« Therefore, by fubftitution, we get 

»• s 2By H-2 — - . + ad. And therefore 

B Bj. 

V '-^ S AX . : • 

^ Bi' + Ar* 

In order to apply this general expreffion for the velocity of B 
to the folution of Mr, Simpfon's problem, which Mr. Atwood 
expreffes in the following manner, fee pa. 289 of the treatife or 
Reftilineal Motion. 

Let two equal weights. A, A, (fig. 9, pi. A.) be faftened 
to the extremities of a line which goes over the fixed points 
E and C, which are horizontal : when the line AECA is 
ftretched by the equal weights A, A, let a body D be fixed tp 
the middle point D, it will defcend from reft at D in the diieflion 
DB, perpendicular to the horizon, at the fame time elevating 
the weights A, A. Suppofe it were required to afTign the 
velocity of the defcending weight B, when it has defcriked any 
ipace DB. 

Let ED z= a, EBz=: y. and DB = x. Then by fub. 
ftituting in the expreflion for the velocity in the corollary, 

X fory, y for q, x for j, and^ for r. We have t;, or the velocity 

fo /2^ (Bx — sAv) 4- 2^B , A • • 

of B = :r y/ Bx^^2Ay' ' ' "^^^""^ ^^ '' '^""'''* 

for A, becaufe each of the weights A, A, a£ls in a fimilar man* 

Xx 

ner on B. But in the prefent cafe y zz — . Hence, by fubftitu- 

/2*(B;c — 2Av) + 2//B T . Tj . A 
tion,t; = ;;y^ ^^, ^ /j^^, .. Let B ~ 2A = m. 

and put y* — a* for it8»equal ^', then we have 

v-^iy \/" {m^Dy^'^a ^'^' "^^'"^ correfponds exaaiy 

with Simpfon's expreflion for the velocity. 

Since the motion commences from the point D, then v being 

s= o, when a: = o and y = a , we find a zzz — — • — — , in 

m h 

which cafe, 

«» = ib (a* + *') X 5flZiA/(«M- X*) + 2aA 

n 
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If this value of w* be put = o, we get x z=z •— — ^»=:the 

irreateft diftance through which the weight B can defcend 
before its whole motion is deftroyed by the weights A, A. ' 
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ARTICLE VIL 

Some properties of parallelograms, rvith the application of them 
to the moments of forces. By Mr. John Gough* 

To the Editor of the Mathematical Repojitory. 

Sir, 

Mr. Gregory has given a bcautifal theorem refpeftlng 
the moments of forces, in his Mechanics; but the analytic^ 
plan of his work having induced him to derive his demon- 
flration from the arithmetic of iines, I flatter myfelf the Englilh 
reader will not be difp leafed to fee this interefting propofition 
in the geometrical drefs, which I have endeavoured to give 
it, in the following eflay. 

I am, &c. 

MiddUJh&Wy John Gough* 

August ^^d^ ]8o6. 

PROPOSITION I. 

Let ABCD (fig. lo, pi. A.) be a parallelogram, and BD 
9 diameter of it ; lake any point T in BD, or in BD produced, 
and join AT, CT. The triangle ATB fhall be equal to the 
triangle CTB, and the triangle ATD to the triangle CTD. 

Draw the diameter AC, whi<:h will be bifetied by the diameter 
BD in the point M» Therefore, the triangle ATM is equal to 
the triangle CTM, the triangle ABM to CBM, and the triangle 
ADM to CDM ; for they iuve equal bafes, two and two, and 
the fame altitudes (Eu.i. vi.). Therefore, by adding equals 
to equals, the triangle ATB is equal to the triangle CTB; and, by 
taking equals from equals^ the triangle ATD is equal to the 
triangle CTD. 

PROPOSITION 



S^, Sd, Sc, Sf, Sr, &c, perpendicular to'thele lines refpeftivcly*. 
Then the moment Sr x AR will be equal to the excefs of the 
film of the moments Sb X AB, Sc x AC, Sd x AD, lying 
onthe fide of AR contrary to S, above the fum of the moment* 
Se X AE, Sf X AF, lying on the fame fide of AR with S. 

Let AG be the equivalent of AB^ AC ; AK the equivalent 
of AG, AD, that is of AB, AC, AD; and AH the equivalent 
of A£, AF: then fince AR is the diameter of a parallelogram 
under AK, AH, andS is in the angle RAH^ Sr x ARs3=: Sk' 
X AK — Sh X AH {prop. ii. and cor.) : But Sk x AK=^ 
Sg X AG + Sd X AD f propk ii.) ; for the fame reafon Sg X 
AG = Sb X AB 4- Sc X AC, and Sh x AH zr Se x AE 
+ Sf X AF; therefore Sr x AR = Sk x AK — Sh x AH 
=: Sb X AB + Sc x AC -f* Sd x AD — (Se x AE -i- Sf 
X AF), that is, the moment Sr X AR is equal to the excefs 
of the fum of the nloments Sb x AB, Sc x AC. Sd x AD, 
lying on the fide of AR contrary to S, above the fum of the 
moments Se X AE, Sf X AF, lying on the fame fide of R 
with S. And what has been proved of five forces may be proved 
in like manner of any other number. 

Cor. 1. If all the component forces BA, CB, DA, and 
their equivalent KA, be fo difpofed that the; po?nt S fliall not 
be fituated in the angle KAD or that vertically oppofite to it, 
the taioment of the equivalent KA is equal to the fum of the 
moments of the components. This is proved in the den^on* 
firation. 

Cor. 2. If fome of the forces in a propofed fcheme be 
negative, they are to be convened into affirmative ones by the 
preceding fcholium. 
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ARTICLE Vni. 

« 

io the Editor of the Mathematics Repofitory. 

Sir, 

The folutions of the following problems being con« 
fiderablv facilitated by making ufe of the mechanical propofition 
demonftrated in No. vu (art. i. p^rt ii. of the pr^fent volume)^ 
of your Repofitory. by inferting them, when it is coQvenient, 
you will oblige, 5ir, Your's, &c^ 

A. B, 

Problem I. 

. If a body be conne£led with a horizontal plane by any point 
in it, and in fuch a manner, that while it defcends by the force 
of gravity, the conncfted point may Aide freely along the plane 
without fri£lion or any obftruftion whatever : it is required, for 
any pofition of the body, to inveftigate genferal expreflions for 
the velocity of the connefted point, and for the velocities of the 
centres of gravity andofcillation, as likewife for its preflure upon 
the plane. 

Fig. 15, pi. B. Let QBD be the horizontal plane, Q, tlie* 
point of contafi at the commencement of the motion of the body, 
and G and Pthe centres of gravity and ofcillation, y, g, p their 
pofition at any other time. Then (by prop. ift. art. 2d. part 2d. 
of the prcfent vol.) the point G will defcribe the ftraight line 
MGB, and the point P, the arc of an ellipfe* Suppofe the 
whole body, W, to be divided into two parts P and Q, and in 
fuch a manner, that P : Q : : QG : GP, then if the part 
Q be placed upon the plane at Q and connefted with P by an 
inflexible line without weight, it is evident, that thefe two bodies, 
thus circumftanced, will move in the fame manner, and with the 
fame velocities as the jcorrefponding points of the given body# 
For tlie diftances of the centres of gravity and ofcillation from (2» 
as well as the inclination of the line paifing throjugh them, ^ to tUe 
horizontal plane, are the fame in both cafes ; wherefore the 
above mentioned velocities mud be equal.. 

Let QP=:L, QG = fl,BG = </, Gg::=.x,qZ:=y; v,v' 
^nd V ttie velocities, refpeflivcly, of Q, G and P, when they 
arrive at j^, ^, and p^ and / — i6Vt feet, It is well known that 
the velocities oiq and ^, are to each other as B^ : yB, hence 

VoL.IL PartJL 4 V : 



V ; v' :: d — x ly, therefore p zzv' X . Let fall the 

perpendiculars FC^pc, tnen by the propofltion 4/ x (CP — cp) 
X P = Qt/* + PV'. htt pn be a fmall particle of the curve 
defcribcd bvj^, in ^ given moment of tirap; refolve it into ^a and 
na, perp^rtai^ulair antf parallel ^o QC, tlien thefe lines will be as 
the velocities oip^ in their refpe6live dire£lions. By the property 

P + Q 

of the centre of gravity p ' • P' = vplockf of P in the 

the direfiioii pa, aid -^ . v = -^ . 7/ X ■ ■ "^ ^ -zH iti ye^ 
locity iu the direction ita; henC^ 

Confequ(6ntly4/{CP-f/>)=4/. — .P=Q.o'» X ^^~*^* + ^ 
>< |(P+Q)*+Q'x ^"^y -^- But p : Q j: « ; L-«, 



Lf -^fl I P 

therefore Q = ■ — . P, and P 4- Q = — -, whence, by 

fubftitution and redufiion, it lyill eafily appear tb^ vf^ =: 4/jr X 
iLl-,4> f^— y)* 4 Ly^ ' Fpr;^*, in the dienopiinator, fubftitute 
its value a^ — {d — of)*, and we haye ?/'* == 4/iip . -j — Z___^ 
an4 therefore v = a//^ . ^ . hence v =- 

'- . w = 2\flx • _ and Visz2%/lxi 



. / L^g— (2L— /t) — (^— a:)^ 



Put PC = h, then L'.aiik'.dzz -^, if therefore jr =;: i, 

or the body has arrived at the fituation y'BD, then v =3 

^k'^X^K^ =«/M,the fame velocity which 

a body would acquire in defcending freely through the fpace 
pp. But when xzz d,y — a^ therefore, when the body i*irt 

the 
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. •■■-■ ^^ .^^^ 

tile abov^ mdritidriecl fitiiatiori^ xJ zz sH/ / X t-' yt \J.- ' =aa 

- • L . /^« 

fi V^/^t X '-J- < and it is evident tlidn that t/ = o^ 
Wbonjcis very fjnall or evanefceht, let y = ^, theii wehav^ 

V* =: 4^1^ • y^ ■>! i -but. when tke Tbody i^dripace deifQendcd 

aref given, the, accelerating force varies as tlie f^^uare of tlje 
velocity generated^ wherefore j^lx % j^lxr* j ^''WcP-J* 

43) 2 W X f — w = that part of the weight of W which 

is not fup^orted.j :hence, W X ,(* — SSflirSr^) ^ K^-^^Ce 
/Ufon 4hc ^plaoe. 

Con il^/T^^fl ,c = ifin€,ffl[id.<;lft6fle ^f dhc iinglifii ftG9 ,fef 
ary ppfujon of 4he body \»[hatever, ,then^,^:^/^, a(^^_. ^ — 
x^, T^iJL. z^ t, wji^retwe, by lubftitutjon, >' ^ jJi./C^^j.>C 

X 4/^ "^.ta- ^p?/ * r ^ 'In the ^eryf^pe manner it will ap* 
pear, thai thepreffure upon the plane riWxfl — , ^i \^Vf 

evident that whjin the body defcepds below the plane, c, will be 
rf»gJ»tii^,pr the poiut.Q will maveip a^9Q$r^.dire£^ioa ^p 
what it did before. 

Ex. 1* Sp^irofe t)ie bod}^ lobe a flendat cylinder ottoAi 
^n if R = its length, it is well known that a = -yR and L =fc 
.4R,db^^fefe/^'QsMl^i bqQce4:hyi(ttbi^tutii^ «# it«.value, 

ill ijie cor. it'^iJl eafl^y^^pear thaty = 2i/{tx) .s k/ --^Jt_^ 

l» = V(/x) . c y^--^. and V=4«/(/*) X j/' lf ~ '^^ » 

Hetice wljen the rod arrives at the plane, and confetmently, 

d-2 5=1, 



( <8 ) 



f =: t^ c = Oj and Jssx^ We haVc v' cr «/(/^) >C v^| = 
^^/CS/A » =0»and V = 2 v^(/iO x /* = i\/—* Like. 

wife the preffure upon the plane = W x (i — t4z^) ^^ 

^1 — — y , J = W X T when J = t and c == o. 

Ex.2. Prize Queftion, Gentleman's Diary, 1791. 

If a given ferment of a globe greater than an hemifphere 
touching an honzontal plane petfefily poliChed, with its furface 
at the edge of its fedion or bafe, be thus put in motion by the 
force of uniform gravity ; how far will it move along the plane, 
what is its velocity, and with what weight does it prefs againft 
the plane at every point during the time of one titubation? 

Let SQP^ (fig. i6^ pl.B.) reprefent thepofition of the feg- 
ment when its motion commences, SP, QT, two diameters of 
the globe perpendicular to and parallel to the horizc^ ; draw 
RC perpendicular to S^ and produce it to O, the centre of 
ofcillation of the fe^ent, when C, the centre of the ^lobe, if 
the point of fufpenuon. Let O be the centre of gravity of the 
fame fegment, and through G, draw Gd perpendicular to the 
horizon, it is evident that the point G will defcend in this line, 
and ihat the point C will move in QT. 

Put SC=:r, CR=zb,CG=ia. Ga=:i/aadCO = L. 
By fimilar triangles we iuve, rii :: a : d := — >,' hence, by 

cor. xf = » /(&) X <y/j-4-3-., V = «/(*«)X*y^|j£p- 
and V = 2/(Z*) X y/ L«-(aL-a).c'a ^^^.^^ ^^^ 

preflure upon the plane = W x ( i <— f ' ^ ^ j \ 

MTh^n G comes to a, then^ := 1. cs=:o. and^r s: d=z!^* 
therefore in that pofition. t^ = a \/(i X ^) X i/ r 



( *9 J 

' When C arrives at ai in that pofltion we (hall have $ = d^ 
c-^z I9 Af = tf H = ar{r + i), and then it will appear that 



i/= o, » == 2 



/^/.f.(r + «)|,x/i;4: 



4/ Y — ^ , and the preflure upoh the plane =2 W 

X 1. The values of a and L ate eaCly found by the ufual 
methods of calculation. 

' It may be obferved, that when N comes to P, or its greateft 
altitude ; the rotatory motion of the fegment will be the greateft 
poflible 9 but it will continue to move the fame way till it 
arrives at N', being at the fame diftance from the horizontal 
plane as when it fcegun, when it will entirely ceafe to move ; it 
, will then begin to move the contrary way, and fo continue to 
vibrate for ever^ The fpace pafTed over by the centre of the 
|;lobe, forwards and backwards, in one titubation is evidently 
z= sCG, the greateft diftance^on each fide of a, being := CG. 

In the very fame manner, by a proper fubftitution for L and a^ 
the values ot z/, v and V may be found for any body whatever,; 
as likewife its preflure upon the plane, its pofition, or the values 
•f s and Cf being given. 

Problem II. 

Prop. xxiv. fefi. vi. Atwood on Re&ilinear and Rotatory 
Motion. 

Let A, B (fig. 17, pL B.), be a finjle moveable and a fixed 
pully, by means of which the power r elevates the weight W : 
naVing given P and W, together with the weight of the cylin. 
drical pullies, A and B, k is required to aflign the fpace which 
the deicending weiffht P' defcribes in a given time, the weight 
of the moveable puTly being included in the weight W. 

Let V = velocity of P, then — =: velocity of W, -^ =ve. 

locity of the centre of gyration of the pully A. and< — y- 

r: velocity of the fame centre in the pully B. Let s =: fpace 
defcended by P in the time i ; then we have the following equa* 
tion» viz. 

hut. 
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'fcut o = ^. therefort 4/(p*- W . i) - 4^+ W. ^^ 4. 

N*B« <2 ^9"^ ^^^ weight of esichpully^ 

J'robi.em riL 

£tt>p<tf xst* f(Sft. vu At wood's Tf eat ife ^m A^tkW< 

Jna C)^ftem ofpullies in which the fame firing ^oes ^oun^ ?ii 
the pdlhes contained in two blocfks } having ^given the ^pwer J* 
^nd the weight W raifed by jt, together with the ntunber of the 
xiitlies and n^e .weight and fiffUre of each/it is reguired to aflj^n 
the force whidh accelerates tne defcent of P* the weight ^of the 
3ower block being included in the weight W. 

Let /±=:any time, v zz velocity generated in P ip Chat tiinc. 

Iind « IS ipaoe ddden^ ; Jhcin by fiiechanks^^-^^ -VjehK^hy of 
Wr. The^veloci^ of ;the xircu5jfci»nic.c .pf tUp Ai^\^A >p«Uy .WP 
that of "W .= — , .<he yelocity df fhe cif cumfcr^cc pf the aext 

i0owcft;j;= — , 0f thenfixt»,;= -In* ^^^ ^o^; iW^ithpyMwi^ 
of their refpeflive centres of jryration = — 7-, — --, ^^ ■- . , . 

-^- .Hence this eflwuion ^iJ^J^s — W.. :^) ?= J^f '^W. 
'j^4*'Q*» ^^>Cr(i+f.4*'9 •^••••^••»^)f- JloTji ,*iblUtut€ -, 

Make' / = 1, then this cxpreflion will reprefent the force 
.vhkhH»ccQ}era|^Jf,-)Wli«n:iheJQ(aeiof^»v^ty'CE=^/. 

N. B. The fumof 1 + 4 + 9 ..•.»*=: ■j.(2«5 4-2«'-|- «)- 

g iz*lhe-weighti)f -eachpuHy, which arc'fuppofed cylindrical. 

Errata. 
an^p^ge 4, .voL 2^ j^rt 2, lineal, frqan tlv.boHcan, 

v*i/? ♦*«* ^*w* *>•«■ 

>r A X — -+D K^, r«a«f A X i^+B«'+Px ^ 
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ARTICLE IX. 



A DlQPHANTINE Pr0^B1£M. By Mr. CuHJLIFFEf 

To find valuey for the fides of a triangle in ntionat namberf 
ftich, that thi^ lengths of three right Imei^ from the angles t» 
the mtddl^ of the pppofitc fides iQf y h^ exprelTed by rational 
ivtimb^ers. 

Solution. 

Let AGB (fig. 1 8, f^L B.) reprefeirt the triangle, CD, AE 

and BF right lines from the angles to the middre of the oppofite 

fides: put AD =:I>B=:a:,AF=:FC::=;^, and BErrEC=::J. T^ea 

■ by a known property of triangles AC* + BC*— 2AD*=2CD% 

6r i(AC^4- BC*)-AD^ = 2/+ 2z^^x^:± CD* ir a fquare. 

Jn like manner 2jf* -4- 22* — y = BF* =:. afquarcj 

and 24P* -+- 2/ — z* = AE' zr a fquare. 

Put Jis ^ y — jj = r, then 2** •+- 2y^ — 2* zt a** -+- 2^ — 
(iP4-^ — n)' = Jt*-» 2*; H-y -^- 2« (i?-4-/) — n*= afquare; 
and 2k^ + 2^* — / =: 2;r* + 2 (# 4-> — «/ — y * = 4** + 
4Ary + J/* — 411 (A, + ^} + irt* ±:; a fquare. 

Affume X -^y + s for the foot of thft firlj, and ^x +y — r 
for the root of the fecond of the preceding expreflions : then, 
Af* — 2;ry +>*+ 2/2 (*+>') — n* = (x— 7+5)*=: ;)r*— 2aj/ + 
/4-2^ {x—y) + 5*; and 4** + j^xy + >* — 4« (* -f-j^) + 
an* = Xaop + Jf — r)* = ^*'+4^jr +>'" — ^r f2Jj; -h» + r»; 
from the former of thefe 

_ «* 4- -y* ~ ^y (^ -^ ^^ 2w' "H 2>« ~ 4;^ (n -^.s) 



X = 



I 



2 (n — 5) 4 (« — ^) 

J r .1. 1 .» ^^ r* •— 2/1* + g^f (2» — r) 

and from thp latter x 2=i j =^— r — — ^; 

4 (r — n) » 

therefore ^-7^^^-;^^ _ 4(r-«) • 

m^kitig th« numer^oris and denomifiatofs equal to each other» 
a^* 4- 2i* — 4^^ (» -4- s) = r* — 2«^ 4- 2;f (2» — rj, 

from whence vlBfc^nr'^-f •■ --• > Arid 4 (?« — x) r=s 

4(r ^ n), 



V 



( 3« ) 

4 (r — n) ; whence n = 4^ (r 4- J), by means of which 

^ 4(r + 4#) 

Now as only the fquares of jf, y, and 2 are concerned in the 
problem, it is manifeft that either pofitive or negative values of 
thefe quantities may be taken ; wherefore, reje£ling thfe commoa 
denominator 4 (r -H 4?), wc may put x := r^ + ^rs — 2s\ 
y =65* + 4*^** and 2 = r* 4- ^rs + 45*, and thefe being 
written in the remaining expreflSon to be made a fquare, wz. 
^y^ 4- 2J8' — jf' it becomes r* + 6r'j? + (ixr^il^+ I56rff*+ looj*. 

Affume r* -r- ^2!^ — io5* for its root, that is, put 

5 

r'+fir'i + eir**' + I56r*» ^ io<w* = (r* — BTi __ ,o*»)» 

= r*-^—r- + (V)* X ♦'V - 8orV+ i56r5» + jooJ*; 
d 

wliicb, after proper rediiflioo gives, r = — 14?. 

■ 15 

Take » = 45. then f = — 14, « = — 884, y =z 510 and 
« = 466 : and as tijefe values are all even number^, ihey will 
vxprefs the fides of a plane tr),angle that ^^rill anfwer. 

Let us now examine the refult of a ffeneral method of pro- 
feeding. }n th^e preceding par|t of tbp tolutjon >vc obtjwncd M 
equation 

Ain—^j ~ 4 C— Pj ^' 

from whence we have y = ^'.»*(«--*)+«( r^+«^)-Kr+^ ) 

a jn(4» — r)_3r4 ' 

and by means of this ^ ^ 

J, _ r*-2«*+ay(2>i-r) _ «V + a^)~ »(r* + a»') — r 4r-t) 
''Pf^ r — +y ^^ --- *»* f4> — r) + 6 m — r* (ar + g) 

And as only the fqi^aref of x, y, and « are concerned in the 
problem, It is evident that either poGtive or negative values of 
thefe quantities may be taken ; therefore rejefiing the common 

4pnominator 9 J « (4* — r) — 3r» } we may jtake 
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jt = »• fr -1- 2j) — • If (r* + 2J' ) — rs [r — 5), 
^ = 2«* (r — j) — « (r* + a^'j + fi (r + 25)^ 
2 zr n' (45 — r) — Srsn -+- rs (ar + j) ; 

and thefe values being written in the remaining expreflion to 
be made a fquare, viz. 2j^* -+- 22* — «*, it becomes 

9»*(2j— r)*-|-2«3fiaj3-.^^5V+i85r'— 3r') + n*(r*— 34r'j+ 
i5brV+68r5*+4.5*)+2«(3r45— 2irV— .6rV^ + 6r5*}+9fV 
(r + 5)* = a fquare. 

The foregoing expreflion might manifeftly be made a fquare, 
generally, by well known methods, but the calculation would 
DC tedipus. 

It may be obferVed, that in the preceding general expreflions 
for x^yy and 2, any two of-the quantities n, r, and s^ may be 
taken at pleafure, by which means the folution in particular 
cafes will be rendered much more fimple. 

Example. Take 5=1 and m — 1, then x nn* — 371 — 2,^= 
— ^4«^ — 3W — I, or, ^zz4«'4- 3fi+ i,and«ir 5«»4-6w + i; and 
hence 2^*+22* — **z:8in**i-i74»''+i2i»' + 24n = afquare» 

Affume 9?i* -J ^ for the root ; then 8t»* + >74«^ + i2i«*. 

-h S4n = (9«* 4- ^)" = 8i«* + i74n^ + n* (^)% which 

3 ^ o 

after proper reduflion gives n zz —^: whence at =-2 — , 
^ ^ o 31 ^ 961 • 

y rrz -\ — , and 2 =2 — -^r^* 
^ 961 901 

Reje3ing the common denominator 96 1 , we may take x =: 
1318, y = 1366, and 2 = 416 : and as thefe are all even num- 
bers they will denote the fides of a triangle that will anfwer. 

Again, put ot — 1 = «, then 8i«* + 174/1' + ****** + 
fi4« = 81m* — igom^ +.8g7Bf — 2o;7i •+■ 4 = a fquare = 

(qm* — £5^+ 2)« r= 8m* — 150^1' + -^ w* + 36^' — 
^^3 9 

i5l2 m + 4, from whence m zz — ^ , n r=: ?« — 1 :=: , 

3 ^3 as 

^^:, Je.,v=-^. and2 = ~?^. 

Rejefliiig the common denominator 529, and doubling the 
numerators to make them even numbers, we fliall have 884, 466, 
and 510 for the fides of a triangle that will anfwcr, being the, 
fame as were found in the firft part of the folution* 

Vol. IL Part II. e 
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From what has been done, it will be plain how other anfwcri 
may be obtained, if any one thinks it worth the trouble of calcu- 

Jt will be recolle3ed that there ig another fokuion to the fore« 
going queflion vol. i» part ii» art. x ; but beiide^ fome difiference 
m the n^ethads of folution, one of thefets of numbers here found 
i| confide^ably fmaller than thofe found in the article alluded to. 



ARTICLE X. 
The Theory or Amicabl* Numbers- 



To the Editor of the Mathematical Repojitory. 

Sir, 

The Theory of Amicable Numbers is a fubjeft which 
has been almoft overlooked by the Mathematicians of this Coun- 
try ; and for any thing I know to the contraiy, the mere EngUfli 
reader might have remained ignorant, both ot the name and 
nature of this fpecies of numbers, had not Dr. Hutton briefly 
explained their properties in the firft voL of his Mathematical 
Dictionary. The Artie le» here alluded to, is profeiTedly taken from 
a Tra£t, by F. Van Schooten, entitled '* Ratio invenieodi nusie- 
ros amicabiles," or the method of finding ami cable numbers. It 
is certain that this writer borrowed his knowledge of the numbers 
in queflion from Des Cartes; for he has preferved a rule for find- 
ing them, invented by this great mathematician. As for bu own 
enquiries they are confined to particular ca£e8, hb iotentioa be<« 
ing to difcover a ferie^ of amicable numbers increafing prcK 
gveffively ; and this appears to be the reafon,, why he gives the 
Cartedan rule unaccompanied by a demon Itration. I flatter my- 
felf that the following efiay will be found to contain a more 
comprehenfive view of the fubje£l, derived from confiderationa 
of a more general nature : at the fame time I have not the vanity 
CO pronounce it a complete Treatife. The piece comprifes 
feveral limits and general properties relating to Amicable Num- 
bers ; which may lead to z, perfed Theory in abler hands.. 
Perhaps this may have been done by (bme of the Foreign Mathe- 
maticians ; but Van Schooten is the only writer on the fubje£k 
who has come to the knowledge oC 

Ypur^s^ &c. 

HiddlejhaWy neat Keniol^ JoiiN. GoVGH* 

March 19, iSo/, 

Article 
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Article 1. Definhion. When two numW s are foconfti- 
tuted, that each of them is equal to the fum of the divifors of 
the other, they are called Amicable Numbers, which name was 
probably invented by Van Schooten. 

Example. 284 and 220 are Amicable Numbers ; for the 

fum of the divifors of 220 z=i-+-2 + 4H-5 + ^®"'" '* "^ 
ao -h 22 H- 44 + 55 -i- 110= 284 : alfo the divifors of 284, 
taken collcftively, = 1 4- 2 4- 4"+* 71 + 14a = 220. 

2. Let ax and ayz be two Amicable Numbers confiding of 
a common meafure, a^ mukiplied by the primes x, ^, and z, to 
find the relations of thefe primes. 

Put q = the fum of the divifors of a ; then 

ax zz a + q'h(a'i- q)y^(a'h q) z^qyt (ait. 1.) ; 
for the fame reafon ayz rzr a Hr q ^ qx. 

Invert the latter equation, and add it to the former, and 
{a-h q)(i + x)r=i{a^ q) {t-i- y-i- z +yz): 
Hence (1 +jr) ~ {i+y) (i-^-z); and jf = (y +z)-|-jyz, 

3. Suppofe a^x, aryZf &c; to reprefent a pair of Amicable 
Numbers, confiding of a common meafure a, combined with a 
greater number of primes than thofe of the form in art. 2, and 
by art. 1, we fliall have the two following equations, 

(« + ?) (1 + ^ + x) + qdx^z=: aryzy and 
adx zzL {a H-y) (1 -^ r + ^' -+- 2 -f- ry -f- rz -t- ;^zj -+- qryz : 
Hence (1 4- rf) (t -I- ^v) = (1 + r) (t + y) 1 1 ■+• z). 
And the fame may be proved of any other number of primes. 

Hence it appears, that if a pair of Amicable Numbers be 
divided by their greated common meafure, and the prime 
divifors of thefe quotients be feverally increafed by unity, the 
produ£ls of the two fets thus augmented, will be equal. 

4. If ax^ ayz be a pair of Amicable Numbers, we have 

a '\- q '^ qx zz ayz fart. 1.). 
Hence, as a : y :: i+* : jyz — 1 :: {\ -\- y){\ -\- z) : yz — ifarr.2.). 

Again, if aix^ aryz^ &c. be a pair of Amicable Numbers, 
we have (« + j') (i + ^ + x) -\-qdx ^zaryz (art. 3. J. 

Hence, as a\ q w (i+i) (i4-x) : ryz — (i+iZ+x) ::(i + f) 
(1 -4-^) (1 + 2) : ryz — ( 1 + rf + ^J lacc, 3.), which may alfo 
be proved of any other number of primes. 

Hence, if a be given, q is given, but q mud be lefs than a \ 
and it two fets of primes, namely, d^ x^ and r, y, z can be found, 
which will make(i ^ d){i+ x)zi {i + f)[t+y) (1 +ij,&c. 

e2 and 
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and alfo give the following proportion, as « : ^ : : (i+^)(i +x) 
: ryz — ( i -+- df + *), then will adx, aryz be Amicable Num-* 
bers, which is a general property. But the fequel of this eflay 
will be confined to the Cartefian form, ax^ ayz- 

5. Since q+qxzzayz — a, (art. 4.) = qy + qz+ qyz (art, 2,)» 

- a '^ a -¥ ay , a + ay 

we have x = 2 ^^ and z -f- i t — : 

ay — qy — q ay-^qy — q 

for the fame reafon j' = -^ — 2 — Z. and yt- 1 = 



az—qi'-j' ^ ap -^ qz — y * 
but X z=zy + z + yz (art. 2) z;: ^ ^ ■^ ^ z:^ 

^ — ; hence 11 a, ?ind either ot the 

az-^^qz — q 

primes ^ or 2 be given, the other with x may be found, if 

the data will allpw theni to be primes; alfo, we hav^ 

lait +y)V la{i+9)V 

* + 1 = ^ ' =1^ -^ -, 

y — qy — q az — qz — q 

6. Since (i+jir)=(i+y;(n.2)(art.2.;alfo(i+y)=r ^ "^ ^^ 



az-qz-q* 



a -+- ay 
and (1 4- 2) = ■ ^ ■ (art. «.), we have by multiplii 

ay—qy—q ^ Q ^' ^ ^ 

catipn and fubilitution (| + ;r) jp 



a^ ^ 0^x 



(az-qz—q) Kay-qyq)* 
therefore (az — qz -^ q) (6^ — qy — q) = a* ; confequently 
(az — qz — q) and (ay — qy — q) are feverally divifors of a*. 

7. Let/ be a divifor of a* and put ay — qy — q ^J\ then 



y =: r^ ^ ^ ; but ^i^ - f 2 - y iz (art. 6.) iz --r ; and 

% zz -y'^ - f - f hence y + t = ^L±Z, and 2 + 1 = ^ . "*" ^ ; 
af—Jq a — q ^ <^t —fy 

Hence, as > 4j I : 2 + 1 ::/; a. 

8. Befides tHe relations which have been fliewn to obtain 
amongft the faftors ot Amicable Numbers, other conditions and 
limits remain to be pointed out. In the firft place then, no two 
of the primes *, y, and 2 can be equal, or in other words, *, y^ 
and 2 muft be three different numbers. For if they be not, y 
muft be J'quai to 2 or * : firft, put^ s=:2, then Jif = y -f- 2 + 2y, 
that is, Jf := a> -f. ^*, or a prime = to a compofite number, 
which is abfurd* Again, put y zz x^ then ;r+ i =(j^4-i) 
(2-1. 1) = (* -h 1) (z -I- 1); hence (2-4- 1) =: 1, and 2 = 0, 
which is alfo abfurd ; therefore x^y^ and 2 are different primes. 

9- 
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g. No one one of the three primes x^ y, z can be equal to 8. 

If the contraiy be maintained, the abfurdity of the fuppofitioi| 
pnay be proved thus : let jj^ be lefs than jp or 2 ; then if 2 be one 

^ , , . ' , ay + a . 

of the three primes, ^ = 2 ; but — zr « 4. 1 (art.5.) 

=: an even number ; that Is, — ^ *^ = an even number : 

• Sfl — 3^ ' 

therefore a r=: an even number ; confequently a may be re- 
prefented by 2^, ^fi. Sec. 2pq^ 4^^, &c, where ^, y, &c. are 
primes ; put a zz 9,p \ then the Amicable Numbers are vtp x x^ 
and 2p >i 2z zz j^p X ^, and we h^ve (by art. 2.) | •+- jf = 
(1 + 2) (1 4. 2) =: 3 -h 32 : but by collefting the divifors of 
each number, as in art, 1, we get 1 + 2 4. /? + 2^ 4- x -4- jjt ^ 
px = 34- 3/^+ 3^ -^P^ = 4/^2 ; and 1 + 2 .4.4 H- 2/^ + 4;fr ^ 
2 -f. 22 + iz+pz ^ 2pz =z 7 + 7p + jz-^ zpz = 2px; hence, 
J)y adding the equations, w? get 7 + 7/» + 72 4- 7/^2 =: 3 4. 3^^ 
3Jf + a/'x, that is, {7 + 7/^) (1 + 2)z= (3 -4. 2p) (1 + *): but 
we have (hewn that 1 + a: = 3 + 32 ; confequently (7 4. jp^ 

(1 -f- 2^ = (9 + 9p) (1 4- 2), an abfurdity; therefore 9 cannot 
^e fubftituted for x^ y, or ^, 

10, A is not a prime. For if a be a prime, y rz 1, and /| 
4n art. 7, :r ^i or i ; if/cz: a, we have y -^ t : z + i *: a : a 
by that art.; that isy = ;?, which is impoffible (art. 8.): again, 

let/=: 1, and j'^i^-i-^; that is j, = 2 or 1, but> can. 

not be = 2 (art. 9,), and 1 is pot a number* hence a is not 
a prime. 

11. In the next place it is neceflary to find the limits of th^ 
value of q. relative to a, which may be done thus : it is evident 
from the proportion in art. 4, that q is lefs than a ; but to iSnd 
a part of a which is lefs than ^, proceed a& follows. We have 

rr • i_ ^V "ha , 

^n affirmative number 2 + 1 ir ^ ^ — (art. 4:), but 

ay — qy — a ^ ^^^* ^ 

2 is odd (art. 9 ) ; confequently 2+1 may be expreffed by 2« 

an pven number ; hence y zz -^ — 22-±-2 — j but 7 is a whole 

2na — a — 2nq ^ **vr.» 

number ; therefore 2nq + a is greater than 2na — (a + 2«j) > to 
each add 2nq — a, and 2nq is greater than na — a; therefore 

—will be greater than --- ; but cannot exceed a • 

n — t ? n — I ^? 



a 



confequently q is greater than — ►. J2. 

4 
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12. If fl, be a power of a prime r, namely a = r^^ then 

n-^—Eri* ^°''?=*-^^+ ^'+ ••..r"""^ Henccif 
r = a, q-zzza— i, and, if r=3, f z=4.(a— i). 

13. Let a z=: r'^^ r being a prime; and q = —"" ^ (art. 12), 
which is greater than — (art. 11.); therefore ^a^-^j^ is greater 
than ra — a: hence (s — r) a is greater than 4 : th(!refore a ii 
greater than — ^ — : but a is affirmative ; confequently the 
prime r = a or 3. Putr=:3, md q::=zi(a— 2) (art. ai): 
hence a — g =: : confequently z j. i =z "^ * . 

but z is an odd number greater than 3 ; therefore z % 

Ad — (2 + 2y) - 

J—, —a :::^ an even number = sjw, and 

ly + j^ 4. 1 — a • 

J' = ^^ . , , ^ . in which expreflion the denomi, 

nator is greater than half the numerator, that is, y is a fradioQ 
lefs than a, which is abfurd; confequently a is a power of 2, 
univerfally in the Amicable Numbers of Des Cartes. 

14. Since a — 2'', in which expreflion n is greater than 1 
(by art. 10, 13.J ; andy; in art. 7, is lefs than a, and a divifor 
of a', it follows, that/ isalfo a divifor of a; confequently we 
may write p/ior a, and jg/*— 1 for f ; hence y zzf + q ==/+ 
ff— t (art. 7.), and y + 1 \=:f + jg/*: but as y + 1 : 2 -m 
5 •/ • Pfy therefore z -h 1 =:pf{p +.1), and ;v + 1 = (^^ + 1) 
(z + 1) = j^* (/> + 1 )* : now if the three values oiy -1- 1, « h. 1, 
and ^ + 1 , feverally diminifhed by unity, happen to be primes, 
the expreflions jg/jf zz ax. and pfyz = ayz will conftitute a pair 
of Amicable Numbers. 

J5. Put/^-2, then^=3/— i,Z=6/— I, ;c= i?/'*— 1, 
which is the fubftance of the rule given by Des Cartes, (vid. 
Francifci a Schooten Math. Excercitationes, Leyden, pa. 423, or 
Mutton's Diftionary, vol. 1, pa. 165). 

But there are ftrong reafons to believe that Amicable Num- 
bers of the form ax^ and ayz exift, which cannot be deteSed by 

this rule, namely, when p z= 2", n being greater than unity. In 
thefe cafes, however, x,^, and z will be high numbers, particularly 

the 
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the firft ; and few perfons would be willing to undertake the 
trouble o^ determining whether they are -or are not primes : I 
(hall therefore conclude this effay with the following obfer* 
vation. 

i6. If the primes ar, y^ and z be given making * + i rr 
(^ + i) (se + i), to find if they can coniiitute a pair of 
Amicable Numbers. Divide j-i- i by^ H- i, and call the 
qaotiem p ; then, \ip be not 2 or a power of 2, the thing is 
impoflible : but Wp be fome power of «, divide j' + 1 by p-V u 
and put the quotient =/; then, ify be not 2 or a power 

thereof, the thing is impoiSble : but ii J => 2", the common 
multiplier a = pf. 



ARTICLE XL 

A Niw Solution of a Problem in Injur ance of Money on Lives : 
in which it is demonjf rated ^ that the tables for that purpoji 
now in ufc art deficient by about a Gjth, part of the whole. 

By Philalethes Cantabrigiensis. 

f 

1- The late increafe of the number of offices in London for 
granting annuities, and infuring fums of money, on lives, has 
occafioned my refuming a fubje£l which I had laid^ a fide for 
many years* 

Such offices, (when their number is not too great, and) when 
their tables are conftrufied on right principles, and their affairs 
are conduced with integrity, muft prove very beneficial to the 
public, at the fame time that the proprietors derive from them a 
reafonable profit ; but, when their calculations are erroneous, 
either the public muft be injured by paying too much, or the 
proprietors mufl, in time, be ruined by receiving too little : 
and, in the latter cafe, many of the purchafers, or their widows 
or children, muft be deprived of that benefit which they ex-, 
pe&ed. 

On a perctfal of the works of the lateft and moft celebrated 
writers on this branch of the mathematics, my furprife hat been 
excited at finding that many of their calculations are grounded 
on an erroneous principle ; (viz. taking that to be annual chance 
which is momentary^ and allowing as much difcount of money on 
the value of the chance in thefirji moment of the year as in the 
l^ moment of it: J in confcquence of which the refults are 

deficient 
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deficient by about a 6';ih» part of the whol^* This, I doubt rto!^ 
will appear to every competent judge of thefe matters, who (bait 
perufe the folution of the following problem. I have only to 
add, by way of preface, that, although I have never had any 
perfonal acquaintance with the writers above alluded to, and 
am under no fort of obligation to them^ yet I omit their names; 
fuppoling that the caufe of truth will be fufficiently ferved in 
this inftance by the calculations and obfervations which here 
follow^ 

pROBL£M« 

t* A perfon of a given age, and in good health, is deHrom 
of infuringto his executor a lum of money denoted by S, to be 
paid at his death, whenever that may happen : it is required to 
find P, the prefent value of that fum, according to any table of 
the probable duration of human life, and at any given rate of 
intereil. 

Solution. 

^. This is evidently a momentary chance ; and although no 
tables of the probable duration of human life^ that I know of» 
have been publilhed for (horter periods than years, yet a folution 
accurate enough for common ufe may be obtained from them. 
It will be fufficient alfo, in mod cafes, to confider the decrements 
of life as uniform Jor the f pace of a year^ dt all ages above 7 
years. Laftly, all .the accuracy requifite in thefe matters may be 
obtained without the ufe of fluxions, by dividing the year into 
feconds, and ufing common algebra. 

4. Thefe things being premifed, let the number of perfon» 
living at the given age be denoted by a, and the number living 
at the ages which exceed the given one by 1,2, 3, 4, and 5 
years, by 6, c, d, <?, and/, refpeftively. Let q denote the 
intereft of £1 for one year, and R f= t + q} the amount of 
£t in a year. Let m denote the number of feconds in a year, 

and r the amount of £1 in one fecond, i. e, let r^:z=.Rziz 

Now, fince the decrements of life are fuppofed to be uniform, 
during the year, and fince the number of perfons of the given 
age that die in the whole of the firft year is a ^^ b^ the number 

that will die in the mth part of that year will be -^^ — ; and the 

PI 

chance which the perfon has to die in that part of the year, 
whether it be taken at th^ beginning, at the middle, or at the end 

of 
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trf it, i)ri\l be iexpreflei by — — —. Tffe •feutnb'er 'of th^Cs 



am 

is^ual cha'nees iri the whole year is evidently =: m ; iuld the 
prefeht Valiie oUhe fum 5, to be received on all thefe chancej. 



n.r-'iu - fl — i« ., 4.-2^ 



Is the fuiil of the feries "L—^^+t^^^S + ^^— r^^*<^* 
continued to m terms, = — ^-- ox(- +rr + ^ ^c» ^^ "^J 



a 



— b 



dm 



by writing R for its equal, r*", and reducing the fra£lions to a 

common denommaidr, becomes o X -5- rn — ro X —7 — -v. 

5* Again, finc^ the number of perfohs tbatt die in the fecond 
year is ^ — . c, the chance of one perfon's dying during that 

whole year is -:^ ^ and of his dying in any mih part of it 

will be dfendtfed by ■ " ; ahd the prefcfUt ^alue of receiving 

th^ fdm S o^ m tbfch fchahtes will be = -^^^5 + ^^yi ^ 

I c 

+ pp 5« &c. to m terms, the fuid of whicli (by the fire- 

ceding art.) .^ _ -—^%.^-—-^^—^x^^_^^' 

* This may be illustrated, for the satNfactibn c^ those \vho are hot well 
acquainted with the doctrine of chances, as follows: According tblDr. 
Halle^'s observations, out of 4?7 persons living at the age of 4? ;^feai^, 
1^ die iri the space' 01 1 year. Therefore, by the hypothesis, i will die in ' 
th^ lb part of s yeatf; and ihe chanc^ which a person of the aforesaid a^ 
has to live the mt lOth part of a year is expressed by the fraction f^ 
certainty being denoted b^ I ; and the chance which he has to di^ iiit th^ 
first 1 0th part of the year is expressed by tlie fraction -j^. Again, since 
his chance for living to the ^(id of theiirst 1 0th part of the year is ex- 
p<tssed by ^1^ ; and Otit of 426 persons living at that age i will die in the 
next 10th part of the year, the chance which he has to live to the beginning 
of the second fOth part of a >e^j and tc^ die before the end of it, ivexpfess- 
ed By ||4 X t^ = tIt- And, by a similar argumentation, it wiU appear 
that the chance of the persons dying in any one 10th part of th^ year will 
be expressed by the fraction^ t^t^ And^ in* like manner, the chaince 
which the same person has to die 

is Si. J ^r^^^'r will I ^ 

in 10000th.> o«expr«sea oy (^^^g, 

&c. &c. 
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In like inanner» the present valu&of all the chances of re- 
ceiving the fum St during the third, fourth, and fifth year8, 

will be found to be --^ 5 X ~ . , — sr-Sx — , ~ ■ / , 

« — /" i? — 1 

and — 5^ 5 X — ■■ ; , refpeSively. The law of con- 

fl/t* « (r — 1) '^ ^ 

tinuation to the end of the fable of probable duration of human 
life is very evident. The terms of the feries which thus arifes 
are as follows : 

For the ift. year — ^ — •$ x - 



, b — c ^ R— 1 

sa • =?; — O X 



aR^ m{r—t)' 

, c — d « R — 1 

^ flic' i»(r — i) 

^tn« • • • • — u o X 



aR* OT (r — 1 j * 

^^^ -^i^-^x ^ f,riV) ' ' ^^' ^^- ^^^* 

end of the table; i. e. till x)ne of the fra£lional fa6lors be- 
comes =: o. 

p - 

6. Now, Cnce the faflor -^ r (which, for the fake of 

brevity, I denote by f,) is common to all the terms, as well 
as the faftor 5, if we can find any eafy way of computing the 
fum of the finite series 

a—-i ; b — c c — d d— e , e — / „ 

~iRr "*■ 1^ ^ liRT '^ ^^rt + -^^rT-* *^c- ^<^ 

fhall readily obtain the present value of all the chances which 
the executor has to receive the fum S. But the fum of this 
feries is evidently equal to the difference of the fums of thefc 
two feries, 

*'''^- :i ^^3? + ^ + IS-4 + JS?' *^- ^i" the nu. 

bed f ^inerator bc- 

The firft of thefe feries is manifeilly =r 

(1+^ 
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(t +ji)9 the letter A being put for the value of an annuity 
of jSx on the life of the perfon propofed in the queftion. And 
fince the fecond feries is obvioufly i= A, we have their diffe- 

rence = — -^ ji^ and thence P, the value fought^ zz FS 

7- Here it is worthy of remark, that the theorem now in 

general ufe is P z: S x ( — « y<). Whatever ratio there. 

fore, F (hall be found to bear to i, fuch will be the ratio of the 
true value of the infurance to that which is given by the rule 
now in ufe. 

8. But the value of f frz — ^ ) is eafily obtained 

^ m {r — ij/ 

1 1 

thus : fince r :=: Rzz i +.^, we have r zz. R"^ — (i^.^) « — i 



Wl ^ ^ . 2m ' ' ^ . 2m 3OT »» . 2»l 
1 29» t 3^.0 J/ \ _il W« 

3»» 4m * ' 2m ^ 

2m 3m 2m 37^ 4m * 

&c, whi^h expreffion, as m is greater than 31000000, is fo 
nearly 3= 7 — ^c^ + 75' — |7^, &c. that the difference, in 
tjjis cafe, is incoi>tiderable. And this feries is known to be — the 
hyperbolic logarithm ♦ of 1 ^-7» or/?, which logarithm may 

be denoted by £. We therefore now have F zr j — , by 

M^hich e^preflion, and a table of hyperbolic logarithms, its 
numerical value may quickly be obtained, when the value oi K 
is given* Its value may eaflly be found alfo by feries, as 

follows : F — ^^^^= i ~ {^^ if + T?' -- i?S &c.) 

= 1 -h 4^ — -rrf + TTf ^» &c, which feries, as f is a fmall 
quantity, is evidently greater than 1. It will indeed be nearly 
equal to, but always foraewhat greater than, y/i +9 ~ ^R. 

9, The general folution of the problem being no\y completed, 
an example or two, by way of illuAration, may be proper. 

Example 

■^M^iWII I I I I _ I I n il ■ 11 » I I I II ■III I '< 11 ■ I i ■ .1 

• See the Scriptores Lo^arithmici, vol, i. pa. 244 and 245. 

f 2 
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t 

Example i. Let it be required to find the numerical value of 
1^ 'when R :z i'03, which is the common r4te o£ intereft 
allowed at the oPicea of infur/ince on lives, 

• « 

Here R — i = 0*03 ; and the hyp. lo^. of R = 0*029558 
zip L; wi {R.-r. 0, -^ l/^^ = Voi^p-'S. the v^hio, q^ F 
required. 

The Cain^ value of F maybe found, by the fcries given. £oil thai 

!)urpore in the preceding article, without the life of hyperbolic? 
Qgarithynpsi thus: 

1 -{- j^ szz: 1 '0150000, 

""T^?^ = O'OOOQOIl, 

The. fum =: roi50on, 
— YT?? =:-6'O Q00750» 
The difference ;= i;o^ 49261, the value of -Prequired, 

Iff VT^ now divide, 1 by 0*01^926, the quotient wiilbe 66-997, 
or 67. very nearly^; which fhows that F exceeds 1 by fomewhat 
more than ^ $7th pjirt of itfelf. The Ipfs to the ofj^qes,, there* 
fore, by the erroneous rule now in ufe, is fomewhat more than 
^1 upon every ji6y which they receive: it is indeed fulj. 
£^49 6^' vpon every /'loopo. 

If the rate of intereft allowed were greater than £2^ per caij., 
the error of the rule would alfo be greater than"thal which,has 
been now computed. 

Example 2. Let it be required to find the prefent value of 
jfiQOQ tp b^^ received at. the death of a perfon liow 50 years of 
2^e, and in good he^th, taking the probable duration of human 
life, to he fuch as is fhown by the Northampton tiable, an4 
a)Io\ying ^ per cent » interefl of money. 

Here ji - 12:436, =s; R z= 1-03, and S = iqpo; £fpn[|j 
which WQ have gA = ©•37308, 1 — a'A zz 0-62692, (t-^aA) 
^R=z o-6og66, and 5 X {i —gA)^R.zz £6qS'-66, tie 
a^fwer required, by the rule now in use. 

The value^ of the annuity here ufed, viz. 12-436, i$ taken 
from Dr. Price's Obfervations on Reverfionary Payments^ Edit, 
6th, vol. ii. p. 315, where the numbers. are continued to np 
more than three places of deciinals, in coafequence of- whiclt. 
thelafl figure in the above calculation c^u JdnQt.be (Jepen^edup- 
on, if it were not found by a diflferent cpn\pnt9tiQn by the famct 
erroneous rule. Now if we multiply the numbj?x,6jgj8:66 by 
1*014926, we fh^ll have the trueanfwer {vtz* -rS^x Y* "^ ?A)' 
~ -R») =«^6 17744, which exceeds the erroneoijs anfwer 
hy c£9*o84, or .£9 is. %d. 
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Remarks. 

1 . This error deferves the attention of the direSors of offices 
for infuring fums of money on Jives. I^.is indeed faid, that the 
proprietors of an office, in which a table of rates, grounded on 
the Northampton table and computed by the aforefaid erroneous 
tl^Qfpifh b^S/boan ufed for tbefp^ce of* twenty years, have made 
confidei^lej ga^O by^ it, Th\^ iB*y be truf^ : and it may be 
accounted for by obferving, that the expeftation of human life 
is, in general, fomewhat longer than is fliown by the NorthaxTip- 
ton table; and that the intereft' of money , during that period, 
has. been mgre than 3 per cent, whiqh i^ th^ rate allowed to 
thofe who make infnrances at that office. But JiiU tkeir gain* 
H. ^.P.t fp S^eat a;f,thiy imagine^ 

The prefent competition of offices of this kind, for the: 
.favour of the public, may poffibly induce fome of them to offiar 
\p^^v x^i&^ 01 miwx^n^^^ grounded on. arable which fliowsthe 
duration and gradual wafte of human lite to be fuch as it gene- 
rally i^ in this I<fland'; and-^{houldfuch tables be conftrudoi bf" 
the theorem which has long been in ufe, that is, on the erroneous, 
principle which t have now pointedout, the confequencemuit:, 
in time, be. ruinpus to, the proprietors, an4 to . a i^^kitud^ of: 
«vidow4 and orphans, who muft be deprived of that fupport, in 
the hour of diftrefs, which was purchafed for them.by their- 
Jiufbands and fathers. Thofe proprietors: therefore, wl|o pay a 
due attention to juilice, and to their own permanent interefl:, 
will not lo^er- the prefent- rates of infurance^ without con* 
fulting fome very able mathematician, who alfo.has had much 
experience in calculations of this kind. 

2. I muft not, omit to mer^tion, that the faipe erroneous ^papin-f 
ciple, which is above pointed out, has been ufed in conftt uSing 
|he tables of rates for infurance of fuiAS,of nioney wheA.mprft: 
than one life is cpncerned ;. in .which cafe the>effe£l of it varies 
with the number of lives. 

3. I ought aUVi ^Oi^dd^ that.I^have neither private intereft to 
fcf ye, ^ nor perfpnal ,eAmi,t;y to gratify, on tbis. ocjcafion. The. 
jcourfe of my ft^udies.led me to an acquai/itance with the doQtii^ 
of annuities and infurance on lives in my youth ; and the many 
applications* which have be^n .mad^, to me, of lat^ years, hf- 
friends and acqfiaintance, for my opinion of the valuation of in- 
furances on liy^s, have induced me to exami^ne the principles^ 
Qawhich- the tables that .have long been ufed for that, p^rpofe 
^re <»i^ft,ruQw4 9 ' and thjp examination has ted me to the difco- 
very of the error which is above demonftrated ; ; a dif^overy 
wjiiiQh I take to be-ofno fmall importance to m^ny individuals, 
if pf^iiq the pji^J>li^.at.laK^. . 

ARTICLE 
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ARTICLE XIL 

An inveftigaiion of Theorems for finding the sums of certain 
Infinite Series^ &c. By Afr. James CuNLiFrv. 

It has been (hewn at art. j, page i6» that 

. -— -J z: fin. z+x fin. 2z+j;* fin. gz+Jt * fip. 4Z+&C. 

where j and r denote the fine and cofine of tl^e circulsur arc z^ 
radius i. 

1. Multiplying the preceding expreffion by n^ and 

: 1 = R = jc fin. z + 4jt 

1 — 2CX -+- *• 
fin. 2z + |;ic' fin.3z + ^;r* fin. 42 + &c, whefc R de» 

notes the length of a circular arc, radius 1 and tangent ^ 

sx 

or fine ., — r-. 

y'Ci — 2CX •+• Jf*) 

fl» In the place of c in the lad expreifion write — c, and it be* 
comes /— ^7-—, =zSir^fin.z-4^*fin.2z+^*'fin.3r-^fin.4z 

+ &c. where S denotes the length of a circular arc, radius 4 

1 sx t^ sx 

and tangent — . — , or fine —7; , 

^ 1 + ex* V^(l -f- 2CX + « ) 

3. Half the fum of the expreflions 1 and 2 is 

i(R + S)= Jtfin.z + -Jjc'fin.sz H-J^«*fin. 52-4- fjr^fin. 7;? -j- &c, 
where R and S are as before ftated ; or R + S denotes the 

length of a circular arc, radius 1 and tangent ^^ ox; 

fine J ^ =1 g^* 

4. Again half the difference of the expreflions 1 and 2 is 
i (R — S) = ix* fin. 2z + ix^ fin. 4Z + ^x"^ fin. 6z -4- &c. 
where R — S denotes the length of a circular arc, radius t 

and 
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SISCX * 

and tangent — j — r j-z r-., or fine 

2SCX^ itscx* 



Example! to the formula No. 3. 

Example i. Let z denote an arc of 45*^ : then fin. z = y^l- ; 
fin. 32 = \/i^; fin. 52 = — -/i; fin. 72 = -^ y^^ &c. 
which being written in the formula No. 3, give t(R+ S) z: y^-f- 

X (^ + l^'-i^e^-fA:^ +ix^ +tt^'*-tV^*^-.iT^*'^ 
4- &c.) and dividing by /^, ^fR+Sj/a^^+ir' — ^x&^^x^ 
4- T^' + TT^* ' — &c« where R + S denotes the length of a 

jCi/fi 374/2 

circular arc, radius 1 and tanirent — - — i, or fine —77 — 5^: r- 

^ 1 — ;c yii + x^) 

Now the feries x + ^x^ — ^x^ •— yjf ' + &c. is manifeftly 

r 9c r x*x 

= / — ; + /— : — r-ri therefore the fum of thefe two 

o/i + «* J t + x^ 

fluents is equal to the length of a circular arc, radius 1 and 

Xa/2 ^ X\/2 

tangent — ~ -, or fine 



1 — x^' v/(i -^*^J 

Takexzri, and then i(R+S) /ani+i- |-^ + ^+tt 
. .0 4 12 , 20 28 „ 

1-3 5-7 9»i *3i5 

where R + S in the prefent cafe denotes the circular arc, radius 
1 and fine 1, or the quadrantal arc. 

Example 2. Let z denote an arc of 60^ ; then 

fin. z =\\/si fin. 32=0; fin. 52Z:— iv/3; fin. 72 = ^V^3 ; 

fin. QZ =z o; fin. 112 = — i^i i fi'** ^^z = tV^3; fin. i^z 

' =i — -5"V^3» &c. and thefe values being written in the formula 

No. 3, givei(R4-S) = -|/3 X{x—\x^ + f^' — tV^** 

+ TrX^* — zTX^^ + &c.) and dividing by t/3,,4-X 

(R + S) = ;c— V;c5 + ^x^ -tV^* » + tV^*^ — Vt;c'7+ &c. 
Now the feries ;c—.i;c« + ^x^ —^x^"^ + tV^*^ —tW 

. — / g-; therefore the difference of 

1 ^^ X %j 1 ■■" x^ 

the 



I 
I 



iSie Qutataji.-^^ aad/~J!-^ is equal to •—* xt^ + S)f 
where R + S denotes the length of a circular txt, radius i and 
tiuigent - *^^, . or fine --Tf — ^^-O . 

Take * = i ; then -i- x (R + S)=4-4+^— iV-t-rV— iV 
4-&C. = ji- L — I !_. L — U&c. anddivi^ 

, iing by 4, -V X (R+S) = ^! ^— + — ? — *^ 

4- &c. in which circuiaftance R + S ddtiotes thfc quairantid 
arc of a circle radiu* 1 . 

Example 3. Let z denote an arc of 30® ; then 

fin. 2 = -J-; fin« 3* = 1 ; fin, 52 = 4- » fin, 72 =r= — I-; 
fin. 9* 2r ' — I ; fin. ii« = — -y &c. and thefc beihg written 
in the formula No. 3, give -J-CR + S) = 4 x (Jt -}- 
|x^ + i;c5 — ^x'* — Ijc'^ — ^V**' + Sec), or R + S 
c= « -+- f jc' + \x^ — f;r' — ix9 — tV^*' + &c* ^herc 
R -H S denotes the length of a circular arc, radius 1 and tan- 

Now the feries *+■ \x*^\x^ —yx'' — 1«4 — ^**' + &c. 

» pretty evidently = J,^,^ -^ Jt+x' ^^ Jt+^'' 

therefore the fum of thefe thjee fluehts is equal to the length 

X 

of a circular arc, radius 1 and tangent j-. 



Examples to the formula No. 4^ 

Example 1. Let 2 denote an arc of 45* ; then fin. 2(2 =: 1 ; 
$D. 42 = o ; fin. 65: zr — 1 ; fin. 82 zi o ; fin. ibz ^z 1 ; 
fin. 12;? zz o ; fib. 14^ :2£s -^ 1 &c. knd thefe being written in 
the formula No. 4, give ^(R — S) = |;c« — ^x^ + ^;c* ° - 
^jc** +&C. orR— S=± «* — !>?«+ i^^^'-^^a?'* -^. &c. 
where R — S denotes the length of a circulaf ttrc, radios i and 
tangent x^f and this is alfo known from more fimple principles. 

Example 



( 49 ) 

Example 2. Let z denote an arc of 6o*: then sin 2z = I/3; 
sin 42=: — iV^*, sln6zr:o; sin 82-11^3: sin lozzr — 4v^3;sm 
12Z = o &c. and these being written in the formula No. 4, give 
i(R - S) = 4^3 X (ix* - ix* + 1*^ — . tV* !^ -h' &c.), 

and dividing by i^% gives *y- x (R— S) = Xa:*— Jat^+t*' 
•— Y^x^^ -H &c. where R — S denotes the length of a circular 
arc radius i, and tangent -—j*-^ =: v; v Now l;t'-^ 

T-^* + T** — tV*'*^ ■•" &c. is pretty manifestly equal X.Q J ^^ ■ ^ 

/* XX 1 

— / * 5 therefore, -7- x into the dircular arc radius 1, 

Ji — x^' * 1/3 

and tangent ^ ^ is eqinil to the dtffinrence of the fluents 

Take* = 1. then -i- v (R-S)=|-i+i-T^+r'T-T'T + &c. 
r= + J + > &c. and multiplying by 2, ->- X (R-S) 

2.4^8.10 14.10 r/ o / »^g I / 

=: — 4. 4. — s &c. in which circumstance R — : S denotes 

1.2^ 4.5^ 7.8 

a circular arc radius t, and tangent --7- : or R ^- S in the pre- 
sent case is an arc ot 30^ 

Example g. Let z denote an arc of 30°; thco sin 2z s= I1/3 ; 
sin 42 = IV3; sin 6z = o; sin 82=: — |y3; sin 102 = — 
4^/3; sin 122 =: o, &c. and these being written in the formula 
No. 4, give i(R — S) = 4^3 x iW + i** — ix^ — i\x'- 

+ &c.), and dividing by {V^, ~^x (R — S) =:ix« + i«4— 

^x* — -*^;c* • ^ &c, where R — S denotes the length of a cir- 

culararc, radius 1, and tangent -2 Jt- ^;:^ ^ — o 

Now i,.+i..-;.._,v*- + &c^y;--j-p +/^-^, 

■ A + /- ~o"» 

Vol. IL Part IL g is 
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*V3 



is equal to ■ v ■ x circular arc radius i, and tangent \. 

Take *=!, then --- X (R_S) z= -J + i — i — ^^V + 

^ . . _ . . ^&^ ^ 18 ^ 30 4g . , 

' ^ ^ ^.4 8.10^14.16 20.22^ 



and multiplying by -f , —7- x (R — S) =:; -^ — ^i^ + — ^ 
r/ 5 /3» gy^g V / g^^ 8.io^i4.i6 

28 « 1 Q 1 7 

~ "TTTT:: + &«- = '■ — ^+ -% 4- &c. where 

20.22^ 1.2 4-5 7'0 1011 ^ 

R — S denotes a circular arc, radius i» and tangm ^3, or 
an arc of 60**. 
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ARTICLE XIII. 

On the attraction of an inHnite solid elliptic cylinder. By Air, 
Thomas Knight^ of PapcastU^ near Cociermquth. 

To the Editor of the Mathematical Repository. 

Sir. 

I send the following Problem for your Repository, because it 
contains a fluent, the finding of which is somewhat laborious, 
and as it will introduce some remarks I have to make on a passage 
of the Mecanique Celeste of La Place. 

Lemma* Let M be the element of a sqlid bpdy,y^its distance 
from an attracted point, then, the force being inversely as the 

f qu^re of the distance, M "^/* i^ t}ie attraction of that element 
on the point. By resolving this, we shall easily sec that the at* 

traction of tlie point by M in the direction of any other line u is 
■7^ X ( . ) » whence the attraction of the whole solid in the di- 

rcction u is /ys- ^ i~^) = (^f ^« ?^^ J~f^ == ^) 

* V 

PROBLEM 
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PROBLEM. 

Let XX, (fig. 19, pi. C,) be an infinite solid eUiptic cyl]n« 
der, p a point lying in the prolongation of the transverse diame- 
ter 01 the generating ellipsis. It is required to find the attraction 
the solid exercises on the point ? 

Let rq be any line in the solid, parallel to its axis; r the point 
where it meets a plane perpendicular to the axis, and passing 
through p\ mr 2l line perpendicular to A^, or to the transverse 
axis of the generating ellipsis, A being its centre. 

Put pK =: Ut rq zz /, Am zz jc, mr zz y^ fq z=2 f ^ 

t/ J (« — X)* ^y*^t*l. Suppose p to be attracted by an ele« 
ment placed at y, we have, (because M = tyx) J'-t' = V =: 

la J I whence the attraction of the 

4/ J(u-;v)« +/ + /»{ 

solid in the direction w, on the particle z= — (-r-), by the lemma. 



///:; 



=fff 



u 

iyk [u — x) 



-^ Y* . . 

Let the equation of the generating ellipsis be t* jf* =s i* — x^. 
The fluent relative to t mtfst be uken from /as — 00 to / = 00 1 

the fluent relative to v from y = ■ ^ to y = 

T 

i-i — ~*/ ; and lastly that relaiive.to * from -« = ~ ^ to « 



k. We have then successively, . 



The last fluent is the only one of ariy diflicuUy. Becausey»tf tsu 
uv^^fvut we have first /i x.9ng« tang. — V ■ — -. 

mer part of which vanishes vf hen taken from »:=•—)( vs-x == i. 
There remains then to find 
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_ (>{ -4- x) 
In order to make this lational, put ... , z: 2*, whence 

stituting these values and making proper reductions^ we find 

y^\ t{u — x) / r J- . ^* — z^ — az'-^ra ^ . 

. \T (tt Jf )/ 

where ^ = - — /(~_a*),/ = - -f V(-:; ^ «% 

is plain that — a* is positive, as are also/ and ^. Byre- 

solving the above fraction, wchave 



{■ 



z 



l-ff)</-^)(**+«) 



whose ffuent 

ju V ^' ^ ^-^ i '.. ,r X Arc. tan = -77, 
' which taken from * « — *, tfe « =s= i, gives 

« beiag half the circumfeirenceiwheii. the radius is unity . To re-> 
duce this to ^ simpler foirm, we have 
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k+r^iu* i-;^) — i+T ^{u* '-^ ) 

^^ r{u — A) • ^^~ ^ T Xu ~ it) 

and by substituting these values, we find at last, the attraction 
of the solid 

Scholium. In the investigation by Mr. La Place, of the 
figure of Saturn*sRing, MSc.Ccl. Liv, 3, Chap. 6, it appears to 
me, that his conciosions are rendered invalid by an error which 
I shall point out. He has rightly shewn, that the pai-tial differen- 
tial equation r-^ — J + (* - ^ -J 'n o, and consequently^ 

its integral V r= ^ (« i- ^ \/ r— i)" + ^K» — ^ %/ — x)y 

which belong to an infinite cylinder, are also nearly true relative 
to the ring, if « and z are very small with respect to j, (see hi$ 
work). But it by no means follows, that thej^r;w of the func» 
cion in the oiie case, has the least similitude, or its value aiiy ap- 

r it 
proximaticm to that in the other. Yet / ,^ *■ * ; 

belongs accurately to an infinite cylinder, notwithstanding the 
circuitous manner in which he arrives at it, and by which it 
would appear 'that he does not mean it to belong to such a cylin* 
^r. 

Relatively to a ring, whose radius a is infinite, and whose di- 
mensions and likewise the distance « are small, with respect to 
«, he would have had the integral 

P {a -^ X) iZ 

from which to find the form of the function (^ {u\ 

Let rs^ (fig. 20, pi. C,) be a circular line, the bretdth 
evanescent, mn a touching line in the same plane ; surely a par* 
tide at d^ will not be equally attracted' by each of these lines^r 
If that be the case, rcsnove it to ^, and the circumference will 
not attract itratt» which is plainly absurd, amd yet the evident con^ 
elusion from the author's reasoning. 

ARTICLE 
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ARTICLE XIV. 



Two Indeterminate Problems* By Mr. Cunlijffe. 



PROBLEM I. 

* , 9 

■ 

To fmd two scalene triangles, such, tbat the lengths of the per- 
pendiculars frpm the angles upon the opposite sides, and seg- 
Hxents of the sides made by the said perpendiculars, may be cx- 
jpres^jed by rational numbers ; ai^d also, that the perimeters and 
areas of the two ^riangles may be equal^ each to each respectively. 

' . Solution* • 

. Let ACB-and A'C'B', 7fig» 21, 22, pi. C,) represent two trJ- 
jBigles of the kind mentioned in the question. In order that the 
j>«rpendiculars and segments of the sides made by the perpendi-* 
culars may be expressed by rational numbers, put AC zr wi*-H«% 
BC =/?* -l-y\ AD - w' - n\ BD =/* - f\ then CD 
'= imn = sipq: also, put A'C'= w* + «'*, KC^=:p'^ -4- /», 



A'D'=;«'* — ft'S B*D'c=:i&''— 9'% then CQ'zzn^mn 

Now by the question, the perimeters and areas of the two tri- 
angles are to be equal each to each, that is, the perimeter of the 
one triangle is to be equal to the perimeter of the other ; and the 
areas are in like manner to be equal. But the area of a triangle j| 
known to be equal to the rectangle under the perimeter and half 
the radius of the inscribed circle, therefore the radii of the in- 
scribed circles oF the two triangles, must be equal to each other* 
These things being /noticed, we shall proceed with the notation 
of the triangle ACB, to obtain expressions for the perimeter, 
and the fadius of the inscribed circle. 

The perimeter of the triangle ACB, is 2(z»' +^'), and its 
area^CD x AB = win (;»* — n* -4- />* — q*) = mn {m^—n*^ 
f*-^7n? «*-r-/i*)=(»»n-rj&') {p^m''—p''n^ 4-^*-wV), because pq 
ssz^mfif or ^ = mn -^p ; and dividing the area by half the perim- 
eter, gives (mn — j?^) (p^ — a'}, for the radius of the inscribed 
irircle. And for the same reason, 2(z»'' ?4-^'*), must express 
the pcrinjeter of the triangle A'C'B', and (mV-f-^'*) (/»'» — «»). 
the radius of its inscribed circle. Now the perimeters of the two 
triangles are to be equal to each other, and also the radii of their 
inscribed circles, that is, 

p^ + w'=/»''-+-w S and {mn-i-p^) {p*—n^)={mn^p'^) ip'^—n'% 

Take 
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t 

Take ?n' = ;», then/?' =^,and the last of these equations, aft«r 
being properly ordered, becomes h (p^ — n^) = n' {/?'* — n'^); 
whence />* = («' — /«'') -f- (w -7- «') = «- ■+- w« H- «'\ Pot 
p z=z an ~ b — «'; 

then/?* - n'-'\-nn'^n*''-{an^b'^n)'-a'n'-^b'-—2ann''^b'¥n\ 
which gives n ^ n {a" — ^*) -f-. {2^zi + 1*): take 71 = 2a^4-^. 
then n z:^ a^ - **, /? = /?' zi ^?i -r-^ — n' = a* -h ^A + i\ f 
t:^ ;;7;2 -f-/' = ^ {^^b + PJ ^ (fl* H" db -^ i^), q zz mn -i- 

/?' = wi (^* — *^) -r- (^* -*• «^ ^ ^*) : 

and therefore AC = m'' +. »*=?»*+ (2*2^ h- ^*)*, 
BC=:/?* + ?* = [a^ + ^^.-f i*)* +.^* (2fl/J +^*)* -T- ((2*+fl^+iJ^% 
AB = w* — n" +/^' - q" zzz/mP-— {^ab + ^*) + (tf* +rtZ'+^*)* 

— w* faa^ 4.^M^!^(fl* H-4^.-i-^'jS CD zzzmnz=z2m [iiaJk 

Also in the triangle A'CB', A'C'=:;»'^ 4.«'^ ==7»«+(a-— 3«)% 
B C r: p^ + ?'* = (^' ^ab -V b^Y + ttz" {a= — I^^Y ^ 

A'B' = ^'^— «^ +/^'* — /^ = wi"— {^'— ^')' H-Ca.'4- 

^wV =1 2m (a*— i'*), where fl,^, and w may be taken at ple^r 
sure. But in order to have whole numbers for the sides of tic 
triangle, it is evident that m must be some multiple of a^ 4.4* 

Example. Take a = 2, and ^ = 1, then n z= liab -tb^zzg^ 
«' zz fl* — i* = 3, p =/?' zzza""^ ab -h b* rz J, q=:mn'rr 
^ _. ^;„ _j« 7, and q = mn ^ p z=z yn -r 7. In order to 
have whole numbers for the sides, in the present circumstdnce, 
it is necessary to take ;» some multiple of 7 ; take 7» z= 14, thea 
^ = gm-T- 7 = 10, and ^' = 3»« -r- 7 =6; whence AC zz m* 
+ ;?*=: 196-1- 25= a2i. BCzz^p^^^ q^ = 494-100=: 
J49, AB = »^* — n^-h p"" — ?* = 120, and CD zz 2mm 

— ]ao. Also AC - w'»+ «'* = 196 + 9 = 205, B'C' = 
f- -r ^- r= 49 + 36 = 85* A^B' = m- — n^ + p'^ ^ q- — 
^OQ, and CD - 27w'« — 84. 



PROBLEM 11. 



To determine a polygon of any assigned number of sides, that 
ipay be inscribed in a circle, and such, that the sides of all the tii- 
angles, into which the polygon can possibly be divided, may all of 
them be expressed by rational numbers ; and also, that tlie areas 
of the said triangles may ev«ry one of them be expressed by ra- 
tional numbers. ' 

Solution 
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Solution* 

Let ABCDE, (fig. 23, pL C,) be a figure of fire sides 
that may be inscribed in a circle, and draw lines between every 
two angles thereof : Let BE, BD cut AC in the points M and 
N respectively, and draw BF perpendicular to AC. 

Then by the well krtown property of the circle, 
ME = AM y MC ^ BM and ND = AN x NC ^ BN, 
The triangles MCB, MEA, arc similar, as also the triangles 
NBA NCA ' 

therefore BM : AM :: BC : AE = AM x BC4-BM 
and BN : NC :: AB : CD = NC X AB -f- BN: 

The triangles MAB, MEC; NCB, NDB are also similar, 
therefore BM : MC : : AB : C£ = MC x AB 4- BM. 
and BN : AN : : BC : AD= AN x BC -7- BN. 

Again, by a known property of a trapezium inscribed in a cir- 
cle ED = (BE X AD - BD X AE) -^ AB. 

From whence it is evident enough, when duly considered, that 
if the lines BA, BM, BN, and BC, together with AF, MF, 
CF, and NF arc denoted by rational numbers, then the sides of 
all the triangle^ into which the figure ABCDE can possibly be 
divided will be expressed by rational numbers. We shall now 
«how that the areas of all the said triangles, will be expressed by 
rational numbers, when, besides the before mentioned condi- 
tions, the perpendicular BF is denoted by a rational number. 
The area of any triangle, inscribed in a circle, is equal to the 
continued product of the three sides thereof divided by twice 
the diameter of the circumscribing circle, as may be easily 
proved. 

Now B A X BC -;- BF = the diameter of the circle circum- 
scribing the figure ABCDE, and this expression for the diameter 
will be rational when fiA, BC, and BF are so; consequently 
the area of each of the triangles, into which the figure ABCDE 
can be divided, being the continued product of three rational 
numbers divided by another rational number must be rational. 
We shall now proceed to apply what has been deduced to the 
obtaining of numerical values for the sides and diameter of the 
circumscribing circle of a five-sided figure answering the con- 
ditions of the problem. 

Put AB = «' + «', AF = OT* - w^ BM = m* 4- n\ 
MFr: w»— w^ BNn: ?n'^ -f w'^, NF = w"* - »"• ; BC == 

«"»« H- n\ and CF = wz""- — n'"^ ; then BF = awn =: 2wV 

= 2otV=:2«V", or iBF = 7nn =z m'n::::zm'n'' zz »i'V", 

'which indic4es that the number which denotes |BF is to be 

resolved 
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ttsoUti ifito two faetors four different wavi. A<imtttifig frie« 

iional factort, any number irfiatever may dc resolved into tivo 
iictori in an infinite variety of ways, from whence we may infer^ 
that the duestion.admki erf an infinite viuiety of answers. Per* 
baps the Totlowtng assumption will give the least whole nmnbers 
possible for the sides of the five sided figure^ and the diameter q£ 
the circumscribiQg circle. 

Assume ma =: 24 X t-% X 3=6 X 4=i« X «5 thcntre 
may evidently take 
m = a4,»=: iim'=:8.a'=3;«i^=6,«"=:4;«'''=:i»i«'''=^tj 

'whence AB r: as« + «* £s ^77, AF = fi^— is* r: 575: 
llM=:as^+ir*=r73.MF:r»i'«—«'*=55. BN2=m"*+ii'^ =5«# 
NF=:m«*-«'*r:ao, BC =m'^'«+ «''^=i48,CF!=ii^"^n'^=:i40, 

ME = ^^^^^ r: 5i!tii2253E=BM+MEc=:12fe*?. 

BM 79 ^ 73 

HD - ^^JL'^^ a= i2i3L»l«», BD=BN+ Ni)=ZAl^. 



<e AM xBC 26960. rn-?!^J!L^ — ^?4?» 

JD gBEjcAD^BD_xAE ^ 6^^^ ^, ^,^ ^.. 

. . . •».• . , AB X BC 07 X J4? 

amctcr of «1» circtunscribing circle— —^gy— sss *^ & " ^ ' 




•1 

Integ^ values of fhe various parts of the figure may he readily 
ohtaintd from those already founds via. by reducii^ the saii 
farts to a coipmon denominator, and rejecting it* If what haa 
bmi done is ^pcrly understood^ tharc can remM no other 
difficulty in exten^ng the question to a figuft of a mater nttmbcf 
of sides, but the unavoidable trouble of the calculation* 
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ARTXCLBXV, 

i^wi Utters pom Mr. Thomas Kniglit^ <if^ Papiisite, M it€ 
Jfrcfioriianaltty o/tkcjhrceto the vetociiy, and the compo^* 

LETTER L 

{fh^th^{i^0rtidiftglity9fthefon€tat^v$^^ 

•• • 

Ta ike Editor of tkg Matkmnatical Jtepositcry. . 

I wisb year eoul2 give the foTEDwing |l^er in youi 



fi6j(i number. 



FapcastlCf I am Sir; yout most obedient Sltrvatit, 

ti tbe ppoportibnilicy of tbt hrti to tbe velocity, a necessarpr 
or ebhtingent truth ^ 

^ ^ §i,cejpxincipeie9ide¥erite nfctesstiit^ ttous i|6u<roQ8 que le» 
preuVes qS^oh et)aaporteeft}U8quTci he h(HiS ps^sistsnt pdi fabit 
4'attclnte.'/ D'Alembert. 

^^vEfiat^ IB given for the rcomposkjon of forces, la mo^t.oC our 
clemeftfiury books» is merely that of velocities-, a matter wtucfi 
has no difficulty *, but nothing can from thence be concluded 
respecting forces, till it be shewn, either by demonstration or 
experiment, what relation the force has to the velocity, ^lliere 
appears no i^son ^by thi^tyntshooldlfe si^^Iy as th^ ttctterr 
Wl^&t \i<k a double force produ<x four tfmes or eight titttfefe ifie 
%^timi? Indeed it impffek (^ fitsft vie#) no coiVtridi^on t» 
iuppo's'e the oAe to^ function wfraltcv'ei* oftbe otbcir. f%is bt^ 
Ug cdii^erci^ kikiiny ihgenibi^s person^ liave inv^^afCed wfail 
shall be' the forte eduivalent to tWo ot^rs-, i n dc pca i te nt^ 
o( any consideration ot velocity. The two following proposi* 
tions must be regarded as perfectly distinct, and have been so 
often proved, that I shall take them for granted* 

ttt. If there be impressed on a body a velocity A0 (fig. sgi 
pi. D.) and another AB in a direction perpendicular to that of 
the former, the body will move in the diagonal AC» and with a 
velocity equal to that line. 

mL Toe effect of two forces AD, AB- vbose directions form 

. _ *,•- ■«■ *• -- -• • 

z nght< 



l^DlPiaA-QTi^jt^/oU 




- 1 



-V I 




JO 




^4 





J 
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a cight<«n^, as e^iial to the effect of, a force which acti in thm 
direction of» and equals in quantify, the diagnnal AC. * 



tb< 



I now come to the- object of this paper; M. La Place affinfn 
(sceMec. eel. Tome i, page 15 to 18: also Syst. du Monde» 
^39* ^4^) ^^ ^^ cannot know the relation of the force to 
e velocity it generates, without having recourse to experience* 
and he shews by an ing;eniou« analysis what may be the cxpcrii^ 
fiients proper to determine that relation: from them it appeait 
that the force is at the velocity. This according to him is ooe 
of those fects — *Thai Mecania borrows of experience i^ ana 
which reason alone could oot have taught us;-«-* €Qusidertng o^ 
ignorance of the nature of moving force' I confess I am iruiy 
astonished that such should be his opinion; it seems to me oft 
the contrary, that the proportionality of the force tp the vcio* 
city is easily proved, tnat it is a necessary truths and discovered 
without any aid from experience. For let A'^* AS represent 
forces, whose direetions form # right angle^ Rising separately 
the velocities AB, AD, or by the composition of velocities, 
/{iving the velocity AC in the direction AC. Tlie restikin^ 
force (which by th^ composition of forces is ibe diagonal Ay) if 
that which shall have the same effect as the composing ones : 
it noun therefore ^ve th» velocity AC in the direction AC» 
]Mow if we suppose the force is not as the velocity, what is die 
consequence? That the ratio of AB to BC is difierent from 
that ot A/3 to jSy, consequently that Ay and AC dii^r in dirtc* 
tion : Avhence this nQta||>le conclusion, that the direction of 
the motion is different from that in which the action of the force 
Is exercised; this beu^ absurd, the.prQposition I proposed tode« 
nonstrate is evident. 

I cann9t see any error in the above proof, yet I offer it with 
diffidence for this reason, that so plain a matter, if true, coul4 
hardly have escaped the sagacity of sujch mea 9$ D'A)tmbi3> 
;s^d M Placet 

LETTER H. 
On the composition of forces. 

To tie Editor of the Madjtimalical Repository, 
Sir, 
I endetvouirtd, in a foraif r letter, to shew that therf ytm 
pnly one reUition, m^themattcdUy possiile^ between force knd 
veliicky. Tbt composition of forces had been investigated bf 
many eminent men, 'tod I had at that lime iiothing to add on tbt ' 
aubiect: a demonstration, however, has- -since qccuped to me^ 
^hieh seems stmpier than any hitherto given. 

' ^ ^ • Sse Lftter^I. 

A t IbkB' ' lilltTe tsJfen IP l^ng A>r snu^ted in %V^ psper. Tbftt the effect •£ a 
foice in lint direcUoa will nst be altered by anoih? acting at ri^kt anglet to that" 
dirattloa. A sttjDOiajio pne wiU dMputa. Tiiii h isr)f idmd V w ^sikm \ff fr9f^ 

*^%^UmJm9ieem$a^UTUi€e, ^ 



f 
/* 



In ihirwiiig vliat is the quantity of the resulting force, I FolloW 
JmI* La Place, MeC. c4L, but find the direction^ which is the 
IMore difScuh iiMttcr« by a much easier ifay» aad Mrithout the 
fistttance of the Integral Calcuiui. 

Lei«and^be tvoforce« acting oq a point, and formings 
raht-angle with each other, i the resulting force, and the i«# 
f^ fonned by x aud ^* I sh4U suppose the first part demonstrat* 

pd as^ by ]> Place ; viz. that a: sb 9^ (*), J^ ;P5 '9 (-^. — ')• ^ 
«|»y* zzz* • » ^ . • . y • . • (•)• ^ being some unknown functiom 
36caui^— if 9 fiin^tion pf 9, it follows conversely that d and 

ciMiKBqiiCQtIy ftps A pjrc funi:tipns of — .or pos 9 :;= 4" ( — hm 

like nasner cos (-^ -^ A) ;;;;; ^ ( ^)« i^et thrse functions bt 
fupposed expanded 9a follows 

z ^ r XT 



It is pUua 
th«e can be. 
no even 
powers. 



«s(^^»>=:'aZ+-a4+''' *AfI + kc. 

a 3t z* • # 

)Py squ^uring ea<:h Qf these equations and adding them 

• 

|ogethert there arises cos* + cosP {— ^^ V) 



, =^A 'li^ + a-A '-^Afl^^ -A^ /.- + ^ 



+a^A'^-''A>,»^ 



.. ft a^ 

:* a 'A A 

+$'A 



iif#-M 



Kow (fle}giyes 1 =: — ^-^ • and this equation canbc no other 

than (/3). For if it wwe possible, that there po^Jd be ^ifo dif. 
ferent relations betwem sr, ;r a|9d z^ we mighty bv eliiniiiationt 
get an eqgatioit bet!iireenss aqd '» that si; a would \p a f}uicttqil 
of X alfine^ which if absurd. By cmiiparing then thesis tw# 
CflusnonSf we IhmI ~ - 

= p. -'.r.«IA + r^'^A + ?'A ""^"i 5 Ilk ^. . . 
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and mm thekf we gfl ^A = p« A = o» A=:Os&c« 
tberefpre cos 9 =r «*-», vUcfa was the thing to be found. 

Scno L I u M« At Mr. La Place's works tnay not k m tlie 
liandsof all your readers, I shall give his demonstration, of tbe 
first part ot the compositioii of forces, alluded to m the above 

Lci us f nppoae at first the forces x and y infinitely ^mall and 
e^Ml to dx a»d Af% let us suppose next, that x becoming sot- 
cesiively dx^ ^dx^ ^Xg &c, y becomes dy^ 2dy, %dy^ &c. it i|i 
fkAxk that the angle 4 will always be the same, and that the re. 
aillting force z will become successively dz^ ^dz^ %dz^ &c« thus 
in tbe soCcesaive increments of ^r, v and 2, the ratioof x to a will 
be conatmii, and may^be expressed by a function offt, which wei 
irill ^fioie by f (A) ; wc aball have then x = s:.^ (0), in which 
tquatioii we nwgf^cbailgs « inlo^, provided that we also chtnge 

• imo^ — ftt ^ Mog the itmi-ctrcumference w^Kiae n4ioa h 

• • • 

unity. Now w« torn consider ^ force x m resukiig froin 
two forces af andx% tbe first actmg in tbe direction <rf a. Mid tbe 
second perpendicular to that direction. The force # which m« , 
lulls horn these two new forces, making the aofle with the 

force «' and the angle ^» 9 with the force ^\ we shiMhive 

= *9 W =-—5 *'.= •'^ (~-«|=^;wem*y*«c 

fore substitute these two foeees an the ploee of «^ W5a may in 

like manner put instead of |f, two new iofcm/ andy', the fsH 

of which is equal to ^ and in t|$b direction of a« 4sai ^ 

other is^ and perpendicular to ^; we htvethus in place ^ 
the two forces x and y, the four followitif 
*L jL iSL 2^ 

tbe othert, acting in «fce tame direction, added tofc^ w»* 
form the iwokkj for<;e 9i we «ha« tow the* «' -»-if» = »'. 

P«M«i<fe. l*Bi8|r,Yo|HrOb|*«tS«m«. 

AimcLe 



«^ 
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ARllCLE XVI. 

0n i^e Compoiition of retatory Molioiu^ By Mr. |Cnio«t, 
T0thf Editor of ike Malhtmaikal BfpQsit$fy* 

In this paper I have demonstrated \n an easy manner 
the propositions that have been given by Frist and JLa Grange^ 
concerning the composition of rotatory motions ; to which I ha?^ 
^ded a still more genera! theorem. 

Let a,body have forces impressed on if, 4hat would separately 
give it a movement of rotation, about the axis C^, ffig. 28, pi. D.) 
with the angular velocityt;; andaboutCy with the angular velocity 
9^*, ii ts |4ain that a particle in^the line C>^ will not be a(recte4 
in its motion about Cx, by the other rotation about Cj». The 
W^tm obvenratimi (mutalis itiiitandit) may be appli«d ro a par* 
ticle in the line Cx ; but in any intenDediate line in the plan^ 
]fCx, as Cipr, the motion round the one axis will inape4e tb«t 
nmnd- the oiKtr } and i| we cao find a line in which ^1) tl^ PFU* 
clei ice at re^t, that will b(^ the momentary axis of rotation com*' 
posed of and equivalent to the two otbi^rs. 

Put Qm -=. r,- angle xQm =6, angle yC«,:s: 9', 
A perpendicul^^ from m on Cx will be f sin ^, 
A j i wf laiilc tt^pf fraii^>i»Q» C/ will bg r sin 9\ aQi it is plain 
Ihit im will be at Kitif 

V \v s;p r sin 6 : r sin V r: sin 9 : sin^fl' ♦ , («), 

which determines the situation of the moi|ientary axis. 

Jo find the veloc^y round this, let us suppose v^nir to be a 
circle drawn through w, the centre being C. Let tfy be i6e veio* 
cityoftbe point y\ ^ b»Te ay :p: vt sin ^Cy.^ Now the 

velocity about Cm at the dtst^n^e r is plainly oy X """"^ — J- ^ 

•* 

-j^^^ <QO|i<^quemly thf velpclty at ^^xstance unitjr, or tfce 

€fce iIm^aiii^ ift equations {«) and {&\ were ficft given "by frin. 

If, besides the two rotations already mentioned^These hat) 4>e<m 

4iK9!^i 9^ 4^e S9me time, another round a third axis Cz, with an 

anguly 
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grignlaf vfettcfejT rs »''; it is plain that the a/is of rotation, aritr, 
ing from these tbree^ would be in the plane zCm^ as it Cm'^ 
mppose it to decline from Cm by the angle ff'^ and from Cz by 
V"; we find, as we did (a) and (^), 



sin X 



9i 



o-ii, )^-.i:L^i:^_.sinfl^4sinr' ....\:{y) 

sm fl \" 

^ . , . . sin xCy sin zCm ,^^ 

lAid anirular velocity = v x — ; — xr^ x — — a^tt-* • (5)* 

If, moreover, a rotation had been given round a fourth axis Car« 
with an angular velocity z^ztf, we should have 

sin xCy\ sio zCm . **^ ^. a„»^ , • 

sm d • sin d * ' 

•"* ind *"*'' being angles that the momentary axis declines fr(»i' 
Qm* and Cu ; and the angular velocity c=: 

sin xCy , s'tn zCm « sin uCni 
^ ^ fin d' . sin 6"" . siu d"""^ * . :': 

and tbuSt ve may proceed to any nnmber of axck 

We wilt now consider tbe case in whioh the angles xCy, sCnti 
stCm^ &c. are right* and their sines unity, We> have aki ^. ^ats^ 
cot Q\ sin 6^^ =: cos &^^^ &c. here (a) becomes v^ : c/:::cos S^ : 

• ^' 
sin fl^= •{!— iin« flO • sin 6'; whenc^ sind'z: ^-^^ ^- xf ^^ 

Wc get in like manner from (v), sin 6''' = >/^!^^ . J/» .» 

and from (e) sih IB'^'^ = v fi''' /t !''' /t 'C\.^ . ^i ^ 

on: aildlf t& muniber of axes be n, and the velocities round 

thoae axes v,^ V^ p'% A . . ^ - . v''^'"^, thfe angular velocity ^i^A 
the axis arising from the composition ot the.m ^11 will be 

^\v^^xC ¥w'(^.+ +\v''"^'y \. OftKlsvery 



general tbeoreift^^B' case i^oAsidered by La'Grange of tftr^ axes 
pufcndUular^ $ack Qiktn i< 9, pthictil^ casai* h^ which scnjgk 

vel. = /(»*A|.i2^* ^ t.'^^-arifd sin S'=-777T-?r-r75uS>n6'^'=5- 

l/tt)* 4^ y* Hh A!^"^ ' op^^e An^e ^ayr J)exi^a figljt ojae,:tx 
easily find that Cmf makes angles with C;r, Cy, Cz whose 

w t/ v^' 

la 



V^(vW* 
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att anf vrhaiwcvcr, and if their m^pottode be given, die aittulion 
tff the composed axia it also given, by means of the valiMt cl 
aitt •*, rin tf^. sift r'"'. &c! 

I am Sir, 

' PaptMtOt, Your obedient Serraat, 

Pu, —, 180S. Thos. Kmicvt. 



(hik0 Emptmsim of certain Functions. By Mr. Kkioht^ 
To tie Editor of the Mathemati€al Jtepooitory. 

It neem noe a little extnordimurjr that the feUowii^g 
wiMmstritiom should have escaped the aonce of inatbeniaticians* 
«i kMt aa Est as I kaow. 

To expand die exponential 0^4 

Leti» ^ t -^ An + '^hj^ + '*A*» + Ac. 
la texaoDgiws 



Wtaw 'A =t . ^"As 'i^<»A =Jtii!!. fa. 

Maltipl]rtheintl|rr''|' i(^«. and U«i« apifca 
••****^*' i^ •«- ^-^ a i^A -K 'A H « -fc* *A X «•+ &c. 

wfanwK ijr MHpniflf te npfo lait 

B«t A a «f, eooieqaemlf all the otber ooefficieaU lue Inyr"- 

Let 
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Let sin ir = * + "'A*» + '""'A** + &c. the fluxional 
coefficient of the second order gives 

•in « = — 2.3 '"A« —4.5 '"•'•'a** + &c. 

Whence '"'K. = — -^, "^'""*A = — ^, &c. 

2.3 2.3.4.5 

In like manner is cos x found from its second fluxion ; but 
both might have been found at once by meant of their jirs^ 
fluxions only: in iht manner following : 

Let sin (a; + *) == sin w + 'kx + ^'A;c* + '^'A*» + &c 
and cos (w + Je) == cos w + 'B;c + ''^Bx* + ^^'^x^ + &c. 
Then cos (u;+;c) = ^A + 2 ''A;^ + 3 '''A;c* + 4 ''''kx^+ &c. 
andsin(a;+ ;c)=: — 'B — 2 ''Bx— .3'''B;c*— 4'^''B*'4-&C* 
From the two middle equations we find 
- 'A = cos w, ^B = 2^^A, ^'B = 3'^'A, ^'^ = 4'''"A, &c. 
from the extreme ones 

^B = — sin w, ^'B = — — , '''B = -- — &c* 

2 3 

Whence all the coefficients are known. 

With equal ease are found tlie sine and cosine of a multino^ 
' mial ; I shall here confine myself to a -I- afx + a^^x. Let then 

(«) sin (fl + tf^AT+a'V) = A + 'Ax + '^A** + '"'hx^ ^ 8cc. 
(3jcos(a+a';v+a'V) = B -4- 'Bx -f ^^Bx* + '^'Qx* + &€• 
The fluxional coefficients of the first order are 
(7) cos (a+a'x+a''x*)(a'-\^Qa''x) =:^A + 11^'' Ax + 3''''A*'4- &c, 
(J)sin(tf + a'x+a''x*)[a' + 2a'';c) =— 'B— a'^Bx— 3'^'B««— &c, 
(«) and [&) multiplied by a^ + 2a^^x produce 

(0 sin (a + of* + o"**) (o -f 2a"») a o' A + a"A > «+ a» ''A ? a»4-&c.* 

+ 2a"Aj +2a"'Aj . 

(ri cos (a + a'jr + o"a?») (a* + 2a''x) = a' B + a"B > * + o* "B > «* + *c. 

+ 2o"Bj +2a*"Bj 

Compare (S) and (s) and there arises 

«'A==-'B, i-^+a''A=— ''B,i-^+ ^5i— ^=— ^'^B&c. 

2 3 8 

From (y) and (f) we find 

a' B ='A. 2:^ + a"B=''A,^l^ +??^ = -'A. &c. 

But A = sin a, B SSI cos «« whence all the coefficients are 
known. Thus the sine and cosine of a multinomial are found 
at the same time, atid by a simpler method thad any I' « 

have seen.' 
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In a fhanncr not very differcftt, may the elliptick sine and co- 
sine be found at one operatien^ in terms of the elliptick arc j 
from whence the sine and cosine of the circle are xleduced as a 
particular caSe, which, though of no great usej I &hall addhfere 
on account of its novelty. 

AM' (fig. 29, pi. D.) is an ellipsis, AM a circle whose Centr6 
is that of the ellipsis^ and its radius AC half the transverse dia« 
meter: let this = 1, and the semi- conjugate z=: m. PM it 
erpendicular to AC J^ut AM = x^ A^M z= x^ : 

''M is the elliptick sine oi x^ =: m sine of x^ by conies; 
CP is the elliptick cosine of x^ = cos x. Let 

elliptick sin ;e'zi;w sin jt=*'+'''Ajr'^^+'''''--*Ajr'»+''^'--^AA:'^^^ 

elliptick cos;c'= co8;r= i-h'^Bx'^^ ^^^^Ba?^*+^^^-^B;r'*+k.. 
whose fluxions are 

wcos;tx= *'(i+3'''Aa?^*+5^^--^A;«'*+7/^^--^A«^^ + &c* > 

' sin xxz=z — x'{ ^''^Rx' + ^''''Bx'^ + 6''"^Bx'^ + &c. 
By the nature of the circle sin* x + cqs'at z: 1 ; and i» all 

curves AM = AP + I'M which is in the present case 

(jiO* = sin*;tx« + m cos»Af*\ . 

If we substitute in these two equations the above expansions^ « 
there arises 

.. a"A-i .. . "A*" 






a?* + &c. And 



2B"B"" 

► "...6 



+ «B"- ^ J 



«*+4ek 



+ «.«B'»/ +2.5 "^A?- ^-2 7 "•••''A I 

+ 8.a.4B'B"0 ^^\ B'"*f 

+ 2.8.6 B" B""*'J 

from which, by making separately equal to nothing the coeffici- 
ents of the powers of x in each, we get two sets of equations, 

whence are derived the coefficients "A, " "'A, &c. B' ,B'", &c. 
and 

elhptick sin of* = >^-^:^,>' + ■a.3.4.5.»,'* **' 

elliptick cos of *' = 1 - -^i « • + \~ff' *"* - **^- 

By making wi = 1, we get the common^scries for the sine and 

coaine 
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cosine of a circular arc : And, by reverting tie series, the rec 
tification of an elliptick arc is accompli.^hed, which though it 
may not come out in a very usefuT form, is so far remarkable,, 
that it has been (for the first time I b^lievej found vyithout help 
from ih^ integral calculus. 

ARTICLE XVIII. 

Tzoo Uit4TS from Mn Knight, on the expansian of any Func^ 

tipn of a Multinomial. 

LETTER J. 

To the Editor of the Mathematical Repository^ 

Sir, 

^ The following paper contains an investigation o£ the ex^ 

pansion of any function of a muhinoipial, which has hitherto 
received no demonstration but that givep by M. Arbogast^ in 
his very learned work, ' Du calcul des derivations'. As the 
method I use is quhe different from his, I think it may not be 
uninteresting to the learned part of your readers. 

: ' Papcastle^ I an) Sir, your 's, &c* 

Nov. 5, 1808.. Thos. Knight. 

It is well known tomathematicikns that, if m be a function of 
4', a^\ a^^\ &c. and expanded according to the powers and 

products of thoge quantities, the coefficient pf Qf^^^af^^^ Ot'^"^ &<?• . 
- 'Vvill be 



a'''""' &c. 



^ ■ I : ■ ■ «••••••. (a) 

».2.3. ..?»^ X t.Si.Q...m- X 1.2.3. ..7»'^ X &c. 

provided that in this expression we make a^^ a'\ a"\ &c, va- 
nish after the indicated lluxional operation. I shall apply thif 
to the following form, /(A + (fof + q"af' -H d'y'' +). 
where a\ a^\ a''\ &c. represent ^, x*, ^', &c, being more 
manageable for the present. 1 shall denote by y* '-'L '^f &c. 
the successive fluxional coefficients of the function^ 

The first thing to be observed is that the expression (a), when 
the quantit^esi a', af\ a'*\ &c. h^vc beca m^de to vwisb^ 
YiH become 



I ^ ) 

/(A) c^' tT"' tf"^' &c. 



i.a.3 



...m' X ».2.3...«i" X 1.2.3. 



i"i*r 



.W'-^X&C. 



(^). 



Now let It be required to find the coefficient of any power (a) of 
X in the expansion of the above function. 

Place in a horizontal line the successive powers of a' multi. 
plied by one of the other quantities, so that the sum of the 
strokes shall be ;i. In a second line the powers of a' combined 
with two other quantities : and so on. Then proceed in the same 
manner with a* &c. Observe to let those quantities stand in 
the same perpendicular line, the sum of whose exponents forms 
the same number. 

To illustrate this, let n be 6 ; by proceeding as above directed 
we form the following scheme; 



a""" 


«V"'< 


a'* a"" 
a' a" of" 


a'» a'" 


a"* a" 


tf^ 




a!'a'"> 


a«» 


/ 




■ 




J'A 










y(A) 


"/(A) '7(A) 


"/(A) 


„//^A)|"7"(A)| 



It is plain that the sum of the coefficients of the quantities thus 
formed will be the coefficient of a?*. It appears immediately 
from formula (^), that each perpendicular column has all its 
coefficients multiplied by the fluxional coefficient placed under- 
Bcath it ; and by the application of the same formula to the above 
table, we find with the greatest facility that the coefficient of «• 
in the expansion of/ (A + cx^ c'V -+- ffx^ +) is 



y(Ay'""+ "/(A)|cc'""+ 'y(A) 



/V^ 



fyiA) 



1.4 

^/3 



c'^c 



»t* 



?'V. 
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And in the same manner may the coefficient of any other power 
Qf X be found without any knowledge of those that go be* 
£orc it. 

LETTER IL 

To the Editor rf the Mathematical Repository. 

Sir, 

I sent you lately ^ method of expanding any function of 
# multinomial, which however had the disadvantage of requiring 

the previous knowledge of another expansion , In M* Ariogast*t 

method 
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method it was deduced from Taylor*s Theorein^ by a rather long 
process. I have been since a good deal surprised at finding that, 
notwithstanding the discovery was reserved for a mathematiciaa 
of our times, it may be accomplished with as much case, as ti€ 
eommonjluxional demonstration of the bindmial theorem. 

Let f (a ^ x) represent any function of a + a\ If the flux- 
ion be taken with respect to a and x^ the fluxional coefficient is 
plainly the same in both cases ; because that coefficient is inde- 
pendent of the magnitude of the fluxion of a -f ^9 and remaint 

thesame whether this latter be a + x, or a or i. This is ana* 
lytically ex pressed thus. 

Hence it is plain, that 

This being premised, let 

1 2 

The first member 

the first terra „ , 

B', &c. represent the fluxional coefficients of B, B, B, &c. 

with respect to A supposed variable, and we shall have 

A 1 2 » 

which multiplied by c'x+2c'xi^y"'x*i+ . . . .»(/"''*a:^U-+* 
will, after the fluent is taken, give /(A + ex -}- ^'V -+-) ; 1» 
appears from what was above premised. 

we shall have then, by comparison with (a), 
Tr'B'i = Ba?, /(2c"B' + c'W) xi = Bap% 

t ' 1 2 ^ 

(3^^'B' + 2£r"B' + dh') x^i = Bx', &c. and by actiwU 

ly taking the fluents, the cqefficients are jcxpressed by the foU 
lowing recurring terms; 

B = rB' 

«r'^' + dW 



12 . " , 

nber may be considered as a function of a binomial, 

being A, and second ex + d'x^ +• Let B', B\ 



9 » 

3C'"B' -f 2c^B' + c'B' 
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4t""B' + 3<5B' + 2c'B' + c'W ^ 

B- 12 3 • 

♦ 4 

nc*-"B' + {n— i) c'" •(" - *%' + 2c"B' + cB* 

9 1 n — 2 «— 1 
= - — . ^ ,- 

But B =y(A) and B' =zJ-Lj,^ whence all the rest arc 

known. It is plain that the use of fluents might have been 
voided by taking the fluxioh of equation (a). 

fapcastU^ \ am Sir, Your Obedient Servant, 

P^ccmb. 7> i8o8. Tho5^« Knight* 



ARTICLE XIX. 

Dtmonsiraiiori of a Theorem in the Diophantine Analysis, By 
^Mr. F. BARi^QVir, of the Royal Military Academy^ Wo^lufidk^ 

To the Editor of the Mathematical Repository. 

Sir, 

Should the enclosed paper appear to you to me^it ^ place 
|n your next number, its insertjon will much oblige 

Your's, &c, 
August 1, i8o8« P. Barlow, 

Theorem. 
Every integral number whatever, is either a square^ or the 
turn of two, three, or four square^. 

The abqve curious property of numbers forms a part otf the 
celebrated theorem of Fermat^ viz. •* Every number isatriangu-^ 
]ar number, or the sum of twp, or (hree triangular numbers ; a 
equare^. or the sum of two, ihree^ or jour squares; a pentagonal , 
or the sum of tifo^ three^ four^ or Jive pentagonal numbers j 
and so on.'^ 

This th^or^m was left by Fermat ' without a demonstrs^ioni, 
nor has it ever been generally demonstrated ; although an at- 
tempt of that kind has lately been made in one of our monthly 
publications ; the following demonstration, therefore, for tbfe 
case of squares^ nis^y not be unacceptable to sonxeof yoijr English 
readers. It is not given as original, the only merit that can be 
plaimed is, that of having simplified and extended the demonstra* 
lion of Le Gendre, bjf the introductipn of the two following 
proposition^. " 



PROP. I, 
ff A be any priiiie number, and all the consecative tquarell 

1*, 2% 3*, 4*, &c. . . . ; i . I — ^^^^^ j , be divided by A|, 

they tvill each leave adiflFcrtnt positive remainder. 

For let r* and 5* be any two df those squares, (each of whfcK 
must necessarily be less than iA» by the prop,) then if it be 
|>ossible for them to leave the same temaitider after being divid- 
ed by A, it is evident that A will be a divsior of the difference of 

those squares, and we shall have j— =: ^ ■■■ ) ■ zr p 

an integfsll number; but this is impossible, for since r^|A» 
and J Z.|A, the factors r + J, and r — s are each less than A, 
therefore as A i^ a prime number, and divides neither of the fac- 
tors, it cannot divide their product; and consequently, no twa 
of the positive Remainders can be equal to each other. 

Cor. 1. In the same manner it IS proved, that the negative 
jemainders are all differeint from each other. 

Cor. 2. Hence also we may see in what cases the positive 

and negaitive remainders are equal'to each other, for then, it i» 

evident that A will be a divisor of the sum of those squares, and. 

r* + 5* 
tve shall have — r — =- == ^ an integral number. Therefore 

A 

when A is not a divisor of the sum of two squares, the positive 
and negative remainders are all different from each other, and in- 
clude all numbers from i to A — 1. 

Cor. 3. When A is not a divisor of the sutii of two squares, 
that is when all the positive and negative remainders are different 
from each other, then some of each of those remainders, will be 
greater^ and some /^jj than |A. For all the consecutive squares 
under A will be found amongst the positive remainders, some 
* of which must necessarily be ^r^a/^r^ and some less than JA, 
and since the positive and negative remainders, include all num- 
bers from 1 to A — 1 , the same, therefore, must evidently be 
true for the negative remainders. 

PROP. II. 

If A be any prime number, it is always possible to find four 
squares a;', x^y y', z*; such that their sum is divisible by A; 
that is the equation tf" + a;* + y' + 2' = ^AA is al- 
ways possible. 

When the given prime nttmber A is a divisor of the sum of 
two squares, the proposition is evident ; it will therefore only be 

necessary 
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necessary to consider the casein which A is not a divisor of the 
wimof iwo squares, and, consequently, when all the remainder)! of 
the consecutive squares arc different from each other. Cor. 2. 
Prop. I. Now in this case, we shall find soAie of the positive 
remainders greater^ and some Uss than §A) and the same of the 
negative remainders. Cor. 3. Prop. i. It is, therefore, al way t 
possible to find two squares, such that each being divided by A» 
the positive remainder ol one, shall exceed the negative remainder 
of the other, by unity : and also two others, such that each being 
divided as before, the negative remainder of one, shall exceed 
the positive remainder of the other, by unity ; that is the equattont 

«;• 4- ^* — 1 = JwA, and y* + «' + 1 = «A are al- 
ways possible. 

If this be not evident at first sight, it may be demonstrated 
thus ; let ^ be the least negative remainder, then ^ 4- 1 must 
be found either amongst the positive or negative remainders ; now 
if it be found amongst the positive, we have at once a positive 
tremainder, which exceeds a negative one by pn^y ; and if it be 
not found amongst the positive, then ^ 4- 1 is still a negative 
remainder, and^ f 2 must be found either amongst the positive 
or negative remainders, if it be amongst the positive, we shall 
have a positive remainder, which exceeds a negative one by uni- 
ty; but if not, then ^ + 2 is still negative and proceeding in 
tile same manner with this last, we must necessarily, (as some 
of each of the remainders are greater ^ and some less than |A,) 
arrive at that negative remainder^ 4- y, such that ^ + y + t 
shall be a positive remainder ; and consequently the equation 
©;* + X* — 1 = »xA is always possible; in the same man- 
ner we may demonstrate the possibility of the equation^* 4- 
I* + 1 ?= «A. 

Having thus proved the truth of those equations, we have by 

addition and division . — ^ r= ^ 4- >r» or 

»»4- A* +/ 4- z*='AA d.E.D. 

PROP. III. 

The product of a sum of four squares, by a sum of foursquares, 
is likewise the sum of foinr squares. 

This will be made evident by developing the following for^ 
muIaSy which will be found identical ; viz. . 

(ty* + ^* 4- ;^' 4- 2*) X (w'* 4- *'■ 4- >^ 4- i**) 
r: (WW* + XX ^- yy 4- zz')* 4- {loot — xw + yt' — ty)^ 
+ (z^;y * — *T«' — >'w' 4 aof)* 4- [wz* + xy' — yx' — zw')^ 

0» E, D* 
PROP. 
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PROP. IV. 

£very prime number it the sum of two, three, or Jour cqaaitf* 

It has been proved in Prop. a» that the equation w*+a^+y* + 

f • = 'A A is always possible, where it also appears, that the roott 

of eac^ of those squares may be less than |A ; the same may be 

otherwise shewn thus : Since A is a divisor oJF the lormula 

(w* -f a?* + ^* rf «*), it is also a divisor of the formula (w — 

uAY + (a? - ^A)* + (y ~ yA)* + (« — JA)% where th<- in* 

determinates a^ ^» % and^ n»ay always be«o assumed, that {W"^ 

«A)*, (jp~0A)', &<:• shall be less tiia^n (iA)*; therefore in 

the following demonstration, whenever it is proved that any 

number A is a divisor of the sum of four squares, it is taken for 

granted, that it is also a divisor of four squares, each of which 

has its root less than (^A). This being premistd, the demonstra« 

,tion will be as follows : 

Since i»* -f «^ + y* +«• = 'AA, and each of those roots 
are less than. |A, we have 'A; A L | A*, or A 2; A. Now if 'A 
zz I, it is evident that A will be equal to the sum of thejour 
squares «/* + nc* + y + ^\ and the proposition is dc. 
monstrated. 

Let then 'A > 1 , and because 'A is a divisor of the formula 
{w* + *• +;^» + z*j, it is also adivisor^f (w — «^A)* 4- 
(«— ^'A)» + (jf ~ y'A)» + (z — J'A)% where each of 
these roots are less than f 'A. 

If now we make {w — a 'A)* + {« — /3'A)* + fy — y'Al^ 
+ {z ~ J'A}«= A^A. we shall have "A 'A £, i'A\ 
or "A JL A. 

Now if by means of tte formula at Pp6p. g^ ^<^ multiply the 
value of 'AA by that of "A 'A, we shall find for a product a sum 
of four squares, of which each is divisible hy 'A% and having 
performed this division, we shall have "AA = (A — aof — 
fiX—yy—Hy' + («» —dm + yt — iy)* + (ay — yw + J* — 
fiz)* + («2 -7-Sa; +,/3y — -ya?)*;, or. for the sak^ of abridging 
this expression, "AA = «;" 4- a?'* + >" + «'*. If now 
jA = 1, A= a;'" + a?'* + y* + z'*, and the proposition is 
demonstrated: but if "A > t, we must proceed iri the same 
•lanncr to obtain a Ww product "*A A, expressed fey four squares, 
in which we shall have "'A /L'^A; continuing thus the decreas- 
ing series of integral nmnbers A, 'A, "A, "'A, &c, we mult 
necessarily arrive at a term ""A, equal to unity, in which case 
the prime number A will be expressed by the suni of four 
squares. ..... ^f- #•.•••••,..•, .^...t Q. B. JO. 
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Theorem* 

Every integral numT>er whatever, is either a square, or the sum 
of two, ikree, or /our square*. 

This is sfn immediate consequence of the last proposition 
and of the formulae at Prop. 3; for every number is either a 
prime, or produced by the multiplication of prime factors, and 
since every prime number is of the form (w* + Jt^ + j)i? + z% 
and the product of two or more such formulas is still of the 
same forni ; it necessarily follows, that every integral number 
whatever may be represented by (w" + x* + >* •4- «•) ; where 
it remains to be observed, that no limitation in the course of the 
demonstration has been made, that can prevent any one, or mon 
of those squares from becoming zero; therefore every integral 
number whatever, is either a square, or the sum of two^ tkrae^ 
or four squares, * *•«...» ••••••«•»•••» «g. £.^ UL 

Cor, All that has been proved for integral numbers^ is equa]« 
ly true for fractional ones ; for every fractipn may be reduced 
to an equivalent fraction having a square denominator; therefore 
rvery fraction is of the forni 

fp* + *• + / 4- z* _ «y' . ** ^ y* . «• 

m w w HI* «■ ' 

this curious property extends, therefore, to every rational num« 
ber whatever, 

ARTICLE XX. 

Two Utter$ from Mr, Knight, containing a demonsiraiicn 

oj the Binomial Theorem^ 

LETTER I- 

To the Editor pfth Matkenuiticaf Repository^ 

Sir, 

There is a very simple relatioi^ between the coefficienti 

-ol two successive powers of a binomial : it furnishes the follow<» 

sng demonstration of the binomial theorem in the ease of whole 

positive powers ; which, hoiyever, I 4o not pretend to be of 

much merit* 

{m) multiplied by ^ gives 



' I 



Jfi +x)*=54-«0J + 8<Mc* +foy + 5AP* ....• (y) 
If Vreputj = ntf and represent (j6) ChUi, 

(i-f*)'*^:! + 'hx + "A;c* + "'Ajt' + '"'A** + "'"A*» (I) 
it is plain by comparing the coefficients of (|8) and (y)^ that 
the latter will become 

m {W-xY^^ =: 'A+ 2"A;r+3'"A;»*+4""Aa?»+ &c. ....(•}. 

But here let it be particularly observed, that fn is not intended 
to represent any number generally, but only the particular nuia«i 
ber 5. Multiply (e) by 1 + ^ and there arises 

m{x-\'xf = 'A + a''A>* + 8"A>x*+ 4""A1** + 

+ A J + ft 'A J + 8 '"A J 

which equation being compared with (S) gives 

2 •• 3 

wherefore in the particular case in which m represents the Hum* 
her 5, we have 

(1 +«f = 1 + i»» +2i2LZLil** + &c ..(«)• 

It remains to be shewn, that if this equation be true oi one valut 
of 771, it is so with respect to every other also. 

For this purpose multiply (9) by 1 + x and there .will arise 

which completes the demonstration. 

• I «m Sir, 
PapcastU^ Your obedient Servanit 

Oct. ft8, 1808. ThOS. KMlGHTf 

I^ETTER IL 

To tfu Editor ojtht Mathematical RiposUory. 

Sir, 

Having before sent you a demonstration of the binomial 
theorem, in the case of a whole positive exponent, it may not be 
amiss to shew briefly^ that the form is exactly the same in that of 
a positive or negative fraction. I ought, however, to mention^ 
that the following demonstration, though simpler^ does not differ 
in pfincipi$ from one given by GarnUu in his editioa of Clair aui^a 
Jl%<bra% 

k a Suppoit 
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Suppoie tlitt when m is a whole number 

lt^xf^AVAmVAm*+ ; because j (i +*)""]• = (1+*)** 

we iball have, if » is a whole positive number, and conie* 
gently mn, 

(A + 'Ajw + '*Am» + f =: A + 'Amn + "AwV + (a\ 

Voyf this equation muit plainly be identical, independently of 

the values of m and n ; Jet then m =:«*-->» and it becomes 

(A + 'A-i; + ''A-ir+)* ^A+'As + ''As* + = (i+jr)*, 



Ij- * 



because ^ is a whole positive number* 

is* i 

Wehavcthen A + 'A:—'{f/'A^ + = (i +«) « ; whence 

it appear! that by chan^ng^, in the expansion of (x + x)"^» 
10 into— • we have that of (1 + »)ii« 



If 



and it 



In equation (•) change n into -^ a, and m into 
vecomes 

(A— 'A 4-+ ''a4- —)"* = A '+'As + "A.* + = (I +ap)*. 

$' s^ S 

WhenceA— 'A—+''A-y-^— =: (t + xp « : so that, by 

cban|png»into— — *,.the same expansion is adapted to tht 
0se of a negative fraction. 

* . . ♦ ■ 

'nierefore, in all cases. 



(t + «) =: a ^mx 

PapcastUf 
ihcmb* 7% i8o8» 



. mlm 



1) 



t.i 



*• + &c. 



Tbom Ai Knight. 



^ncM 
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ARTICLE XXL 

A Dynamical Principle. .Bjf Mr. Thomas Ballsy* 

To the Editor of the Mathematical Repository. 

Sir, 

The following dynamical principle suggested itself to vat 
tome time ago, in considering a particular problem. The pnn*' 
ciple itself is an immediate consequence of the third lai^ ot mo« 
tion ; and, notwithstanding its simplicity^ it has remained hither* 
to unnoticed b^ any writer that I am acquainted with. I have 
shewn its application to a few known examples, which I think 
will sufficiently evince the utility and genetality of this principle* 
If it will not occupy too much room in your valuable work, I 
•hall be obliged by its insertion. I am respectfully your's, &c« 

Bolton^ Oct. 24^. t8p8, Thomas BazleYa 

If the motion of a body P he any bow opposed by the actions oC 
several others connected with it, and the motive forces of these 
be reduced to the direction of P, and subtfacted from its motive 
force, the remainder is the motive force with which P is urged 
iR consequence of its connexion. 

In what follows, I shall confine myself to the determination of 
the accelerative force ; because, when that is known, the circurn- 
stances of motion may be determined by the resolution of knowa 

equations, (as/i =: vv^ t zz i -^ t;, &c.) and consequently the 
ilifEcurties that occur are purely mathematical. 

Ex. 1 ; Let the bodies p and q be connected by a thread of a 
given length, and suppose q to be placed on a smooth horizontal 
plane; and the thread passing perpendicularly over the edge of 
che plane, let p hang freely: query the force that accelerates^ ? 

Ifg = i6Afeet, then will ^g be the measure of the accelera- 
tive force of gravity : let x denote the space passed over by p or 
~, t the time of motion, and z^ the velocity ac(^uired in that time^ 
"^hen the motive force of ^ is 2^^, and that oi q arising from its 

inerda is (t; ^ ^ ) ^ as is well known ; therefore, by the grinci* 
pie above^ the motive force whereby/' is now urged, is 2gp -• 

iC^i]q=z ( vJ^i) p by the known principles, ther^QXf 
"'^IP + q) ^^ipt or r^ — S££-=r: the accelerative force ; an4 

i i'^p + g 

therefore the circumstances of tnotion are given by theUw^ 

constant 



% 
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cMitant forces. If instead olp we had taken some other moving 
force, destitute of inertia, wnich we shall denote by m ; we 

ahould have found m — (v ^t)q ziiv^t) X o, because tht 

mass of w is o, therefore t • g25»»,or -- =— n the accelerative force« 

Ex. 8. The other notation remaining, let q be placed on an 
inclined plane, j denoting the sine oi inclination ; then the mo-> 
tive force of ^ being 2gpf the motive force of q arising from in. 

cnia is (v -f- 1) q^ and that arising from its gravity is 2fyc^ X q^ 
and both of these forces resist the motion of p i consequently by 
the principle 

H ip—^l)—^ 9 = ^Pf *"* therefore ^ =2gfi~~^) = 

the accelerative force. 

If f i=i,it becomes the case of two bodies connected by a string 
^sing over the edgo of the plane when vertical, or if you please, 

0ver a puUy ; and then -r- = ^ v ^ X 2^ • 

• 

-£x. 3. Suppose /» to be applied by a thread to a wheel, to 
elevate q applied by a thread to the axle ; and let v denote the 
velocity of ^, h the radius of the wheel, and a that of the axle. 
Then will 2fp be the motive force of p^ and 2gq =: the motive 
force of ^ at a arising from gravity ; but b : a:: 2erq ; 2gqa -f^ i 
emotive forceof^ at ^arising from gravity. Again ^; a::v: ay-f-^ 
zzz velocity of q^ and consequently the motive force at a arising 

from its inertia is t/a •4- /£, zndb : a ::va ^ib : vc^ -f- iV^ 
s=: force of its inertia acting at h : Hence the force with which 
p descends in consequence of its connexion is 

•^(/»— {« -r *) f) — {«*«' -T-i^O f = (v^/)/»; therefore 

accelerative force. 

If we consider p as applied at the distance h to communicate 
motion, in a horizontal plane, to q placed at the distance a from 
Ibe same centre : then the gravity of q would not affect the motioa 



V 



olp and we should have -r = «f^ -^(^ + (a'-r*') q)i and 
if we further suppose instead of /» some other power m void of 

inertia, we thall tave ^ — ^^T^J "^ 1^' 



Hence 
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t 

Hence appear* the facility with which the propertici of cirox* 
lar motion arc deduciblc from our principle. 

Ex. 4, The curious problem at page 1 31 of Simpion't Mhi- 
celianeous Tracts (ot which an elegant solution is given by Mr. 
Ivory, at page 22, part II. vol.1, of the Mathematical Repository, 
New Scries j is easily solved by this principle, 

PROBLEM. Fig. 26, PI. D. 

Suppose that a thread AC fi CA,havingtwo equal weights A, 
A suspended at the ends thereof, is hung over two tacks C, C, in 
' the same horizontal line ; and that to the middle point ot the 
thread (n), equally distant from the tacks, another given weight 
B is fixed, which is permitted to descend by its own gravity, so 
as to cause the other two weights* at the same time, to ascend : it 
is proposed to find the law of the velocity by which the said 
weights ascend and descend ; abstracting from the resistance of 
the air, the weight of the thread, and the friction of the tacks* 

Let V denote the velocity of B (measured by the distance 
that might be uniformly gone over in one second oi time), and 
let B (zz 32^ feet) zz the measure of the velocity, which gravity 
can generate in a falling body in ene second; putting CE zi a. 
En = X, Cn =3 y : then we shall have the motive force of B ir 
ixB c: force of B to elevate both the weights A, A. The gravity 
of A is ^A, which reduced to the direction nE is ^A (jif-r-^), and 
consequently, since both weights- act i^inst B, the loss of force 
^from their gravity will be 2^A (x -r-^)« Mr. S. sht^s that the 
velocity wherewith A ascends is (v^y) y/ {^* — a*) whose 

fluxion is ( f^*-* a*) yv + (C'vy) -4- y^x^ and therefore the 

resistance of A in direction AC« arising from inertia is 

( (y* — 4«) yv -I- a^vy) X A -f- y^xt ; and this reduced to 

' the direction nE is ( [y"- — a») yv 4- a^vy) x A -r- yH\ and 

for both weights U is ^ ^-4-- X 2A. 

Therefore by the principle ^ ' 

^ y y*i t - 

or, since »f =: A and »wi- / = w'-r- *. ^Y reduction we have 
i,^i . 2^ - .A K l^l^I^n^^i^^ = -. which 

IS the very equation deduced by Mr. vS. from a process quite 
aifferent. Hence substiiuliag >/ for xi &c. bw conclusions 
will foUoWf j.^^ 



Kxr 5« The last tpplication we shall make of thif principle 
'•liall be to the general problem at page 285* of Mr. Atwood*a 
Treadle pn Motion. 

PROBLEM. Fig. %1, PI. D. 

Let AFC, BGC. be two curves, the planes of which are vtst^ 
tical; and let aline, ACB, be stretched over a fixed puUy, C, by 
iwo given weights A and B, of which B preponderates against A« 
and descends along the curve CGB ; it is required to assign the 
velocity of B, when it has descended through a given perpendi* 
cular altitude, and A has ascended through a given altitude in 
the same time. 

Let BL be the perpendicular altitude through which B has 
descended, and let AH be the perpendicular altitude through 
which A has ascended in the same ume,and let BLn^, AH=:^. 
Suppose the weight Bto describe in its descent the evanescent arc 
^B, and during the same time let the other weight A rise throuffh 
the arc aA. Through h and A draw bo and hi parallel to the 
horizon ; also, through h draw hn perpendicular to CB, and Km 
perpendicular to Ca, and let CB=:;r, B» = A = A»i, B<? = y^ 

Bi = J, ha = r, and a/=: tf. We find, as Mr, Atwood has 
donCf the motive force of A arising from gravity and reduced 

to the direction of BzrAj-f-j; and the resistance from A's inertia 

reduced to the same direction is Uu*^ s^ theref. by the principle 

^ r- — — -r- =— r-, where u = vcl. of A and v = vel. of B. 

s s s s 

But s : r :: v:uz=z (r-f-^)», and (since v/ = j and vi = 5, &c. 

therefore s :r i: v : uz=:{r ^s)v ; whence uu = (r rlf-V s)vvt 

therefore B/— Aj =25 huu+Bvv c=: (Ar r+ Bs s)vv -i- s s: 

« • •• 

consequenUy the accelerating force of B =^= (B/ — Ay) s 
. f Ar r-f B*# 

which is the identical expression found by Mr. Atwood. 

Eod of the Second Part of the Seeoad Volume. 
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l^art and. page ^3, line 11 from thf bottomj for '*uifim(^^ 
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ARTICLE I. 

A Memoir on Elliptic Transcendemtals* 

Containing eafy methods of comparing and valuing theft Tranfcene^ 
dentals^ which include elliptic arches^ and which frequent^ 
occur in the application of the Integral Calculus^. 

(Read to the Ci-devant Academy of Sciences, in April, 1792«) 

My Adrien Marie lb Gendrb, Member of the National 

Injlitute of France^ and F, R» S. L. 

Many integrals may be determined folely by the aid of arches 
of a circle and logarithms, which are the mod Cniple tranfcen- 
dentals; but to extend the application of the integral calculus, 
recourfe muft be had to tranfcendentals of a more complex form. 
It is by examining with care the nature and properties ofthefe, at 
leaft fuch as are" of more frequent ufe, that we can Amplify con- 
fiderably the rcfults of the theory, and render it more convenient 
in praaice. jj^^^ 



* Lacroix observes, in t note to his valuable Treatise on the Integral 
Calculus that this interesting Memoir, which makes no part of any acade- 
inical collection, was become very rare, there having been but few copies of 
it orignali^ printed. It is inserted here at the request of several enumeat 
Mathematicians. . 
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Next to arche$ of a circle and logarithms, elliptic arches 
are one of the moft fimple tranfcendentals, and they might be ' 
made in fomc meafure a new inftrument of calculus, if their 
properties were once commonly known, and we poflrefled eafy 
methods of eftimating them accurately* Upon this fubjeS, we 
have propofed fome new views, in the Memoirs of the Academy 
of Sciences of Paris, for the year 1786. 

But if elliptic arches add greatly to the means of analyfis, 
more efpecially when it is confidered that hyperbolic arches 
maybe eafily deduced. from them, they are, however, inadequate 
to fome inquiries which are in fome refpefts but little com- 
plicated, fuch as the furface of an oblique cone, the motion of 
rotation of a body which is not impelled by any accelerating 
force, &c, Thefe and innumerable , others depend upon the 

integral A-p- , in which Pisa rational funftion of Xy and R a 

radical of the form ^/^ + j8;c -f-y;e* + 5^' + bx^\ a, /3, y, &c. 
being conftant. Now a careful examination of the nature of 
this integral fhews, that it prefents three diftinfl; fpecies of 
tranfcendentals. The firft and fecond may be expreffed by 
elKptic arthes, the third is more complex, but it has fuch an 
analogy with the two others, that all three may be confidered as 
<onftituting but one and the fame order o£ tranfcendentals, 
the next to arches of a circle and logarithms. 

As^ tbe two firft fpecies are expreflible by arches of ellipfes, 
they might have been included in one, however we have thought 
proper to diftinguifli them, obferving that what we call the 
firft fpecies may be determined by the fecond, but not the 
fecond by the firft : hence it appears that the firft fpecies con- 
fidered analytically is more fimple in its nature than the other ; 
and therefore, that elliptic arches are not the moft fimple tranf- 
cendental that occurs after arches of a circle and logarithms. 
Upon the whole, the three fpecies of tranfcendentals, which wc 
are confidering, are fo related to each other, that we have 
jpdged it proper to give them the common name of Elliptic 
'^ranfcendentals* 

We propofe in this memoir to explain the nature and pro- 
perties of this order of tranfcendentals, ^fo as to render its ufc 
eafy in the application of the integral calculus. Some of the 
methods and refulu which we fliall explain are already known 
to geometers ; *we have brought into one point of view all that 
lias hitherto been publifhed relating to this theory, but we have, 
at the fame time, endeavoured to give it a greater degree of 
perfc&ion. 

A general 
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Agtneratidea of the different kinds of tranfcendentah^ contained 

in the integral formula /- 



1. We (hall put P for any rational funSion whatever of x; 
and R for the radical |/(a-f-^Af +7Jc*+^^'-+'6;c*): this radical 
remaining the fame, an infinity of different values may be given 
to P, but there will not thence refult an infinity of different 

/Vd'x 
-^jT-'may 

always, by partial integrations, be reduced to an algebraic part> 
plus a certain number of tranfcendemals, which are all oi the 
fame form and nature. 

Firft, let us fuppofe that P is an integer fun£lion of x^ 
fuch, that P = A + Ba; + C;f* -H . + Kx^. If, in 

order to abridge, we reprefent the integral / —5 — by n^, it is 

evident that /"^ == An<> + Bn* + CO" + ....Kn^; 

X)0W, by taking the differential of the quaotity a?^"3 R, and 
then returning from the differential to the integral, we get this 
formula 



hence it follows, that ^ , n ""^^, &c. ma,y be reduced fuc- 

ceffively to lower degrees ; and that the reduftion may be repeated 
till the quantities be all of a lower degree thann?, for the reduc- 
tion of n' isalfo poffible, becaufe, that in the cafe of 191= 3^ the 

term which would feera to contain ^ vanifhes. Therefore, P 

rYdx 
being any integer funSion of ;c, the integral / -^ may always 

be reduced to an algebraic quantity, together with a tranfben^ 
dentalj .which in every cafe will be of this form 

/(A + B* + C;c») ~. 

d. Let us now confider the formula in its moft general 
form, and lot P be any rational funSion whatever of x\ we pro- 
fit % ceed 
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ceed a« m the integration oi the rational fraftion Vdx^ and in the 
firft place we feperate the integer part of it, which may be 
treated as has been already explained. We next decompofe the 
remaining part into feveral partial fraftions, according to the 
number of faflors in the denominator; thefe conftitute fo many 
terms of the whole integral, and each term may be reprefented 

by the general expreffionN/ j— . But we (hall 

^ (i -^nxTR 

immediately (hew that itisr eafy to reduce all the terms of this 
form to fimilar terms fn which /S zr i. And in the firft place, 
we obferve that if the denominator, inftead of being complex, 

irerc limply x , the integral /-v — , and all fimilar to it m 

which ^ > J , might be determined by means of the integral 
if 1- B + Cx + Dx^) -^ ; for this purpofe, it would only 

be neceffary to give negative values to tw — 4, in the formula of 
article 1. 

/dx 
=— , which 
(i-^nxfR 

we fliall call r '. if ^e put i-f- nx rro;, and take the co-efficienls, 
tt^ /3', &c. fo as to have the identical equation 

we fliall find by the diflFerentiation of the quantity oT "^ ^ R 
this general formula 

Hence it follows, that the quantities r', r', &c. may be 
det^'mined by means of r^, r , r~ , r~^ ; but r° = A— , 

r'* -/(t + nx) ^. r"^ =/(t + nx)* ^. Therefore. 

/• UX 

in general, the formula/ -j- ^ and all others funilar to it, 

(j + HX) R 

in 
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in which t is greater than unity, are reducible to an algebi^id 
part, together with an integral of this form 

/(i^+B4-C.+D.«)f. 

3. Hence we conclude, that P being put for any rational 
funftion whatever of jr^theintegraiy-j^ is always refolvable into 
three principal parts, thefirft isalgebraic, the fecond hasthi&form 
/(A-t-BxH-C**)-j-, and the third contains one or more 

terms of the form Uf--J-^, where the coefficient n may 

be either real or imaginary. 

It appears hy this analyfis that the number of tranfcendentaU 

contained in the formula y^-^ is very limited, for there are 

only two principal fpecies, the one having the formy(A + Bjf 

+ C.*J ^. and the other the form/^^-j^^-^. leve„ ob, 

ferve, that as often as n is real, the feCond fpecies is containecl 
m the firft. and may be immediately reduced to it by making 

z 

Thefe general reduftions being once underftood we proceed 
m a different manner to attain a more precife knowJed« of 
the fame tranfcendentals. ^ *"owjeage o* 

Of the way in which the odd powers of the variabU quantify 
under the radical may be made to difappear^ 

4. The radical being always /(« + /3x + yx« + J*3 ^ ^^^ » 
let us fuppofe that the quantity under the fign is refolved into 
two real faaors C + 2^:. + 9^% X + 2^ + v*'. Thefe faftors 
ought to have the fame fign that the radical may be real • there 
fore we may fuppofe that ^ ' "" 

? + 2*is{ -J- So;* =: (X H- aptx + *x») j,*. • 
Hence we find 

^ _ My* — 01+ 1/ j iy.y^—nY+{Xy^- .^) (d—v/) X 
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snd, if in order to abridge, Y is put for the radical of this ex- 
preffidn, we have ^ = ■^. ^ The. value of :f being fubftitutcd 

in P, It appears that the differential -=- , or -~^ may be al- 
ways refolved- into two parts, the one rational and integrable 
by the common rules» and the other affefted by the radical Y,- 
but fuch, that only the even powers of -y are found either under 
the radical or without it. Thui the integration of the formula 

Itdx 

-:^ is always reducible to that of a formula of the fame kind, 

Ifut in which P and R conta^in only the even power of ;t. 

5. This method is general ; however, as the value of :t 
which ought to be fubftitutcd in P is a little complex, it may 
|iQt b^ ufelefs to fhew that the famc' end may be obtained hy a 
much more fimple fubftitution, which confifls in putting 

X = ^"X" ' ^ ^^^ ? being two indeteirminate conftant c^uan* 

titles. 

Refuming now the faftors C -j- 2^^ 4- S.«*, >. 4- 2/x* +• v^\ 
and fubftltuting in each of them the value of x^ we may leave 
out of confideration the common denominator, which goes out 
of the radical, then, that the odd powers of y may disappear ia 
the numerators, it is neceffary that 

X 4- pt (/^ +^) + ^fq == o* 

Thefe two equations give rational values of p 4- q and pq^ 
but that p and q may be real, it is neceffary that {p -f- qf — 4^^* 
or (^ — qf be pofitive. Now we may diftingujfh two gaf^s^. 

ift. If the faQors of the quantity a + jSjc 4- y^e* + &c. arc 
not all real, let it be fuppofed that X -f- ^ii.x + v;c* contains two 
of them whiqh are imaginary, and confequently, that Xv f>. fA% 
But the fecond equation containing p and ^, gives 

therefore, in the firft cafe, the fecond member of the equation is 
pofitive, and the values of p and q are real. 

2d. If all the faftors of the quantity a + /Sjc -f-yjc* + &c. 
be real, and if that in refolving it into two faSors of the 
fecond degree, as has been done, the values of p and q are 
not real, then it is to be obferved that there are two other 
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xvays in which a quantit)^ of the fourth degree may be refolved 
into two faftors of the fecond, and we may be affuVed that 
thefe two new combinations will give real values of p and ([. 
This we fhall now demon (Irate. ^ 

Let a^ b^ <:, rf, be the four values of x which are found by 
making R =r o, the equations which determine p and j may 
be written thus, 

ah —/Xa + b) (p ^ q) + pq = o 
cd —Y(c +d) {p^p ^ pq zz Qi 

Hence we get ' 

do — cd f 

m *^ I . .WM ■ iM—i 11* ■ ■» ■■! 11 I ^^i■i———i■ — ■■■■■■■■■■ ■ ■— —— ii^i^— ' ^ 

\ 2 / "■ (fl 4- ^ _ c - rf)* 

But it is always in our power to render the denominator 
of this laft quantity pofitive ; for fuppofe that a^ h^ c, i^ are 
written in the order of their magnitudes, the negative quantities 
coming after the pofitive, then the differences ^i — i, a — c^ 
&c. fhall all be pofitive, and p — q real. We fhall alfo have 
p — q real, if for a and h we take the greatefl and leafl of the 
four roots a^b.c^ d> Finally, the third combination gives jj^ 
— q imaginary. 

Therefore- by the fubflitutlon, x r= ^ — r-^, it Is always 

^ 1 + y ' 

poffible to caufe the odd powers of the variable quantity under 
ihe radical to difappear, and at the fame time the two faftors under 
the new radical are real and of the form j + ^jy*, which is a 
new and important advantage, and which cannot be obtained 
by the firft fubflitution, 

Obferve that there are two particular cafes to be examined. 

ift. When one of the roots a and b is equal to one of the 
roots c and d. 

9 

2d. When a -^h~ c '\- d. In the firft cafe the radical R 
becomes more fimple, and the integral depends only upon archeg 
of a circle and logarithms. With refpeft to the fecond cafe, 
a fimple permutation is fufHcient to prevent a-\'b from being 
equal to c + d^ but this circumftance may be employed to 
facilitate the transformation. For the two faftors under the 
radical having then the form ^. 4- v (^* + 7.mx)^ ^ + (;t* -H 
9,mx\ it is evident that if we put x-^ m z^zy^ the uneven 
powers of the variable quantity difappear* 

Reduction 
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RtduBion of the differential ^5- to the form ■ ; "^w> ' w • 

6. Since by a previous preparation we can eliminate the odd 
powers of the variable quantity under the radical, wefiiailin future 
put R = ^{a, -4- ^x^ +y;if*), we (hall alfo fuppofe that P is an 
even funftion of x^ for whatever be the rational funfiion P, we 
can always make Pz^M^- Njc, M and N being even funftions of 

^xdx . 
X ; now by making jr* = yy the part — p— is reducible to the 

common rules, and thus all the difficulty is thrown upon the 

lAdx 
integration of the formula — ^» in which M is an even 

fun6^ion of x. 

This being under Aood, we proceed to prove, by enumerating 

the diiferent cafes, that the dififerential ^ may always be re- 

duced to the form —77 r-7 — r^» ^ being lefs than unity. 

y^(l — c^ lin. 9) '' 

First Case. Suppofe that the faftors of a + ^x^ -4- yx^ 
are imaginary ; let this quantity be expreffed by >? -+- 2X/w,x* 
cof. fl -H/a'o:*, X and /x being pofitive, and cof. ^ either pofitivc 

or negative. We make « = y^j - j tan. | (p, then, taking c 

^ fin* |9, we have the transformed equation 

dx 1 ^ 

R sy']^ * yd —c^ fin.* 9/ / 



S£COND Case. Let « + &x^ + yx^ zz m^ (1 + p^x^) 
Jt — ^V), the limit of x being - ; by putting x :=: ^ cof. <f 

and -r-^^ — ? = ^* we get 

p +q 

dx c — d<p 

R — mp " v^(i— c'^fin.^cp)* 

If we wifli the transformed equation to be pofitive, we muft 
make cot. ^ = y^(i — (^) tan. %}/, and hence we have imme« 

diately x^ = g . ^' — TTT » ^^^ ^^^^ transformed equation 

i/jc c d]f 

K ~ m^ • V^(i — c*fin.«%I// 

TmRH 



9 
ThiHd Case. Let a+/Sjr»+y;r^ = «i«(i + ^V)(jr*— j*); 

wc put X = — r — , — r-rr-J = ^*f *^^ hence we get 
'^ col. ^ I -k-p (f 

dx c dp 



R m y/^i — c* fin.* 9) 

Fourth Case. Let a -h /Sjip* +yx^ =m'(i 4-^'**) x 

(l+y***),andlet^> j, by putting at = ^, and^--Tj^=:c«, 

wc have 

TRT »i^ • y/^i — c*fin.*(p/ 

Fifth Case* Let « 4- /S^f* -*- y** = »i«(t — ^***) X 
(l— ^*;c'^, and let ^> y, then, putting ^a: = fin. $, and | =: c, 

the transformed equation becomes 

^x 1 d(p 



This formula is applicable from x = o to .;if = —^ ; the radi- 
cal R is imaginary from x = — to x zz — ; but it becomes 

again real from jc = — • to x = oo • In the laft cafe it is 
neceffary to write R* = m* {p^x* — i) (y» jc* — i); then, 
making qx zz j , and -i- = c, the transformed equation 

becomes — - — y. ^^-= — --r. If we wifli to have it pofitivci 

mp y[t — c'lin,*^} '^' 

we mull make, as before, cot. <p zz ^(i — c') tan. >J/, which 

immediately gives *• = ^ / ^"' — , and the transformed 

equation is 

dx 1 d^ 

TT "^ • v/(i — c'fin.>^)' 

a formula perfefily fimllar to the firft, from which it follows that 

the integral of -g-, in the cafe oi at > — may always be found 

from the fame integral taken upon the fuppoGtion of x <* . 

Vol. II. Part III. S Sixth 
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Si'^tlf Cask. Laftlf . Let «-**gA;'+7Jt*=:»r, {x^—q^) x 
(p'^ x^) ; then a: muft be contained between p and q. Let 

^ > J, and affume x = ?^ ; then we have immediately 

In this formula the angle %}/ has a limit ; but that \ve may in? 
troduce into it one which is indefinite, let fin* -^ ^ c fip. ?, 

and r' = ^ — Hi-., thiis the formula is transformed to 

dx ^ I d^ 

IC "^ mp ' y/{\ -c»fih.«(p)' 

to which \^e might have coi|ie direaiy by making 4f* 



•^m^t-^mm 



t C fin.* (p 

7. It may now be remarked that, fetting afide the firft cafe, 
the values which muft be given to x% fo as to produce the re, 

^ , A -4- B fin.* <p , 
quired reduflion, have always the torm ^ j^ ^^^„ - , where 

the coefficients are conftant. Therefore, it is only neceffary 

-^r— (hall 

be transformed into another f-y — 1_ % ' ( — rTT» ^^ which c is 

lefs than unity, and Q is a rational and even funftion of fin. ^, 
which contains fin.(p to the fame degree that P contains x. 

We fet afide the fir ft cafe, becaufe ot the form of the value 
of X being a little different, and alfo, becaufe that by following 
the method of article 5, this Cdfe is avoided, feeing that we 
Hlways get real fadors. But in another artiple we ihail retprq 
to the cafe of imaginary fa6iors. 

DevelQpement of the formula J ^^^J^^, fin.'f)) ' 

» 

8. We fliall henceforth denote the radicail y/(i — c* fin.' ^) 
by A, and alfo by A ((p) and by A : (c, (p), according as it 
IS confidercd ^s a funftion of 9 only, or as a fun3ion of c 

Let us in the firft place confider the cafe i|i which Q is ai^ 
integer funftion, and let Q = A + B fin.^ (pr^ C fin.* $ -f &c. 
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If, for the fake of abridging, ive tepresent the integral 

But, by taking the differential of the quarltity Acof. f fin.^*"^^, 
we readily obtain the formula A cof. $ fin.^*'"*^ (p=:(Air^) Jt 

Z2^-* — (1 + C«) (fiit - 2) Z^*-^ 4- C« (2i -. 1} Z^^ 

Hence it follows that Z*, Z^, &c. may be exprefled by mcsuw 
of Z^ and Z% aad therefore, that in the cafe when Q is an 

integer funftion, the integral / ^ ■■ is equal to an atgebraic 

quantity^ plus an integral of the formy* ( A + B fin. " f ) — —. 

9. Ho'ti let Q :be any rational fuiiiflion of fin.* if. A&er 
having feparated the integer part, and reduced it, in the manner 
which has been explain^, th<i develapement of ^e In^onal 
part may always be fo ordered^ that every partial fra6lion (hall 

N 

be of the form r» ^ ^^^ N being conAant coe$- 

cients, real or imaginary. We nMjft now endeavour tp reduce 

dp 

(1 -hnfin." (f>)"'A 

fimple formulas of the fame kind. But if we v»:^ fpr ja little^ 
(me f == AT, the formula becomes 

dx 
Let us confider, for the fake of greater generality, the formula 



the formula / — r — • and fuch l^ce, to the moft 

J (i ■ '•■ ^* 



A 



■ •* fi - 



ia which R r^prefents the radical |/{« -^- /Sac* 4" ■/•**}• By 
diiFerentiation, we find 

^8 Hence 
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Hence it follows that the term 11^, and all fuch, ia which 
i is greater than unity, may be expreifed in part algebraically^ 
and in part by the quantities 11', IT*, II'^ which are the moft 

fimple of their kind. It may even be obferved that if i + nx* 
beadivifor of the quantity under the radical, in which cafe we 

have « — ~ + — 5- = o» then the preceding formula has a 
n n 

term lefs, and thus the quantity 11 depends only on thefe two 

n'' and 11"' • 

Therefore the determination of n depends in genera) on the 
formula 

/{— ^ + B + Cx') ^, 
/ ^1 -f- nx^ ' R 

and in particular, when 1 h- nx^ is a divifor of R*, the denomi- 
nator may be made to difappear, and the determination of vh will 

dx 
then depend only on the fermulay(B 4~ C^x^) -^* 

lo* The application of this refult to the integral 

t-. — T- — / , .t Ihews, that in general this integral depends 

upon the following 

/( VT--*-B+Cfin.»?)-$. 

And in the particular case, in which 1 + n fin.' <p isa fador 
of cof.* ^ A*, the integral may be freed from the denominator^ 
and will then depend entirely on the integer formula 

/ (B + C fin,' d}) -^. 

This particular cafe occurs when « =z — 1 , alfo when « = — c* ;. 

then the formulai are /-*-—— and A J/. . » ^^ indeed it 

ycof.^^?)A 7a'^+' 

is eafy to reduce both to an algebraic part together with an in- 
tegral of/ the form /(A + B (in.' (p) -^. We may add to 

Aefc two cafes that of / — r;±- which is f ufceptible of 

^ fin.^^ ^ A ^ 

a fimilar reduClIon, and which may be effefled by the formula 
of article 8«- 

It 
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It follows from this analyfis that the general formula / ^— 
when reduced to a convenient form contains ; i°, an algebraic 
part; 2°, an integral of the formy( A + B fm." (p) — ^; 3°, one 

— : r — T"- • , in each of 

1 + « lin,* (p ^ 

which the cotfEcients N and n have any values whatever, real 
or imaginary. 



Definition of Elliptic Tranfcendentals and their divijion intii 

three Species, 

11. Since the tranfcendentals we have conCdered are alwayt 
reducible to thefe two forms /"(A + B fin. * O) -r, / ~ . 

it is evident that they are comprehended in the general formula 

H — rA 4- B fin.^ (p d^ 
"^ J 1 + « fin.* 9 ' A 

We fliall in future call the integrals contained in this formula 
tUiptic funSions or elliptic tranfcendentals. We (hall fuppofe 
the tranfcendental H to vanifli, or to begin, when 9 = 0; and 
its extent to be determined by the variable arc 9, which we (hall 
call \i% amplitude : thecoaftant quantity c, which is always )efs 
than unity, (hall be called the modulus; and, laftly, |/(i — c*) 
which we (hall always denote by ^, (ball be called the complement 
vf the modulus. 

The quantity H, when (^ is confidered as the only variable 
quantity in it, may be denoted by H (9); if however the modulus 
and amplitude be both confidered as variable, it may b^ denoted 
by H (c, (p) ; and fo on^ if its coefficients be fuppofed to change 
their values. 



OP 

12. Ifeveryvalaeof Hffrom^^ = o to^ r: 90^. n — ^, were 

IB 

known, we could eafily determine the value of. thetranfcenden* 
tal for aqy other amplitude : for let 9 :;=: iv H^ «, i being a 

whole number, and a an arch lefs than -;-, then, 

H (9) = «■ H (^) t H (*)• 

la 
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In this rcfpeft the funftion H, agrees with elliptic arcs, Rni 
in general with the arcs of all oval curves compofed of four equal 
ana finjilar parts^ for any arc of thefe, however great, and con- 
taining even feveral ciicumferences, may always be expreffed 
without difficulty, by the fourth of the curve and a certaiin por- 

tlonof that fourth. The determinate funSion M [ - J may there- 
fore be confidered as the unit of the fun6lions H, and We (hall 
denote it by Hi. 

It does not appear that the furiftion H,^ taken in all its genera- 
lity, can be reduced to elliptic arcs ; this can only happen wlieit 
n = o, or when by fome fubftitution the denominator i 4- 
n fin.* (p is made to difappear, a redudion which w c do not fup^ 
pofe to be always poflible. 

Thus the term elliptic JunSion is in fome refpefls irt^)roper; 
we retain it however becaufe of the great analogy which is found 
to fubfift between the properties^ of this fua£Uon, and tbofe of 
elliptic arcs. 

13. When n =1 o, or when by a fuitable fubftitution the 
denominator 1 + n fin' <p vanilhes, then the funftion H is 
rendered confiderably more fimpie. In this cafe* it will be pro- 

{)er to denote it by another charafter G, thus we fliall hence- 
brth make 



G = / "(A-hB fin.* (p) dp 

J /(I — c* fll 



fin." (fY 

The funftion G, as we fhall hereafter demonftrate, may always 
be readily expreffed by two elliptic arcs, and with refpcft to 
elliptic arcs themfelves, they are reprefented by the formula 

E =/^(p t/fi — c* fin.*(p), 

concerning which, fee Memoirs of ike Academy for 1786. 

In fliort, if regard be had to analytical fimplicity, the fanfiioii 

/ ,„ a f a tf)S *^ ^^^y remarkable, and it is proper to 

defign it by a particular fymbo], we fhall therefore -make 

dp 



- r : 



this funftion F may much rather be expreffed by two elliptic 
arcs, but it may alio be expreffed by the arc £, and its partial 
difference relative to the modulus c ; for it is evident that 

dc 

We 
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We even belJevc that tWs expreflSon would be the njoft coit^ 
yenient for the numerical calculation of integrals, if there wer^ 
tables of elliptic arcs^ which (hould alfo exhibit the values of the 

coefficient -; — at the fide of each arc. 
dc 

However this miy be, the quantity F may certainly be ex- 
preffed by E, but not E by F, and much lefs G by F, and this 
appears to me to be a fure proof that the funftion F, confidered 
analytically, is more fimple than elliptic arcs. If we judge of 
iiyperbolic arcs in the lame way it will appear that they axje 
^bfoluiely of the faime nature as elliptic arcs, for like a$ an 
hypeibolicare can be exprefled by two elliptic arcs, fo, on the 
contrary, an elliptic arc c^n be exprefled by two hyperbolic 
^rcs, this will be evident from the values we fhall afterwards give 
for thefe arcs, and which may alfo be found in the Memoirs for 
1786 already quoted. 

14. There are therefore three diftinft fpecies of elliptic 
fun6liQns or tranfcendentals. The firlt, and niioft fimple, is 
f cprefented by the formula 

J A 

The fecond is reprefented by the formula 

G =/(A + Brin.»^).-^. 

This contains, as a particular c^lfe, the elliptic arc E =ryif(p A» 

^nd the hyperbolic arc T = A ^^^' 9 — f il — fin.* (p) ^ — -?. 

A 
Laftly,the third, and moil complejt, is exprefled by the formula 

Ij _ CA + B fin.^ 9 dp 
J I '•^ n fin.* <p * A * 
In this laft the coefficients A, B, n may be imaginary, but 
then the formula H will be accompanied by a fimilar formula, 
which will differ from it only by the fign of y^^^T, and the fum 
pf the two will always give a real refult. 

We hiight alfo, for the fake of ^voiding imaginary quantities, 
(confider the formula 

K - f A +Biin.*<p4-Cfin.-*(p dp 

^J 1 -j- 2/? cof, a fin.' $ r+- »' fin.* (f ' "^ ' 

as a diftinS fpecies of elliptic funflions, but we do not think, it 
neceflary to admit this fourth fpecies of tranfcendentals ; and we 
fliall confine our attention to the three others, becaufe the cal^ 
pulatipns by which the value of H is determined are the fame 

whether 
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whether n be real, or Imaginary. It U however indifpenfablf 
neceflary that themodulus c, and the amplitude ^ be both real, 
and that at the {ame time c be lefs than unity. 

Comparifon of elliptic funSions of the Jirjl Idnd. 

15. Every geometer knows the complete algebraic integral 
which Euler has given of tbeequacion 

TTiis integral will be of great ufc in our inveftigations. And 
in the firft place, in confequence of the foregoing transforma- 
lions, this equation may, without lofmg its generality, be put 
under the form 

its integral then is F {^^'■\rf{^)z^conJl. But the fame integral 
found by Euler's method, and reduced to the moft fimple form, is 

cof. f cof. 4/— fin. (p fm. >}/ v^(t -^ c* fin.' /a) =: cpf. yu . .(«J. 

Here /x is the arbitrary conllani quantity, and as it appears that 
putting f = o, then >]/ =/x, iierefore the firft integral becomes 

F((p) t F(4.)=:FM. 

Therefore, as often as the angles f , >|/, /x have among them^ 
(elves the relation exprefled by the equation f«'), the fun£lion 
F (/x) fhall be equal to the fum of the two Fj^), F (4^). We 
fhall here leave the confideratton of the difKrential equation, 
that we may examine the confequences which follow from this 
refttlt, with refpe6lto elliptic functions of the firft fpecies. 

16 Having given any two elHotic funftions F ((p), F (4/^, 
a third funftion F (/m,) may be foundf equal to their fum ; for this 
purpofe it will be necelTary to d<^duce the value of /x from the 
equation (tf'). But, by denoting always y/d — c^ fin.* ^) by 
j^ or A ($)» and the like radical of 4^ by ^ (4^), we find 

cof. ^ cof. 4^ — A(<P) A {^) fiti.* <p fin. 4^ 

^of . ^ = r=r^« fiii:* pHT^J ' 

r A ^^) fi"*<P cof. 4^ + A (?) fin. 4^ cof. p 
fm. It s:^ ■■ ■■ --;: 7 ^ . 

*^ I — c»fin.»^fin.«4. 

. ^ A (^)a(4^) — c* fin. ^ fin. 4 ^ cof. (p cof. 4^ 

^^'^^ — i-c«fin.«(pfin.»4^ • 



tan. pk 



A (4^) tan. ^ -f A (^) tan. 4^ 
1 — ^((p) ^(4^) tan. 9 tan. 4^* 



It 
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It may" be remarked with regard tolhislast formula, that if two 
angles p and %)/' be taken, such, that 

tan. ^' =: A (%}/) tan, ^, t$n, \|/' =: 4 (f) tan. >^, 

then it follows, that 

/M, = ^ -4- -v}/', 

and thus we have an easy method pf calculatiug the angle. pi, hy 
the tables of sines, when ^ and \^ are known. /It is necessary 
however* in the first place, to calculate a(^) and ^ (4^) ; for this 
purpose, take the angles a and ^, such that sin. a =:= c sin. ^, and 
•in./3s=rsin. 4f, then will a (^J = cos. «, and Afv^Oircos. /3. 
By these formulas, we can find the amplitude /a of the elliptic 
function, which is the sum of two functions whose amplitudes 
are P and %}/. We may thence also find the amplitude of a func- 
tion which is the difference of two other functions ; let 

F (^) — F (>J.) = F (pt); 

and the amplitude /x of the function, which is the diffei^ence^ is 
determined by any one qf the following equations : 

cos. (p cos. %}/ + A ff) A (vj') sin. 4> sin. 4^ 
1 — c* sm.* f sin." ^J/ 

A (\l/) sin. (p COS. ^^ — A ((p) sin. -^ cos, (p 



sm. /x 



1 — c^ sin." (p sin.* >J/ * 

.A ((p) A (vj/) + c* sin. f sin. yj/ cos. ^ cos. \J/ 



^ ' 1 — c* sm.* (p sm.* n)/ * 

— ^ (4^) ^^"' <P — ^ (^) t^"* '4^ 

an. fA ^ + A ((pj A (vj/) tan. (p tan. xj/* 

in this last, if we make tan. ^'= A (vf/) tan. (p, and tan. n|/' = a 
((p) tan. 4^5 we shall have/tx = (p'— %!/'. 

These formulas for the difference follow from those for the 
sum, by simply changing the sign of 4/ in the latter, and keeping 
^(nJ/) positive. It is besides needless to point out the analogy 
which subsists between the values of cos. /cx, sin. fji,, and those of 
cos. f(p + >}/), sin. (<p + 4^) ; they coincide entirely if f is sup- 
posea z: o. 

17. Since we know algebraically, the amplitude of the func- 
tion equal to the sum, or to the difference of two given functions, 
it is evident that we can find, algebraically, a multiple elliptic 
function of a given function, and that in general we can resolve 
the same problems relating to the multiplication and division of 
elliptic functions of the first kind, as can be resolved relating to 
the multiplication and division of arcs of a circle. Let ^n denote 
the amplitude of the function which contains n times the func- 
tion of which the amplitude is (p, so that we have F (^n) = n 
F((p) ; it may be required to determine the general expression qi 
Vol. IL Part III. y \ si* 
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tin. Of toi« f n» by means of tin. and cds» p^ The following 
are some researches relative to this si^bject« 

The extreme cases present no difficulty. If c = o, then 
911 = »9, and we have, the known relation, cos. pn + sin. <p» 

XV^':irr=:(cos.^+sin,^v/'^^"- U c =1 t, then the 

- * • rdp „ 1 + sin.? ^ .V-* 

function F (9) becomes J^. or llog. ^3^^;^. «o that, 

for the multiplication of functions, we have this very simple re- 
lation, ^ -l-sin. (p« ^ i-f-sin,^ ^j^ jjgg J .^ ^^ 
**"^"' 1 «P sm. ^n ^1 — sin. ?^ ^ ^ 

find the general expression of sin. pn when c has any value be, 

tween q and 1 • 

Let us in the first place consider the most simple case, which 
is that of duplication, then we have 

I —a sin.* 9 -4- e* sin.* p 
COS. (pa = 1 _ c^ gin.4 <p '^ 

%j ^ ((p) sin. 9 cos, 9 
""• ♦^ = 1 — 4^ sin.* fl> • 

tan.|<pa == a ((p) tan. ?>. 

The last of these formulas appears convenient for trigonomo* 
trical calculation ; for if we take the angles «, act, a^, such that 
sin. azi e sin. (p, sin. as = c sin. f)2, sin. ^4 = c sin. 94, &<:• 
it follows that 

tan. ^a = cos. » tan. f, tan. |f 4 == cds. «• tan. 92, &c. 
so that the function F shall be multiplied by a, 4, 8, 16, &c. 

If it be required to divide by the same numbers ; let ^ be 
put, by analogy, to denote the amplitude of the function which 
is the half pf F, and th^'invcrse of the precpdipg fprmwlsis give 

sin. ip 

Now let sin. « = c sin. (p, then ^ =: ^os, «, and wp have 
this very simple expression, 

sin. i(p 
sin. i s=: ■ ■ i ; ; 

^ * cos. |a 

If in like manner, we maj^e sin. «| =r c sii|f ^i, WP sbi^ll h^ve 

and so on* 

18. Let us now proceed to the multiplication find division by 
uny niwnber. For this purppse, kt us consider the three consc* 

putivc 
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cutivc amplitudes ^n — • i, ^«, fn + i, whiph agreeably to the 
preceding notation, answer to the functions (n — i) F, i2F» 
(n+ i) F. The formulas for the sum and the difference of two 
functjon^^ply to the equations F [fn + i) = F(^n) + P (?), 
F (fn — i) s=: F((p«) «-^ F (^), and hence it follows, that s 

•:« ^ "3 — : — ^ I -• ^ ' " '■ 9 A cos. f sin. <&« 

sm.© n + I + sin. (p n — i = ^.. 4 .• > ; 

1— c*sm.*fsm.*(p»* 



Scos. (p COS. <pn 



1 — c* sm • $ sin •$» 
These formulas in which A and 9 remain always the same, 
while n varies, appear to be the best possible for giving the sue- 
cessive values of sin. (p2, sin. 93, cos. f2, cos, f 3, &c. Thus, 
putting (with a view toabridge), 2 A cos. 9 = ^^, 1 — c*sin.*^ 
ES= ^, tf * sin/ 9 = 1 — f ±= r, we have 

sin. f 2 rr= — ^-. sin. ^, 
sin. (p 8 = - ; _ - ^L sin; <p, 
sin. ?) 4 = y4 if rp* ^ ^ PJ «*«• 9. 

&c. 

But these expressions, when completely developed, becoitie 
extremely complicated, and their law is.very difficult to dis^ov^r. 

When it is proposed to calculate trigonomctrically pt by 
means of <p, it may be easily done as follows. The two tortgging 
formulas give by division 

sin. ^ H •+• 1 + sin« ^ « — 1 

' - ■ ' ' — nrrr . S^J A tan. P«. 

cos. $ « + s + cos. (p w — . 1 '^ * 

which is reduci ble to th is very simple formula, 

tan. (i(p«-t-i+|^«— 1) izA tan. ^ ; 
and hence may be deduced successively « 

tan. I f) 2 =: A tan. ^, 
tan. (i<pg-f.^^)cs:^ tan. 92, 
tan. 1i 9 -f -t- i 9^) =:55 A tan. (pj, 
&c. 

Now A being always the same in these formulas^ 00 simpler 
method of calculating* the successive values of f 2, 93, &c« by 
means of (p need be wished for. We may aWo proceed by grefiiter 
intervals in the calculation of ^m^ m being as greail as we pleasec 
for we have in like manner 

lan. 
y 2 
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' tan. (Ifn + t + ^ <p n — =: A t tan. (pn, 
Ai b«inc the a which corresponds to the amplitude (^i^ 

The division of a given elliptic function into a certain number 
of equal parts is an algebraic problem which may be resolved by 
th6 developeraent of the formulas which serve for its multiplica- 
tion. We have found already the formulas for its division by 2 
or any power of 2 ; let it now be required to divide the function 
F into three equal parts; let (p3 be the given amplitude of the 
function F, and 9 that of the function which is one-third of it. 
We make sin. 93 =: a, sin. ^ 3= *, and the equation, to be re- 
solved for its trisection will be 

* — 1 — 6 c* Jt^ -+- 4 c« (1 -4- c*) ;c» — 3 t'x^ ""' 
This equation is of the ninth degree ; it would be of the 
25th degree for the quinquisection, and so on. 

The equations are less complex by the half when it is propos- 
ed to divide the whole function Fi, the amplitude of which is 
90®. Suppose in general (fn z=: 90°, the formula [a') of 
article 15, where we may make <* = 90", gives immedi-- 

ately this relation^ 

tan. (p n — i = \ cot. (pz; 

hence we have successively tan. ^ n — !=:•{- cot. ^^ 
un. ? n — 2 "=. -t cot. (p 2, tan. (p n — 3 = t cot. <p 3, &c. 
Again ,bccausc (p« = .90°, we have also 

tan. (45° -♦-i<P.« — 2)z: A tan. <p « — 1 — j- cot. ^ 



if 



tan. (4 <p n -^ 1 "+• i <p 'I — 3) = A tan. <p n — 2 

from which (p ?/-^ 1, (p « — 2, &c. may be determined by for. 
mulas sufficiently simple. Developing in like manner the for^. 
mulas which give <p2, <p3, &c. until the two series meet, we 
have by their untbirthemeans of obtaining an equation which will 
determine f; thus when » = 3, that equation is directly 

tan. (45** •+• if ) = y cot. (p, V 

or h sin. 9 = A C* — s^"» ^)* f^^"^ which, making sin. (f 
z::z Xf wc find . 

0=1 — 2 a: + 2 c* a:' — c* jf*, ^ 

an equation for the trisection of the function Fi, and of which 
tlie degree xs only 4 or — - — • 

. When n 5= 5 it is necessary to elimitiatc 93 from these 
two equations, 

tan* (45' + i ?^3) = 7 ^^t- ?' 

tan* 
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tan. (i (p3 4-1 ?) = A tan. (p2, . 
and then to substitute for tan. 92 its value 

2 A sin. ^cos.«> ,,, ,, u> • ^ 1 • • ^ 

We thus obtain, making sin. Pzzzx^ 



I — 2 sin.* ^ -f c* sin.'* P 

(1 H- jc) A 1 + flJP ^— flc* .y^ — g^ ^^ 

Ix 1 2X -^ 2C^ X^ -^ C^ X^* 

ati equation for the qulnquisection of the function Ft, and 
which when completely developed rises to the iSth or 

^ th deffree. 

2 ^ 

'Such are the formulas by which we may find the relafion be- 
tween (pw and (pin order that F ((pn) z=. nt ((p), n being a.whole 
number. If it were required to find the relation between (p and 

971 

>}/, SO that F (>|/) =: — F (<p), m and n being integers, an auxiliary 

angle cj might be taken, such, that «F (4^) = F (w), and m¥ (^) 
:i:;:F(ft;). The first . condition would give an. algebraical equa- 
tion between the sines a^nd cosines of the angles %)/ and a;; and the 
second an equation between the angles (pand a;, whence,* elimini'- 
ating a/, the required relation between (p and ^^ would be found. 
19. Hence it follows that we may always find the complete 
algebraic integral of the equation 

v/(i — c*sin.»(p) "** t/(i - cUin.^>i^) —^* 

m and 72 being whole numbers. For the integral is in the first 
place mF (^) •+- nF (\|/) = const ^ and it we suppose that 
^vhen<p = o, 4^ = /x, the constant quantity will be nF (pu)^. 
and thus we have 

mF ((p) -^ «F (>}/) = wF (itx). ' 

But an algebraic equation can be found which shall represent 
this transcendental equation, for if we make F [to) = F (/a) — - 
F(4), which gives mY (^) = «F(6;), each of these equations may 
be expressed in algebraic terms, and thus, by eliminating &», 
we shall have the complete algebraic integral of the proposed 
equation. 

In general, in the following equation 

— ^^^ m/4 pdof . 

^ " V(i— c'sin.*?)"'" ^(1— c'sin.^^J"*" /(I— c^sin.^^)"^^^* 

consisting of any finite number of terras, and in which m^ n^p^ 
&c. are whole numbers positive or negative, the complete inte- 
gral will be F (/x)= mY ((p) + nY (%}/) -h pY (a/) + &c. fj. being 
the arbitrary constant quantity : but this transcendental equation 
may always b^ changed into an algebraic equation ; for making 

F 



F (^') = m¥ (<p), Y (4^') = nF (>}.), F (a;'J = pF («), &c. so 
that F (/x) = F ((p) -*• F (4.') + F (a.') + &c. each of these 
c(juation3 may be changed into aij algebraic equation, and if wc 
chminate <p\ \)/', a/', &c. the resulting equation will contain the 
arbitrary quantity pt, and will be the complete algebraic integral 
of the proposed equation • 

If we denote the radical ^U + fix + yx* +i;c^ -f- sx^) by 
R (jc;, and a like radical of v by R (y), &c. and suppose 
m^ «, py &c. as before whole numbers, positive or negative, 
it is evident that the equation 

pidx . ndy fidz „ 

tnay always be reduced to the preceding form, aiid consequently 
will always have a complete algebraic integral* 

We may suppose that z and the following variable quantities 
are given algebraic functions of ;i:and j'; then the preceding 
equation will contain only two variable quantities, and notwith- 
standing the infinity of lorms of which it i^ susceptible^ it will 
always admit of a complete algebraic integral. It appears to me 
iliat this maimer of generalizing the result of Euler relating to 

tbe equation - u. < 4" 'Tfj) = ^» ^^ '^^ Y^^ ^^^^ attended 

• 
to. A celebrated geometer has proposed [Mem, de Turin^ Tome 

IV.) to find cases in which the equation -yrv -H --t^ = o, is 

integrable^ X being supposed any polynomial formed from 4r,and 
Y a like ^lynomial itomy ; but it does not appear^ that bis re« 
searches have gone beyond the equation of £uler; for the eq.ua« 
tion which he gives^ (p^ge HpJ as more general, is imme- 
diately reduced to it by making v = ky^ and giving a suitable va- 
lue to km Thus it is very doubtful, whether the equation of Eu- 
ler can be made more general with two terms only, but with more 
than twp it appears that the equation may be greatly extended. 

20. Since the functions F admit of bem§ multiplied or divided 
by any number, we may, by means of this property, find their 
values by approximation^ In the first place, we may suppose 
that ^ does not exceed 90*^, for we have shewn, (art. i2,j that 
every other case is reducible to this one. This being assumed^ 
wc may, art. 17, determine (p^, so that F {<p\) = |F(p, and the 

extent of the integral l—^—r^ will be nearly half that of 

frTr.% if ^ sin* ? 15 not very near to unity. By'a second biscc* 

tion^ 
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t'lon,^ we ihay take P ((pi) =: if {(p), aiid the integral /lixL^L 

will have only otie fourth, nearly, of that extent, and so ort. 
But when the amplitude (p is greatly diminished, F {(p) is reduped 
nearly to the arc ^. Therefore, whatever be the first value of ^, 
the corresponding function F ((p) is equal to the last term of the 
series 2(pf , ^(p\, 8f)|, &e. and irir most C4ses we may find thi« 
limit by a very short calculation. 

EXAMPLi;, 

Let it be proposed to find the value of F when c=z ^{ ^^) 

• 4 

zrsin. 75', and tan, (p cs? y'f-^)* By employ ihg the formu- 
)as of art 17, and working by Gardiqer's Tables, \ft shall find 

(p =47* 3' 8P"'9i a =? 45* o' o'.oo 

(pi =25 36 5-64 «f=^24 ,40 10.94 

(pi = 13 6 30.985 ai,z=zl2 39 J5.83 

(p|. = 6 35 40 .741 a\ == 6 2a 8.4 

(PiV =3 18 8 .748 &c. 

&c. 

The two last values give > 

8?f = sa^ 45' 25\93 
i6(pTT = 5« 50 »9-97» 
Their difference is 4' 54^04; and, as by the nature of these 
approximations, a result ought to fall short of the limit by about 
one-fourth of the distance ot the preceding one from it, we add 
to the laist result the thjrd of the difference 4' 54''*04, which is 
i'38''*ai, and thus get F very nearly equal tp the arc 52** 51' 

57"'98, which, in parts of l^he radius js ■- X 0*5874012 z=z 

0-9226877. 

This method niay in seme cases, be very tiedious: we shall in , 
the se<|uel giye another much morfs expeditious^ 



ji remark upon tf^cniotion of a simple pendulum* 

2|< We have shewn in the Memoirs of the Academy for 178^, 
page 637, that the motion of a simple pendulum admits of two 
leases ; \x\ the ope it oscillateis in the y^^i^tical planp, and in the 

pthpr 
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other» it turns always in the same directions But at the iwm 
cases lead to the same formula, we shall only consider the case 
of oscillations. Therefore, the force of gravity being unity, let 
/ be the length of the pendulum^ A the height due to the velocity 
at the lowest point, ^ the angle which the pendulum makes with 

the vertical at the end of the time /• Also, let —. =: c', and 

•in. l<p s* c sin. 4/, then dt zz VI • ■ y ■ a . — rTT» 5^^ 
^ Y(\ — c sin. 4^) 

consequently t = \//.F (4/). 

Thus the time taken to describe dny arc is an elliptic function 
of the first kind, and it has all the properties of these functions* 
Hence it follows, that the arc described in any time t being given, 
we can find algebraically another arc described in a time which 
is a multiple of /, or in general, which is commensurable with 
t. We can also find an arc, such, that the time of describing k 
shall be equal to the sum or to the diflPerence of the times of de- 
scribing several other given arcs, and this whether the arcs be ad- 
joining to the vertical or not. These properties are new and re- 
markable, and it does not appear, that any one has observed that 
we can compare algebraically the times of portions of oscillation 
like as we compare circular arcs. Thus to give a very simple 
example, Jet it be proposed to divide into two equal parts the 
^ime of a semi.oscillation. Let ^ be the arc reckoned from 
the vertical to th^ point which answers to the middle of the 
semi-oscillation; then I say that the chord of (p shall be to the 
chord of ^a 2l^^2 is to i. For since f («4/) = |F (90°), the 

formula of art. 17 gives sin,' %|/ zz —-7 — 77 --, and thcre- 

1 •+- /(i — c ) 

fore sin.*-f(p =r — ; — y- j-; but it is evident that c zzzsin. 

la\ therefore sin.* i<p=: 1 — cos* \a zz % sin,* ^a, and hence 
2 sin. yf) : 2 sin. ^a : : y^2 : 1, 

Comparison of Elliptic Functions of the second Hnc[. 

* # 

22. Let" us consider two elliptic functions of the second 
species, which only differ in respect of their amplitude^ (pand^/, 
lo that we have 

Let us suppose that the angles <p and \{/*have to each other the 
relation expressed by the e(juation F (?>) -f-F (4^) ;=: F (/«'), /a 

being 
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•bein^ a constant quantity, which gives 

flPp dA^ 

7(T^ c^sirT.' ^) "^ /(i - ^* sin. ^^^) — ^ ' 

hence thcFC results G (^) + G (>{.) =7 /(i-c» sbi> t)) 

+ c(?»s/. But when ^ =r= o, th«i >J/=:fA; thus, supposing 
the integral taken from ^ =r o, we have 

G (?) + G (>;) = G (p.) +/B (sin.* ^ - sin.» ^.) ^^^^. 

But, the equation F (^) -f- f (4') = F (pt), is in effect, the same 
as equation (a) of article 15, and from which we find, afttr 
sotne reductions, , . - 

Besides, we have -r-r^ + irrr\ = o, therefore 

A {^) A (^^) 

(sin.* ^ — sin.' 4/) -— = — sin, i^t/ (sin. ^ sin, 4-). Hence, upon 

the whole, 

G (?>) + G (-4/) — G (pt) *= — B sin. /* sin. ^ sin. 4/. 

Thus it appears, that the satfle relation between the angles ^, 

4^, /x, which gives F (^) -H F (4) — F (a*^) =:'0, gives G (♦) -4- 

Q (4,) — G (a6), if not equal to o, at least equal to a very simple 

algebraic quantity. This equation is the source of many conse* 

?[uences analogous to those which have been deduced from the 
unction F. If we denote as before, by ^2, ^3, ^4, &c. ampli- 
tudes such, that F (92) = 2F(<p), F (4>3) = 3F (^), &c. wc 
have, in consequence of this equation, 

G {pt) — ^ sG (f ) =: B sin. sin. p sin. f a, 

G{f^) — 3G {p) =: B sim ^(sin. P ain. ^ii'+ sin. P2 sm. ^%) ^ 

in. ^ , n , \ -D * ^sin. p sin. P2 + sin. 92 sin, fQ> 

G (4>4) — 4G {p) = B sm. ^< , . . ^ ^5-, 

^' 1 * / ^-l- sm. 93 sm. 94 -^' 

* &c. 

Therefore the same relation between Pn 4it)d ^, which gives 
F (^n) = nF («>), gives G {pn) — «G (9) equal to an algebraic 
quantity. 

23. It appears, without entering more into detail, that. if m^ 
Hf p^ are whole numbers, positive or negative,, we may haVe 

mO (p) 4- »G (4^) + pG («j + &c. 
equal to an algebraic quantity. That this may be tlie case, it is 
necessary to determine the relation between the a^igles f , -^^ w, 
&c. which gives 

o = i»F (^) + nF (4;) + ^F («) -V &c. 
We observe that the functions F (^), G (?>), have in general^ 
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the same Sign as ^ ; when^ changes its si^, they also change 
their signs, retaining the same values. This being premised, we 
may satisfy the equation 

ozzm¥(p) + n? (>l^)+p¥ [o;) + &c. 

in many different ways, for we have it in our power to change the 
sign of each coefficient, provided that the sign of the corres- 
ponding amplitude be changed at the same time. But wc may 
limit the functions F (P), F (4/), G («>), &c. to positive values, 
and in this case there is only one relation between the angles ^, 
>}/, ftf, &c, which gives o =r mF {<p) + n¥ (>j/) -+- p? {co) -h &c. 
then it appears that the coefficients m^ n, j&, &c. cannot be ail 

positive. . o • 

Whatever has been demonstrated of the function G in gene- 
ral, applies to elliptic arcs in particular, and is easily extended 
to hyperbolic afcs. The results agree with those we have found 
in the volume alreadyquoted, but the connection that subsists 
between these properties, is here better perceived by the relations 
between elliptic functions of the second species, and those of 
the first. We shall see immediately, that elliptic functions of 
the.third kind, have similar properties, with this gradation, that 
the diflFerence which is = o in the first kind of functions, and 
which is an algebraic quantity in the second kind, is a transcen- 
dental quantity in the third, but may always be determined by 
arcs of a circle and logarithms. 

Comparison of Elliptic Functions of the third kind. 

24. The general formula of these functions, is 

/^A + B sin.' p dP 

" t^^ =7' 1 4- n 6in.» P •"aT^' 

If we consider a like function of >J/, and suppose that between 
f , 4^, and the constant arc jt*, the equation F (^) -f- F (4/) — 

dp dyl/ 

F (a.) = o, takes place, then because ^-^ + -^-^ = o, 
vtr.^A^11(d.\ Hf ^— fi A+Bsin.'^ dp A+Bsin.'4- J4^ > 

(B — An) (sin.* (p t- sin.' %}/) .d<p 

1 + n (sin.* (p + sin.* %!/) -h w* sin.* <p sin.* v|/ ' A (?)' 
Let sin.* (p + sin.* 4/ :=z p, sin. (p> sin. nJ/ = ^; we have al- 

ready found, (art. 22.), (sin.' (p — sin••^^) "X" = — ""• /x^/(sin. 
^ $in. 4^)» thus we have 

H w + H w - H w = /'f -;';y » 

But 
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But the algebraic equation between ^, -^y m- is cos«^ f cos. 4. ==; 
A f^) sin. ^ sin. >V + cos. /m; by squaring this equation, and 
making the necessary substitutions, we thence deduce j^=:sin.'ic» 
•— 2^ A (a*) cos. m + yV sin.* /*, which value being put in 
the preceding formula, gives 

H(^KH(^)-HH= /:. .., (An - B) sin. ^^ 

' ' ^ ' •/ i4-«sin. A*-2«yA(/*Jcos.A*+y (w*+«csin'.ii*j 

the integral in this expression ought to be taken from ^= o. 

From this equation, and all those that can be formed in the 
same manner between three functions, we conclude that if m\ ff^ 
p\ &c. are whole numbers, positive or negative, we can always 
express 

»»H {i) + n'H (+) + ^'H (or) ^ &c. 

by arcs of a circle or logarithms. To effect this, we must estab- 
lish such a relation among the amplitudes (p, 4", w^ &c. that 

m'Y f(p) -i- n'F (+) + /F (ft/) -fr &c. ?= o. 

This result is subject* to no exception; it even takes place 
when the coefficients A, B, », are imaginary. But these pro- 
perties may be considered under a more general point of view. 

25. Let P, or P ((p), be a rational even function of sin. 9, and 
let 

^^^•"yt/(i-c*sm.»' 

let Z (%}/) be a function similar to Z (<p), and let us suppose that 
we have always the equation cos. ^ cos,4^ = A (a*) sin. f) sin. >^ 

+ COS. ^, which, considering /* as constant, gives -r-f-r + 

° A(<P) 

— ^ = o, we have, therefore 

z (?) + z(+) -z H=yjp (?)~P (+)| ^. 

Make as before, sin.*^ -f sin.*4' =r^, sin. 9 sin. 4, =: j^, and 
we get 

sin.* + = 1^. — V(/^' — 4?')- • . 
Let us now substitute the value of sin.* (p in P^ the results will be 
of the form 

P(?))=M4-Nv/(^*-4A 
M and N being rational functions oS, p and q. It is evident, that 
we have^ in like manner, 

2 z therefore 



/• 



t 

Aercforc P (<|)) — P (+) = 2N /(/»* — 4^ «) =£ aN fsin.' (p — 
sin.' +), tmd thus the integraiyj P (?) — P (*) J -^^ = 

2N(sxn.' (p — sin.* +) - ■ ^ . y i^: -^ 2sin. f^/Ndq, and finalty 

Z j((p) + Z (^.) — Z (Af ) == -- 2sin. /^Nrfp. 

In thb {omula, N is a rational function of p and q; if wo 
substitute in it the value of ^> found in art. 24^ N w]l be a 1^. 
tional fupction of ^ only, sind thus tb^ Value of Z ((p) -f- Z (4')~ 
Z (m) iDa.y ai%^)rs be deiennioed by arcs of a circle ais^d log?* 

rithms. ' 

In general, if m\ »', ^', &c. denote whole numbers, positive 
or negative, and we establish among the angles 9, 4<» o^f the rela- 
tion o zz 7nF (ip) -h w'F (+) + / P (^)9 the same relation will 
give 

w'Z ((p) + n'Z (>^) + /Z (cy) -+- &c. 

equal to a quantity determinable by arcs oi a circle and loga* 
rkhms. The same property also holds true even when P con- 
tains odd powers of sin. (p, for the part of Z affected by the 
uneven powers, is integrable by the common rules. 
The very same is true of the function 

r Pdx 



P being a rational function of i^, and we can always find an al- 
gebraic equation between *, y, 2, &c. by means of which 

m'Z [x] + nZ {y) + p'Z (z) + &c. 
is determinable by arcs of a circle, and logarithms. 

Method of Appro:fimaHon applied io Elliptic Functions of the 

Jtrst kind* 

26* The method we are to employ is the same as that we have 
ii5ed in the volume of 1786, already quoted, in order to reduce 
the rectification of a given ellipse to that of two ^ other ellipses as 
little different from a circle as we please. .The spirit of this me- 
thod consists in reducing the integral of 8( differential affected with 
the radical y^(i — c* sin.* ^)to that of a like diffe^eiitial in which 
the modulus c is less than any giveg quantity. 

In the case of the rectification pi the ellipse th^ modulus c, re? 
presents the pxcfptricity, and its complement ^(i — f*), or ^ 
is the lesser axis. We have shewn that, supposing always the 
semi -transverse axis = 1^ all the ellipses which can be thiis rec- 
tified by means of two pf tl!^ni, a^4 which cumposp the same 

: serif!^ 
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series or family, have their excentricities c, c, c'\ &c, dctermin. 
cd by the following law, 

r—^V^^ /'_£V^' .-—ij/fT &c 

In this direction, the exceniriciti^s increase (Tontinually, and 
approach rapidly to unity; they decrease with the same rapidity in 
the contrary direction. We shall denote the game series con- 
tinued backwards by c^ c^, c^, Sec* so that the complete series 
of excentricitieSy which has on the one hand, o for a Umtt, ai;id 
pn the other unity, is 

we have, therefore similarly, 

But to determine c° from c, we employ the formula c^ =: 

~ ^; J , or c^ = — T--TJ and thus we have 

1 + /(i — c^y x + b' 

It is by this law, we determine the decreasing moduli c®, c^, 
c^ &c. of which we shall make freqoeilt use m the following 
investigations. We may also employ the formulas 

Lastly, we shall afterwards shew kow they may be found by the 
tables of sines* # 

27, This being premised, let us consider the integral formula, 
dp 

y/(i -Tfisin.^^y 

arc (p^, such that 

2sin. $* = t + c** sin.* (p^ — a* cos. ^« i 

we have shewn how r® is to be fouiid from c; as to A% it is put 
by analogy for y^(i — iC°* 5in.*(p°), From this supposition, 
Wc get 

2C0$.* $ = I — c^ sin.' ?>"* -+• A® coSf <p% 

(:^ COS. <p* -+- ^^^ 



F = /-77 " , . ^^. , and let there be taken a new variable 



x'ir c 

s sin. ^ COS. (p = sin. 9* (tf* cos^ ^ -I- ^') ; 
Again, the diffisrefitial of 2 sin.' (p being taken, gives 

, d<p^ sin. (p** , o a • ^ ox. 

4S111. (p cos. (ptf<p zs:l ▼* — g— ^ (c coa, ^ + ^ )' / 

jMi4 dividing this ecjuation by the last, we h^ve. 



( 30 ) 

idp =. ^ (c" COS. (p»+ A»). 

Tbcrefore, at last we fiod 

</(f) t + c" df 

/'<'? i -^ e" r df ■ , „ 

and integrating, j — — ^ — J ~-^, or simply F 



t A-c 

s 



P^ where F^ denotes the new elliptic function 



/ 

It is evident, that by this substitution, which gives a very 
ftimple result, the determination of the function F, is reduced to 
that of F^; which is more easily valued, because c^ is less than 
$ ; and it is worthy of reipark, that we have only had recourse to 
a tingle new function, and not to two, as in the case of elliptic 
aarcs, so that the result in the present case is much more simple. 
It remains to determine ^^ by means of 9, but the assumed rela-* 
t^a between these two angles, gives 

(1 + ^) sin, 9 cos-^ 



sin. 9 



COS. f>* 



1 — (1 -f- ^)sin.^y 



,,^ ^o (I + ^)tan..» 

tan. (p" = 7 r— — . 

1 — b tan*, (p 

This last result may be put under the very simple form, 

tan, ((p® — 9) = ^ tan. (p. 

Let us therefore suppose, that after having determined the de- 
creasing »i(7rfw/« c®, c^®, &c, as also their coiTjplements ^**,i®*, 
&c. as has been explained in the preceding article, we calculate 
successively the amplitudes (p®, 9*®, f******, &c. by the for^ 
mulas 

tan. ($° — ^) = i tan. ^, 
< tan. ((p~ -- $') = h" tan. $", , 
tan. (?>~° — (f>~) = *" tan. 9% 
&c. ■ 
which may also be done by the series 
9^ = 2f — c° sin. 2|) + \c''^ sin. 4(p — \c^^ sin. 6? + &c. 

t.~ = 2?>" -- d^ sin. 2?)^ H- ic^«^ sin. 4?> — |c?' sin. ^p° + &c. 

Thcr^ 
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Then the integral Z'^, or the function F will becicpKswl 
thus. 






.O - I J^9 



F = • ; • * » 



« ' 



2 « 2 

&C. 



• . F 



'0d» 



But when c is become very small, we have A =: i, and J— 
V — (ft. Therefore* let <!> be the limit of the angles (p, — -, ---> 

^000 r ir 

^— , &c. to which limit they approach extremely near altera Ic«r 
8 /, 

terms, and we have 

F=:4>(i+c")(i+^^^) U + c^^^ &c. 

When (p = 90® = -2^, the limit * is also |ff, so that the val'Epc 
of F, which is then Fi, becomes 

Fi = - (1 + c^) (1 + ^^^3 (1 + <^^^''}. 8cc. 

J* 

The constant product (t + c*) (1 +0 &c. which we sh«iB 
call a^ may be also represented by the expression 

T^s/c"" 2y/^ 2v/c^ ^ 
c c c 

and under this form, it may easily be calculated by logarithm*. 
The value ofa being kngwn, we have, in general F = a4> aial 

Fl = a. fur. 

28. The quickness of these approximations is best perceivel 
in their applications. To render them as easy as possible, letit j^e 
observed, that if we make c = sin. /», we have ^ncos. A*f and c^zz 
tan.' ^i«*, from which it appears that c"" is easily deduced from c 
hy the table of sines. Making in like manner c^ zz tan.* |i«* zm 
$in. fsp^ which gives a new angle a*'', we have c^ rr tan.' |/«^ an* 
so on. When we at last come to a very small r, in order to fiji^l 
the next one, which I denote by c% We may, to avoid small 
jingles, employ the formula 

^ ' 4.6 4.0.0 

of which the first term, or at most the first two, will te suffi- 
cient. 

As 



( 3« ) ' 

' As to tlie calculation of the angles ^^ p^^^ 8cc ve have no- 
thing to add to the simplicity of the formula tan. (^^->j = £ tan. 9, 
which is well adapted to trigonometrical calculation ; we shall 
only observe, that the angle f ^ — (p» thus determined by its 
tangent, is almost equal to the angle p, when c becomes very 
small, for we have, without any ambiguity, 

p^z=:2p — c° sin. 2(p + Jc^*^sin. ^(p — ^t°' sin. 6<p + &c. 

It is therefore necessary to take for the value of (p^ — (p, not al- 
ways the smallest suigle which is found from the table of sines, 
but that which approaches most to (p, and which may be several 
circumferences. An example will shew, that on this point 
there is oeither difficuky nor ambiguity. 



Example. 
Required the value of the function F, when c zz 4 v^(2 + Vj) 
and tan. $ = i^~7~ • ^^ purposely choose a case unfavourable 

to calctilation, because the value of c diflers but little from 
unity. 

The following table shews how the vsiues of c% c*^°, A% i"*^, 
&c« are calculated, according to what has been explained. 

Valtus ofc and b. Their logarithms, 

c = sin. 75^ 6' o' 9*9849438- 

6 zz cos. 75 o c. 9*4129962. 

'- =iS;:'p 1 7-4^5 ••••■•• ^^'^"- 

^* = cos. 36 4 7*47 * 9'9^756i^' 

= ss;:"l 5 r/J ^■°'^- 

k"^ - COS. 6 5 936 ^-^ 9'9975454* 

r^«« ctan." a 2 34'68^ . - /: « 

'""=lsin. t 942.905 •••• r45»«678- 

^000 -- cos. o 9 42*90 9'9999983» 

c^^^zz j(c^»)» .; 4-3002761. 

jjoooo ^ ^ ^ ^ ^ O'OOOOOOO. 

These logarithms give readily the product « r=: ■ . o » 

&c. for which four factors are sufficient, and we have log. a = 
0*2460^61, or (X =: 17622037. Hence we find directly Fi = 



c'^ = 



S . Qtz=m 8768(7632. We next find 
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qf" =z 62 36 3'i2. 
9^ =119 55 4769* 
jp"^ = 24Q o o'i8. 

The other values of f increase in a^.doubk ratio* from which 

it follows that the limit of the angles. <p,--^, -i— , &c. is =: 

^ 4 . 

30* or -z , and thus we have F =-^« 3: 0*9926877,3$ it art. so. 

Let us remark, that since the limit (p = go** =i f go^ we have 
F = iFi ; this equality is at least appro^imateySincesuch is the 
value found by the calculation ; but it is easy to.be a^ured that it 
is accurately so ; for it has appeared (art. 18O. that the equation 
to be resolved tp ma^e F($) ass ^1 is ' . -r u\ 



= 1 — 2 sin. 9 -H 2C^ sin.'(p — c* sinA(p; 

but in the present case where c* = ^ "*" ^^ we shall find sin. ^ 

4 

= V^8 — ^ or tan.ip = •(-jr); therefore the function F is 
accurately one.third of F(9o°) or Fi. 

29. The value of (f) being given, it appears that the function F 
may be easily touod to the necessary degree of accuracy. On 
the other hand it may be useful to determine the amplitude (tr 
when the value of the function F is supposed known. Let x al' 
ways denote the product (1 + O (1 + O &c. and* the 
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limit of the angles ^, ^ , ^, &c. Seeing we have F = i^,, 

F 
it follows that * = — ; thus the limit « is known. Let u. 

suppose that the values of c'.c"", Ac. have been calculated to a 
term so small as tosdmit of being neglected, and for example. 
let this term be c^**, or, for the sake of brevity, c°». Since 
therefore, f* = 29«* — c»» sin. a^«*+ &c. we have $■» = ^d^ 
very near, and much more?)°» = if* &.c. Therefore the limit 
9 IS equal to M"*, that is we have ?«•«« = i6 4,., This last p 
being knoyrn, we return to those which precede it by the sue. 
cetstve equations ^ 
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tUl« f^Om 


c^ 


sin. ^"**. 


(» 


sin. ^**. 


c' 


•in* fr. 



( a4 > 

•in. (fl^'^ — ^•l = 
•in. (•?)** — 9^ ) = 
sin. (a?"* -^ ^«« ) = 
sin. (a^ .— ^* ) 1= 

These have all the same fom, and the last of them is deducible 
from the equation tan. (f'* — ^) =: ^tan: ^. 

This is particlarly applicable to the resolution of the equation 
F(f ff) = n¥{^) whatever be the value of »• The angle (f beipg 

Eiveii we can find F(<^) and itF(f); therefore f{(pn) will be 
nown, and thence ^ may be found as has been explained. 
This method in no case requires many opemionSy whereas if 
were somewhat great, or only fractional, the methods we have 
formerly given to determine ^n may become ver^ tedious^ or 
even impracttcablcw Thus the present method is afanost al. 
wajri preferable. 

/To h contimidin «b nijci VUwm.J 
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